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PREFACE TO THE FIRST EDITION.

TH1s volume containg the first Six Books of Euclid’s
Elements, together with Appendices giving the most im-
portant elementary developments of Euclidean Geometry.

The text has been carefully revised, and special atten-
tion given to those points which experience has shewn to
present difficulties to beginners,

In the course of this revision the Enunciations have
been altered as little as possible; and, except in Book V.,
very few departures have been made from Euclid’s proofs:
in each case changes have been adopted only where the old
text has been generally found a cause of difficulty; and
such changes are for the most part in favour of well-recog-
nised alternatives,

For example, the ambiguity has been removed from the
Enunciations of Propositions 18 and 19 of Book L: the
fact that Propositions 8 and 26 establish the complete
identical equality of the two triangles considered has been
strongly urged; and thus the redundant step has been
removed from Proposition 34, In Book IL Simson’s ar-
rangement of Proposition 13 has been abandoned for a
well-known alternative proof. In Beok III. Proposition
25 iz not given at length, and its place is taken by a
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simple equivalent. Propositions 35 and 36 have been
treated generally, and it has not been thought necessary
to do more than call attention in a note to the special
cases. Finally, in Book VI. we have adopted an alterna-
tive proof of Proposition 7, a theorem which has been too
much neglected, owing to the cumbrous form in which it
has been usually given.

These are the chief deviations from the ordinary text
as regards method and arrangement of proof: they are
points familiar as difficulties to most teachers, and to name
them indicates sufficiently, without further enumeration,
the general principles which have guided our revision.

A few alternative proofs of difficult propositions are
given for the convenience of those teachers who care to
use them,

With regard to Book V. we have established the princi-
pal propositions, both from the algebraical and geometrical
definitions of ratio and proportion, and we have endeavoured
to bring out clearly the distinction between these two modes
of treatment.

In compiling the geometrical section of Book V. we
have followed the system first advocated by the late Pro-
feasor De Morgan; and here we derived very material
sssistance from the exposition of the subject given in the
text-book of the Association for the Improvement of Geo-
metrical Teaching, To this source we are indebted for the
improved and more precise wording of definitions (as given
on pages 286, 288 to 291), as well a8 for the order and
subatance of most of the propositions which appear between
peges 297 and 306. But ss we have not (except in the
points above mentioned) adhered verbally to the text of
the Association, we are anxious, while expressing in the
fullest manner our obligation to their work, to exempt the
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Association from all responsibility for our treatment of the
subject.

One purpose of the book is to gradually familiarise the
student with the use of legitimate symbols and abbrevia-
tions; for a geometrical argument, may thus be thrown into
a form which is not only more readily seized by an advanced
reader, but is useful as a guide to the way in which Fuclids
propositions may be handled in written work. On the
other hand, we think it very desirable to defer the intro-
duction of symbols until the beginner has learnt that they
can only be properly used in Pure Geometry as abbrevia-
tions for verbal argument: and we hope thus to prevent
the slovenly and inaccurate habits which are very apt to
arise from their employment before this principle is fully

Accordingly in Book I, we have used no contractions
or symbols of any kind, though we have introduced verbal
alterations into the text wherever it appeared that ocon-
ciseness or clearness would be gained.

In Book II. abbreviated forms of eonstantly recurring
words are used, and the phrases thergfore and 42 egual fo
are replaced by the usual symbols.

In the Third and following Books, and in additional
matter throughout the whole, we have employed all such
signs and abbreviations as we helieve to add to the clear-
ness of the reasoning, care being taken that the symbols
chosen are compatible with a rigorous geometrical method,
and are recognised by the majority of teachers.

T4 must be understood that our use of symbols, and the
removal of unnecessary verbiage and repetition, by no
means implies & desire to secure brevity at ail hazards.-
On the contrary, nothing appears to us more mischievous
than an abridgement which is attained by omitting
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steps, or condensing two or more steps into one. Such
uses spring from the pressure of examinations; but an
examination is not, or ought not to be, a mere race; and
while we wish to indicate generally in the later books how
a geometrical argument may be abbreviated for the pur-
poses of written work, we have not thought well to reduce
the propositions to the bare skeleton so often presented to
an Examiner. Indeed it does not follow that the form most
suitable for the page of a text-book is also best adapted
to examination purposes; for the object to be attained
in each case is entirely different. The text-book should
present the argument in the clearest possible manner to the
mind of a reader to whom it is new: the written proposition
need only convey to the Examiner the assurance that the
proposition has been thoroughly grasped and remembered
by the pupil.

From first to last we have kept in mind the undoubted
fact that a very small proportion of those who study Ele-
mentary Geometry, and study it with profit, are destined
to become mathematicians in any real sense; and that to
& large majority of students, Euclid is intended to serve
not so much as a first lesson in mathematical reasoning,
as the first, and sometimes the only, model of formal and
rigid argument presented in an elementary education.

This consideration has determined not only the full
treatment of the earlier Books, but the retention of the
formal, if somewhat cumbrous, methods of Euclid in many
places where proofs of greater brevity and mathematical
elegance are available,

We hope that the additional matter introduced into
the hook will provide sufficient exercise for pupils whose
study of Euclid is preliminary to a mathematical edu-
cadion,
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The questions distributed through the text follow very
easily from the propositions to which they are attached,
and we think that teachers are likely to find in them
all that is needed for an average pupil reading the subject
for the first time,

The Theorems and Examples at the end of each Book
contain questions of a slightly more difficult type: they
have been very carefully classified and arranged, and brought
into close connection with typical examples worked out
either partially or in full ; and it is hoped that this section
of the book, on which much thought has been expended,
will do something towards removing that extreme want of
freedom in solving deductions that is so commonly found
even among students who have a good knowledge of the
text of Euclid.

In the course of our work we have made ourselves
acquainted with most modern English books on Euclidean
Geometry: among these we have already expressed our
special indebtedness to the text-book recently published by
the Association for the Improvement of Geometrical Teach-
ing; and we must also mention the Edition of Euclid’s Ele-
ments prepared by Dr. J. 8. Mackay, whose historical notes
and frequent references to original authorities have been of
the utmost service to us.

Our treatment of Maxima and Minima on page 239 is
based upon suggestions derived from a discussion of the
subject which took place at the annual meeting of the
Geometrical Association in January 1887.

Of the Riders and Deductions some are original; but
the greater part have been drawn from that large store of
floating material which has furnished Examination Papers
for the last 30 years, and must necessarily form the basis
of any elementary collection. Proofs which have been
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found in two or mere books without acknowledgement
have been regarded as common property.

As regards figures, in accordance with a usage not
uncommon in recent editions of Euclid, we have made a
distinction between given lines and lines of construction.

Throughout the book we have italicised those deductions
on which we desired to lay special stress as being in them-
selves important geometrical results : this arrangement we
think will be useful to teachers who have little time to
devote to riders, or who wish to sketch out a suitable course
for revision.

‘We have in conclusion to tender our thanks to many of
our friends for the valuable criticism and advice which we
received from them as the book was passing through the
press, and especially to the Rev. H. C, Watson, of Clifton
College, who added to these services much kind assistance
in the revision of proof-sheets.

H. 8 HALL,
F. H. STEVENS,
July, 1888,

PREFACE TO THE SECOND EDITION.

In the Second Edition the text of Books I—VI. has
been revised ; and at the request of many teachers we have
added the first twenty-one Propositions of Book XT. together
with a collection of Theorems and Examples illustrating the
. elements of Solid Geometry.

September, 1869,
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EUCLID’S ELEMENTS.

BOOK I

DErINITIONS.

1. A point is that which has position, but no mag-
nitude.

2. A line is that which has length without breadth,
The extremities of s line are points, and the intersection of two
lines is & point.
3. A straight line is that which lies evenly between
its extreme points.
Any portion cuf off from a straight line is called s segment of it.

4. A surface is that which has length and breadth,
but no thickness,
The boundaries of a surface are lines.

5. A plane gurface is one in which any two points
being taken, the straight line between them lies wholly in
that surface.

A plane surface is frequently referred to simply as a plane.

Nore Euclid regards s point merely as a mark of position, and
he therefore attaches to it no idea of size and shape,

Similarly he considers that the properties of a line arise only from
ita and position, without reference to that minute breadth which
every line must really have if aciually drawn, even though the most
perfect ingtruments are nsed.

The definition of & surface is to be understood in & similar way.

HE. 1



2 EUCLID'S ELEMENTS,

8. A plane angle is the inclination of two straight
lines to one another, which meet together, but are not in
the same straight line.

The point at which the straight lines meet is called the vertex of
the angle, and the straight lines themselves the arms of the angle.

‘When several angles are at one point O, any one
of them is expressed by three letters, of whioh the ¢
leiter that refers to the vertex is put between the B
other two. Thus if the straight lines OA, OB, OC
meet st the point O, the angle contained by the
straight lines OA, OB is named the angle AOB or
BOA; and the £ugle contained by OA, OCisnamed O A
the angle AOC or COA. Bimilarly the angle con-
tained by OB, OC ia refoerred to as the angle BOC
or COB, Butif there be only one angle at a point,
it !39.;? be expressed by a single letter, as the angle
at O.

Of the two siraight lines OB, OC shewn in the (o]
adjoining figure, we recognize that OC is more in-
clined than OB to the straight line OA: thiz we B
express by saying that the angle AOC is greater
than the angle AOB. Thus an angle must be
regarded as having magnitude. o) A

It should be observed that the angle AOC is the sum of the
sangles AOB and BOC; and that AOB is the difference of the angles
AOC and BOC,

The beginner is cautioned against supposing that the size of an
angle is altered either by ineressing or diminishing the length of its
arms.

Another view of an angle is recognized in many branches of
tios ; and though not employed by Euclid, it is here given
becanse it furnishes more clearly than any other a conception of what
is meant by the magnitude of an angle.
Buppose that the straight line OP in the figure
is capable of revolution about the point O, like the
hantf:funmh, but in the opposite direction; and
suppose that in this way it has passed successively
from the position OA to the positions ocoupied by
Oaﬂ?gxwﬁmmmhs undergon: turning
[ ve e more
hMMOAtoOG,Ming-dmkomOAtoOB; and
ponsegueatly the angle AOC is said to be greater than theangls AOR.]
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7. When a straight line standing on
another straight line makes the adjacent
les equal to one another, each of the an-
gles is called a right angle; and the straight
line which stands on the other is called a

perpendicular to it.

8. An obtuse angle is an angle which
18 greater than one right angle, but less
than two right angles.

[In the adjoining figure the straight line
OB may be supposed to have armved at
its presens position, from the position ocou-
pied by OA, by revolution about the point O
in either of the two directions indicated by p
the arrows: thus two straight lines drawn IS}
from s point may be considered as forming (%
two angles, (marked (i) and (ii) in the figure)
of which the greater (11) in said to be refiex.

If the arms OA, OB are in the same

gtraight line, the angle formed by them B [ A
on either gide is ea.lﬁ & straight angle.]

10. Any portion of a plane surface bounded by one
or more lines, straight or curved, is called a plane figure.

The sum of the bounding Iines is called the pertmeter of the figure.
Two figures are said to be egual in area, when they enclose equal
portions of a plane surface.

11. A circle is a plane figure contained
by one line, which is calied the circum-
ference, and is such that all straight lines
drawn from a certain point within the
figure to the circumference are equal to one
another : this point is called the centre of

the circle,

A rading of a circle is a straight line drawn from the
centre to the circumference,

9. An acute angle is an angle which is
less than a right angle.
B
(D
A

12
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12. A diameter of a circle iz a straight line drawn
through the centre, and terminated both ways by the
circumference.

13. A semicircle is the figure bounded by a diameter
of a circle and the part of the circumference cut off by the
diameter.

14. A segment of a circle is the figure bounded by
a straight line and the part of the circumference which it
cuts off,

15. Rectilineal figures are those which are bounded
by straight lines.

16. A ftriangle is a plane figure bounded by three
straight lines.
Any one of the angular points of a triangle may be regarded as ita
vertex; and the opposite side is then called the base.
17. A quadrilateral is a plane figure bounded by
Jour straight lines.
The straight line which joins o; ite angular points in a quadri-
Iatemlisoanx%}éadmgonal.} Ppost gular po ¢
18. A polygon is a plane figure bounded by more
than four straight lines.

19. An equilateral triangle is a triangle
whose three sides are equal.

20. An isosceles triangle is a triangle two
of whose sides are equal.

21. A scalene triangle is a triangle which
has three unequal sides.
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22. A right-angled triangle is a triangle
which has a right angle,

The side opposite to the right angle in a right-angled triangle ia
called the hypotenuse.

23. An obtuse-angled triangle is a
triangle which has an obtuse angle.

24. An acute-angled triangle is a triangle : \

which has tAree acute angles.

[It will be seen hereafter (Book I. Proposition 17) thut every
triangle must have at least two acute angles. ]

25. Parallel straight lines are such as, being in the
same plane, do not meet, however far they are produced in
either direction.

26. A Parallelogram is a four-sided
figure which has its opposite sides pa- 5
rallel.

27. A rectangle is a parallelogram which
has one of its angles a right angle.

28. A square is a four-sided figure wl_:ich
has all its sides equal and all its angles right
angles.

[It may essily be shewn that if a quadrilateral

has all its sides equal and one angle a right angle,
then all its angles will be right angles.]

29. A rhombus is a four-sided figure
which has all its sides equal, but its
angles are not right angles.

30. A trapesium is a four-sided figure
which has 00 of its sides parallel.
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ON THE POSTULATES.

In order to effect the constructions necessary to the study of
geometry, it must be supposed that certain instruments are
available; but it has always been held that such instruments
should be as few in number, and as simple in character as
possible.

-For the purposes of the first Six Books a straight ruler and
& pair of compasses are all that are needed; and i the follow-
ing Postulates, or requests, Euclid demands the use of such
instruments, and assumes that they suffice, theoretically as well
as practically, to carry out the processes mentioned below.

PoSTULATES.
Let it be granted,

1. That a straight line may be drawn from any one
point to any other point.

When we draw a straight line from the point A to the point B, we
are said to join AB.

2. That a finite, that is to say, a terminated straight
line may be produced to any length in that straight line.

8. That a circle may be described from any centre, at

any distance from that centre, that is, with a radius equal
to any finite straight line drawn from the centre.

It is important to notice that the Postulates include no means of
direct measurement: hence the straight ruler is not supposed to be
graduated ; and the compasses, in accordance with Euchd’s use, are
not tottl’ae employed for transferring distances from one part of a figore
to another.

ON THE AXIOMS,

The science of Geometry is based upon certain simple state-
ments, the truth of which is assumed at the outset to be self-
evident,

These self-evident truths, called by Euclid Common Notione,
are now known as the Axioms,
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The necessary characteristics of an Axiom are

(i) That it should be self-evident; that is, that ita truth
should be immediately accepted without proof.

(i) That it should be fundamental; that is, that its truth
should not be derivable from any other truth more simple than
i

iii) That it should supply a basig for the establishment of
further truths,

These characteristics may be summed up in the following
definition.

Derinrrion. [An Axiom is a self-evident truth, which neither
requires nor is capable gf proof, but which serves as a founda-
tion for future reasonin;

Axioms are of two éﬁds, general and geometrical.

General Axioms apply to magnitudes of all kinds. Geometri-
cal Axioms refer exclusively to geometrical magnitudes, such as
have been already indicated in the definitions.

GENERAL AXIOMS.

1. Things which are equal to the same thing are equal
to one another.

2. If equals be added to equals, the wholes are equal.

3‘. If equals be taken from equals, the remainders are
equal,

4. If equals be added to unequals, the wholes are un-
equal, the greater sum being that which includes the greater
of the unequals.

5. If equals be taken from unequals, the remainders
are unequal, the greater remainder being that which is left
from the greater of the unequals.

6. Things which are double of the same thing, or
of equal things, are equal to one another.

7. Things which are halves of the same thing, or of
equal things, are equal to one another.

9.* The whole is greater than its part,

* To preserve the classification of generel and geometrical axioms,
we have %),}aeed Euclid’s ninth axiom before the ¢ig
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GEOMETRICAL AXIOMS,

8. Magnitudes which can be made to coincide with one
another, are equal.

This axiom affords the ultimate test of the equality of two geome-
trical magnitudes. It implies that any line, angle, or figure, may be
supposed to be taken up from its position, and without change in
size or form, laid down upon & second line, angle, or figure, for the
purpose of comparison.

This process is called superposition, and the first magnitude is
said to be applied to the other.

10. 'Two straight lines cannot enclose a space.

11. Al right angles are equal.

d['J[‘he statement that all right angles are equal, admits of proof,
and is therefore perhaps out of place as an Axiom.]

12. If a straight line meet two straight lines soas to
make the interior angles on one side of it together less
than two right angles, these straight lines will meet if con-
tinually produced on the side on which are the angles which
are together less than two right angles,

That is to say, if the two straight
lines AB and CD are met by the straight
line EH ot F and G, in suc{ a way that
the angles BFG, DGF are together less
than two right angles, it is asserted that
AB and CD will meet if continually pro-
duced in the direction of B and D.

[Axiom 12 has been objected to on the double ground that it cannot
be considered self-evident, and that its truth mf; be dedu;d fro:n
simpler principles. It is employed for the firat time in the 29th Pro.
mon of Book L, where a short discussion of the difficulty will be

ThaoonmofthisAxiomiap:ovedinBookI.Pmpuiﬁonl?.]
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INTRODUCTORY,

Plane Geometry deals with the properties of all lines and
figures that may be drawn upon a plane surface.

Euclid i his first Six Books confines himself to the properties
of straight lines, rectilineal figures, and circles.

The Definitions indicate the subject-matter of these books:
the Postulates and Axioms lay down the fundamental principles
which regulate all mvestigation and argument relating to this
subject-matter.

Euchd’s method of exposition divides the subject into a
number of separate discussions, called propositions; each pro-
position, though in one sense complete in itself, is derived from
results previously obtained, and itself leads up to subsequent
propositions,

Propositions are of two kinds, Problems and Theorems.

A Problem proposes to effect some geometrical construction,
such as to draw some particular line, or to construct some re-
quired figure.

A Theorem proposes to demonstrate some geometrical truth.
A Proposition consists of the following parts:

" The General Enunciation, the Particular Enunciation, th9
{Construction, and the Demonstration or Proof. M

The General Bnunciation is a Freliminary statement,
describing in general terms the purpose of the proposition.

In & problem the Enunciation states the construction which
it is proposed to effect: it therefore names first the Data, or
things given, secondly the Quasita, or things required,

In a theorem the Enunciation states the y which it
is proposed to demonstrate: it names first, the or
the conditions assumed ; secondly, the Conclusion, or the asser-
tion to be proved.
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f© The Particular Bnunciation repeats in special terms
the statement already made, and refers it to a diagram, which
enables the reader to follow the reasoning more easily.

@ The Construction then directs the drawing of such
straight lines and circles as may be required to effect the purpose
of a problem, or to prove the truth of a theorem.

Lastly, the Demonstration proves that the object pro-
in a problem has been accomplished, or that the property
stated in a theorem is true.

Euclid’s reasoning is said to be Deductive, because by a con-
nected chain of ent it deduces new truths from truths
already proved or itted.

The initial letters Q.u.¥., placed at the end of a problem,
stand for Quod erat Faciendum, whick was to be done.

The letters Q.E.D. are appended to a theorem, and stand for
Quod erat Demonstrandum, which was to be proved.

A Corollary is a statement the truth of which follows readily
from an established nfroposition; it is therefore appended to the
proposition as an inference or deduction, which usually requires
no further proof.

The following symbols and abbreviations may be employed
in writing out the propositions of Book I., though their use is not
recommended to beginners.

. for therefore, par' (or [fy for parallel,

= s 18, or are, equal to,  par~ » parallelogram,
¢, angle 5q, w square,

rt. L. ,, right angle, rectil. » Trectilineal,

A » triangle, st. line  ,, straight line,
perp. ,, perpendicular, pt. » point;

and all obvious contractions of words, such as opp., adj., disg:,
&s., for opposite, adjacent, diagonal, &o.
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SECTION 1L
Prorosrrion 1. PROBLEM.

To describe an equilateral triangle on a given fintte

straight line.
(8)

Let AB be the given straight line.
It is required to describe an equilateral triangle on AB.
Construction. From centre A, with radius AB, describe

the circle BCD. Post. 3.
From centre 8, with radius BA, describe the circle ACE.
Post. 3.

From the point C at which the circles’cut one another,

draw the straight lines CA and CB to the points A and 8.
Post. 1.

Then shall ABC be an equilateral triangle.
Proof. Because A is the centre of the circle BCD,

therefore AC is equal to AB," Def. 11.
And because B is the centre of the circle ACE,
therefore BC is equal to BA. Def. 11.

But it has been shewn that AC is equal to AB;
therefore AC and BC are each equal to AB.
But things which are equal to the same thing are equal
to one another. Az 1
Therefore AC is equal to BC.
Therefore CA, AB, BC are equal to one another.
Therefore the tna.ngle ABC is equilateral ;
. and it is deacribed on the given straight line AB, QR¥
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ProrosiTioN 2. PrROBLEM.

From a given point to draw a straight line equal to o
given straight line.

F
Let A be the given point, and BC the given straight line.

It is required to draw from the point A a straight line
equal to BC.

Construction. Join AB; < Post. 1.
and on AB describe an equilateral triangle DAB. 1. 1.

From centre B, with radius BC, describe the circle CGH.
Post. 3.
Produce DB to meet the circle CGH at G. Post. 2.

From centre D, with radius DG, describe the circle GKF.
Produce DA to meet the circle GKF at F.  Post. 2.

Then AF shall be equal to BC.

Proof. Because B is the centre of the circle CGH,

therefore BC is equal to BG. Def. 11.
And because D is the centre of the circle GKF,
therefore DF is equal to DG ; Def. 11,

and DA, DB, parts of them are equal; Def. 19.
therefore the remainder AF is equal to the remainder BG.
Az, 3.
And it has been shewn that BC is equal to BG;
therefore AF and BC are each equal to BG.

But things which are equal to the same thing are equal

to one another. Az 1.

Therefore AF is equal to BC;

and it bas been drawn from the given point A. Q.EF.

i ition is rendered n by the restriction, tacit]
o S SO
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ProrosiTioN 3, ProBLEM.
From the greater of two given straight lines to cut off a
part equal to the less.
D

F

Let AB and G be the two given straight lines, of which
8 is the greater.
It is required to cut off from AB a part equal to C,

Construction. From the point A draw the straight line

AD equal to C; L2
and from centre A, with radius AD, describe the circle DEF,
meeting AB at E. Post. 3.

Then AE shall be equal to C.

Proof. Because A is the centre of the circle DEF,
therefore AE is equal to AD. Def. 11,
But G is equal to AD. Constr,
Therefore AE and C are each equal to AD.
Therefore AE ix equal to C;
and it has been cut off from the given straight.line AB.
QEF

EXERCIBES.

1. On a given straight line describs an isosteles triangle ha
each of the eglml sides equal to a given straight line. ving

2. On a given base describe axt isosceles triangle having each of

the egual zides double of the base.
8. Inthe Sgure of 1. 2, if ABise&nnM to BC, shew that O, ths
‘verfex of the equilatersl iriangle, will on the cironmference of the

circls CGH.
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Obs. Every triangle has six parts, namely its three sides
and three angrlgs. ’ 7

Two triangles are said to be equal in all respects, when
they can be made to coincide with one another by sy; iti
(8ee note on Axiom 8), and in this case each part of the one is
equal to a corresponding part of the other.

ProposiTion 4. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, and have also the angles
contained by those sides equal,; them shall their bases or third
sides be equal, and the triangles shall be equal in area, and
their remaining angles shall be equal, each to each, namely
those to which the equal sides are opposite : that is to say, the
iriangles shall be equal in all respects.

Lst ABC, DEF be two triangles, which have the side AB
equal to the side DE, the side AC equal to the side DF, and
the contained angle BAC equal to the contained angle EDF. -
Then shall the base BC be equal to the base EF, and the

triangle ABC shall be equal to the triangle DEF in area;

and the remaining angles shall be equal, each to each, to
which the equal sides are opposite,
namely the angle ABC to the angle DEF,
and the angle ACB to the angle DFE,,
For if the triangle ABC be applied to the triangle DEF,
g0 that the point A may be on the peint D,,
and the straight line AB aleng the straight line DE,

then because AB is equal to DE, Hyp,
therefare the paint B must coincide with the point E.
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And becanse AB falls along DE,
and the angle BAC is equal to the angle EDF, Hyp.
therefore AC must fall along DF.
And because AC is equal to DF, Hyp.
therefore the point C must coincide with the point F,
Then B coinciding with E, and C withF,
the base BC must coincide with the base EF;
for if not, two straight lines would enclose a space; which
is impossible. Az, 10,
Thus the base BC coincides with the base EF, and is
therefore equal to it. Az, 8.
And the triangle ABC coincides with the triangle DEF,
and is therefore equal to it in area. 4. 8.
And the remaining angles of the one coincide with the re-
maining angles of the other, and are therefore equal to them,
namely, the angle ABC to the angle DEF,
and the angle ACB to the angle DFE.
That is, the triangles are equal in all respects.  Q.E.b,

Nors. It follows that two friangles which are equal in their
geveral parts are equal also in” area; but it should be observed that
equality of ares in two triangles does not necessarily imply equality in
their several parts: that is o say, triangles may be equal in aree,
withont being of the same shape.

Two triangles which are equar in all respects have identity of form
and magnitude, and are therefore said to be identically egual, or
congruent.

The following application of Proposition 4 anticipates
the chief difficulty of Proposition 5.

In the equal sides AB, AC of an isosceles triangle A
ABC, the points X and Y are taken, go that AX
is equal to AY ; and BY and CX are joined.

Shew that BY is equal to CX,

In the $wo trisngles XAC, YAB,

XA is equal to YA, and AC is equal to AB; Hyp, X Y

that is, the two sides XA, AC are equal to the two
sides YA, AB, each to each;

and the angle at A, which is ocontained by these B [+]
sides, is common fo both trisngles:
"~ therefore the triangles are equal in all respects; Lé

%0 that XC is equal fo Y8, % %
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Prorosrriox 5. THEOREM.

The angles at the base of an isosceles triangle are equal
to ons another; and if the equal sides be produced, the
m@h::nthaothrndeofthebmakallako be equal to one
anot

Let ABC be an isosceles triangle, having the side AB
equal to the side AC, and let the straight lines AB, AC ba
produced to D and E:

then shall the angle ABC be equal to the angle ACB,
and the angle CBD to the angle BGE.

Construction. In BD take any point F;
and from AE the greater cut off AG equal to AF the less, 1.3,

Join FC, GB.
Proof. 'Then in the triangles FAC, GAB,
FA is equal to GA, Constr.
and AC is equal to AB, Hyp.
Because 1,150 the contained angle at A is common to the
two triangles ;
therefore the triangle FAC is equal to the triangle GAB in
all respects ; 1 4,

that is, the base FC is equal to the base GB,
and the angle ACF is equal to the angle ABG,
also the angle AFC is equal to the angle AGB.
Again, because the whole AF is equal to the whole AG,
of which the parts AB, AC are equal, Hyp.
therefomthemmmndersruequalmthemmda -
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Then in the two triangles BFC, CGB,

BF is equal to CG, Proved.

and FC is equal to GB, Proved.

Because (.16 the contained angle BFC is equal to the
contained angle CGB, Proved.

therefore the triangles BFC, CGB are equal in all respects;
go that the angle FBC is equal to the angle GCB,
and the angle BCF to the angle CBG, 1 4.
Now it has been shewn that the whole angle ABG is equal
to the whole angle AGF,
and that parts of these, namely the angles CBG, BCF, are
also equal ;
therefore the remaining angle ABC is equal to the remain-
ing angle ACB;
and these are the angles at the base of the triangle ABC.
Also it has been shewn that the angle FBC is equal to the
angle GCB;
and these are the angles on the other side of the base. Q.E.D.

CoroLLaRY. MHence if a triangle is equilateral i is
also equiangular,

EXERCISES.

1. AB is s given straight line and C a given point outsideit : shew
how to find any points in AB such that their distance from C shall be
equal toa given length L. Can such points always be found !

2. If the vertex C and one extremity A of the base of an isosceles
triangle are given, find the other extremity B, supposing it to lieon a
given straight line PQ.

3. Describe a rhombus having given two opposite angular points
A and C, and the length of each side.

4. AMNB is a straight line ; on AB describe & triangle ABC such
that the side AC shall be equal to AN and the side BC to MB,

5. In Prop. 2 the point A may be joined to either ity of 8C,
Dm&fheﬁgmmdpwvethpmimi%minthemwhmk joined
k.

- HE 2
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The fo nowingproc!umtmumenuamhﬁtutefoxﬂmﬂmt
part of Proposition §
ProrosiTION 5. ALTERNATIVE PROOF.

f - A
[+ C: [}
Let ABC be an isosceles triangle, having AB equal io AC:
then shall the angle ABC be equal to the angle ACB.
Suppose the triangle ABC o be taken up, turned over and laid down
again in the position A’B’C’, where A’'B’, A’C’, B'C’ represent the
new positions of AB, AC, BC.
Then A'B’ is equal to A’C’; and A’B’ is AB in its new posmon,
therefore AB ig equal to A'C’;
in the same way AGC is equal to A’B’
and the included angle BAC is equal to the included augle C'A'®, for
they are the eame angle in different positions;
therefore the triangle ABC is equal fo the triangle A'C’B’ in all respects:
g0 that the angle ABC is equal to the angle A’'C'B’, 1. 4.
Bat the angle A’C’B’ is the angle ACB in its new position ;

therefore the angle ABC is equal to the angle ACB,
Q.ED,

EXERCISES,

CHIEFLY ON PROPOSITIONS 4 AND 5.

1, Two circles have the same centre O; OAD and OBE are straight
lines drawn to cut the smaller circle in A and B and the larger circle
in D and E: prove that

(i) AD=BE. (i) DB=EA,
{ili) The angle DAB is equal to the angle EBA.
{iv) The angle ODB is equal to the angle OEA,
2. ABCD is a square, and L, M, and N are the middls pointa of
AB, BC, and CD: prove that
i) LM=MN, i) AM=DM,
(i) AN=AM. ({iv) BN=DM.
[Dzaw & saparate figure in each case.] R
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8. O is the centre of a cirole and OA, OB are radii; OM divides
3112“\ Aé)ﬁintotwoequalpsmmdmtstheﬁneABinM:pmn

4. ABC, DBC are two isosceles triangles described on the same
base BC but on opposite sides of it: prove that the angle ABD is
equal fo the angle ACD,

§. ABC, DBC are two isosceles triangles described on the same
base BC, but on opposite sides of it : prove that if AD be joined, each
of the angles BAC, BDC will be divided into two equal parts,

6. PQR, SQR are two isosceles triangles described on the same
base QR, and on the same side of i§: shew that the angle PQS is
equal to the angle PRS, and that the line PS divides the angle
QPR into two equal parts. .

7. If in the figure of Exercise 5 the line AD meets BC in E, prove
that BE=EC.

8. ABCD is a rhombus and AG is joined: prove that the angle
DAB is equal to the angle DCB.

9. ABCD is a quadrilateral having the opposite sides BC, AD.
equal, and slso the angle BCD equal to the angle ADC: prove that
BD is equal to AC. -

10. AB, AC are the equal sides of an isosceles triangle; L, M, N
are th:ﬂ middie points of AB, BC, and CA respectively: prove that
LM=MN,

Prove also that the angle ALM is equal to the angle ANM.

.

DermvrrioN, Each of two Theorems is said to be the Con-
verse of the other, when the hypothesis of each is the conclusion
of the other,

It will be seen, on comparing the hypotheses and conclusions of
Props. 5 and 6, that each preposition is the converse of the other.

Nore. Proposition 8 furnishes the firet instance of an indirect
method of proof, frequently used by Euclid. It consists in shewing
that an absurdity must result from supposing the theorem fo be
otherwise than true. This form of demonstration is known as the
Reductio ad Absurdum, and is most commonly employed in establish-
ing the converse of some foregoing theorem. )

Tt youst not be supposed that the converse of a true theorem is
jtpelf novessarily true: for instance, it will be seen from Prop. 8,Cor.
that if two trisngles have their sides equal, each to each, $heir
angles will also be equal, esch to each ; but it may easily be shewn by
means of & figure that the converse of this theorem is not necessarily
#ue,

22
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ProrosiTioN 6. THEOREM.

If two angles of a triangle be equal to one another, then
the sides also which subtend, or are opposite to, the equal
angles, shall be equal to one amother.

& o

Let ABC be a triangle, having the angle ABC equal to
the angle ACB :

then shall the side AC be equal to the side AB.

Construction. For if AC be not equal to AB,
one of them must be greater than the other.
If possible, let AB be the greater ;

and from it cut off BD equal to AC. 1. 3.
Join DC.
Progf.  Then in the triangles DBC, ACB,
DB is equal to AC, Constr,
Because and BC is common to both,

also the contained angle DBC is equal to the
contained angle ACB; yp.

therefore the triangle DBC is equal in area to the triangle
ACB, 1. 4.
the pert equal to the whole; which is absurd. Ax, 9.

Therefore AB is not unequal to AC';
that is, AB is equal to AG. Q.ED.
CoroLLArY. Hence #f o triangle 48 equiangular & is
y 7 L
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ProrosiTioN 7. THEOREM.

On the same base, and on the same side of o, there
cammot be two triangles having their sides which are terms-
nated af one extremity of the base equal to one another, and
likewise those which are terminated at the other extremily
equal to one amother,

‘¢ .p

IA ?

If it be possible, on the same hase AB, and on the same
side of it, 16t there be two triangles ACB, ADB, having their
sides AC, AD, which are terminated at A, equal to one
another, 'and likewise their sides BC, 8D, which are termi-

nated at B, equal to one another.

Case 1. When the vertex of each triangle is without
the other triangle.

Construction. Join CD. Post. 1.
Proof. Then in the triangle ACD,
because AC is equal to AD, Hyp.

therefore the angle ACD is equal to the angle ADC. 1.5,

But the whole angle ACD iz greater than its part, the
angle BCD,
therefore also the angle ADG is greater than the angle BCD;
still more then is the angle BDC greater than the angle
BCD.
Again, in the triangle BCD,
because BC is equal to BD, Hyp.
therefore the angle BDC is equal to the angle BCD: 1. &
but it was shewn to be greater; which is impossible.
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Case II. When one of the vertices, as D, iz within
the other triangle ACB.

Construction.  As before, join CD; Post. 1,
and produce AG, AD to E and F. Post. 2.
Then in the triangle ACD, because AC is equal to AD, Hyp.
therefore the angles ECD, FDG, on the other side of the
base, are equal to one another. L 5.
But the angle ECD is greater than its part, the angle BCD;
therefore the angle FDC is also greater than the angle
BCD:
still more then is the angle BDC greater than the angle
BCD.
Again, in the triangle BCD,
because BC is equal to BD, Hyp.
therefore the angle BDC is equal to the angle BCD: 1. 5.
but it has been shewn to be greater ; which is impossible.
The case in which the vertex of one triangle is on a
gide of the other needs no demonstration.
Therefore AC cannot be equal to AD, and af the same
téme, BC equal to BD. Q.E.D.

Norn. Thesides AC, AD are called conterminous sides ; similarly
the sides BC, BD are conterminous.

ProrosrrioN 8. THEOREM.

If two triangles have two sides of the one equal_to two
aiduqfthoother,eachtoeach,andkaml&kmﬁmﬂigfobm,
W‘Mthmghwﬁcbiaminadbythemddagf

ons shall be equal to the angle which is contained by
the two sides of the other.



Let ABC, DEF be two triangles, having the two sides
BA, AC equal to the two sides ED, DF, each to each, namely
BA to ED, and AC to DF, and also the base BC equal to the
base EF: .

then shall the angle BAC be equal to the angle EDF.

Proof. Tor if the triangle ABC be applied to the
triangle DEF, so that the point B may be on E, and the
straight line BC along EF ; '

then because BC is equal to EF, Hyp.,

therefore the point C must coincide with the point F.

Then, BC coinciding with EF,

it follows that BA and AGC must coincide with ED and DF:
for if not, they would have a different situation, as EG, GF:
then, on the same base and on the same side of it there
would be two triangles having their conterminous sides
=

equal.
But this is impossible. L.
Therefore the sides BA, AC coincide with the sides ED, DF.
That ig, the angle BAC. coincides with the angle EDF, and is
therefore equal to it. Az 8,
Q.E.D.
Nore. In thizs Proposition the three sides of one friangle are
given equsl respectively to the three sides of the other; and from

this it is shewn that the two iriangles may be mads to coincide with
one another.

Hence we are led to the following important Corollary.
i CoroLraRY. If in two triangles the three sides of the
one are equal to the threz sides of the other, each to eack,
then the triamgles are equal in all respects,
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The following proof of Prop. 8 is worthy of attention as it is inde.
pendent of Prop. 7, which frequently presents difficulty to a beginner,

Prorosrrion 8 ALTERNATIVE PROOF.
| /T\

4

Let ABC and DEF be two triangles, which have the sides BA, AC
gg:lsx:apectively to the pides ED, DF, and the base BC equal to the

then shall the angle BAC be equal to the angle EDF,

For apply the triangle ABC fo the triangle DEF, so that B may
fall on E, and BC along EF, and so that the point A may be on the
gide of EF remote from D,

then C must fall on F, since BC is equsal to EF.
Let A’EF be the new position of the triangle ABC.
If neither DF, FA’ nor DE, EA’ are in one straight line,
join DA’
Case I. When DA’ intersects EF.
Then becaunse ED is equal to EA’,
therefore the angle EDA’ is equal to the angle EA'D. 5.
in because FD is equal to FA',
therefore the angle FDA’ is equal to the angle FA'D. L 5.

Henoe the whole angle EDF is equal to the whole angle EA’F;

that is, the angle EDF is equal to the angle BAC,

Two cases remain which may be dealt with in a similar manner:
namely,
Cagx YI. When DA’ meets EF produced.

hncmm. ‘When one pair of gides, as DF, FA', are in one straight
ine.
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Prorosimion 9. Prosrem.

To bisect a given angle, that is, to divide it into two equal
parts.

A

Let BAC be the given:sngle:
it is required to bisect it

Construction. In AB take any point D;

and from AC cut off AE equal to AD. L 3.
Join DE;
and on DE, on the side remote from A, describs an equi-
lateral trlangla DEF. Ll
Join AF.

Then shall the straight line AF bisect the angle BAC.

Progf. For in the two triangles DAF, EAF,

DA is equal to EA, ° Conatr,
Bocause and AF is common to both;
and the third side DF is equal to the third side
EF; Def. 19.
therefore the angle DAF is equal to the angle EAF. 1. 8.
Therefore the given angle BAC is bxsected by the straight
line AF. Q.EF.

EXERCISES,

1. I in the above figure the equilatersl triangle DFE were de-
seribed on the same side of DE as A what different cases wounld arise?
And ander what circumstances would the construction fail?

2. In the same figure, shew that AF also bisects the angle DFE,
%, Divide an angle into four equal parts.
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Prorosrrion 10. Prorrem.

To bisect a given finite straight line, that is, to divids ¢
ndo two equal parts.

c

A ] B
>

~

Let AB be the gWen straight line :
it is required to divide it into two equal parts.

Constr. On AB describe an equilateral triangle ABC, 1. 1.

and bisect the a.ngle ACB by the straight line CD, meeting

AB at D. L9,
Then shall AB be bisected at the point D.

Proof. For in the triangles ACD, BCD,

AC is equal to BC, Def. 19,

Bocause and CD i8 common to both;
also the contained angle ACD is equal to the con-
tained angle BCD; Constr.

Therefore the triangles are equal in all respects:
so that the base AD is equal to the base BD. 14,
Therefore the straight line AB is bisected at the point D.
. QEF.

EXERCISES.
N 1. Shew that the straight line whioh, bisects the vertical angle of
an isosceles triangle, alpo bisects the base.
2, On a given base describe an isosceles such that the
N mameqmlsdumybeeqmm;pm Line.
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Proposirion 11. ProbLEn.

To draw & stratght line at right angles to a given straight
line, from a given point in the same. *

Fx -

A D G- E B

Let AB be the given straight line, and C the given,
point in it,

It is required to draw from the point C a straight line
at right angles to AB.

Construction. In AC take any point D,
and from CB cut off CE equal to CD. L 3.
On DE describe the equilateral triangle DFE. L 1.
Join CF.
Then shall the straight line CF be at right angles to AB.

Proof- For in the triangles DCF, ECF,
DC is equal to EC, Constr,
Beca and OF is common to both ;
U8 Yand the third side DF is equal to the third side
EF: Def 19.
Therefore the angle DCF is equal to the angle ECF: 1. 8,
and these are-adjacent angles,

But when & straight line, standing on another straight
line, makes the adjacent angles equal to one another, each
of these angles is called a right angle; Def 1.

therefore each of the angles DCF, ECF is & right angle.
Therefore GF is at right angles to AB,
and has been drawn from a point C init. QE.F.

EXERCISE. o
In the figure of the above proposition, shew that any peint iu
Fc,ogscprmua,iugummﬁtmmuandg, ST
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ProrosiTion 12. PRrOBLENM.

To draw a straight line perpendicular to a given straight
line of unlimited length, from a given point without it.

AFWGB
D

Let AB be the given straight line, which may be pro-
duced in either direction, and let C be the given point with-
out it.

It is required to draw from the point C a straight line
perpendicular to AB. °

Construction. On the side of AB remote from G take

any point D}
and from centre C, with radius ©D, describe the circle FDG,
meeting AB at F and G, - Post. 3.
Bisect FG at H 1. 10,
and join CH.
Then shall the straight line GH be perpendicular to AB.
Joiit GF and CG:
Proof. Then in the triangles FHC, GHC,
FH is equal to GH, Constr.
Because and HC is common to both
and the third side CF is equal to the- third side
CG, being radii of the circle FDG;  “Def. 11.
therefore the a.ngke CHF is equal to the angle CHG; 1.8,
and these are adjacent angles.

But when a straight line, standing on another straight
line, makes the adjacent angles equal to one another, each
of these angles is called a right angle, and the straight line
which stands on the other is called a perpendicular to it.

Therefore CH is a perpendicular drawn to the given
straight line AB from the given point C without it. Q.E.».

Rorz. m@msﬁmghthneAanstbeofunhmudlmgﬂ:,
that is, it musi be eapable of production to an indefinite
ﬂm&iﬁcﬁmﬂum xtsbemgmm-seofedmmm
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EXERCISES ON PROPOSITIONS 1 To 12, ,

1. Shew that the sirsight line which joins the vertex of an
isosceles triangle to the middle point of the base is perpendicular
to the base.

2. Shew that the straight lines which join the extremities of the

base of an isosceles triangle to the middle points of the opposite sides,
are equal to one another. -

. 3. Two given points in the base of an isosceles triangle are equi-
distant from the extremities of the base: shew that they are also equi-
distant from the vertex. .

4. If the opposite sides of a quadrilateral are equal, shew that the
opposite angles are also equal. -
5. Any two isosceles triangles XAB, YAB stand on the same hase
AB: shew that the angle XAY is equal to the angle XBY; and that
“the angle AXY is equal to the angle BXY,

6. Shew that the opposite angles of a rhombus are biseoted by the
diagonal which joins them,

7. Shew that the straight lines which bisect the base angles of an
isosceles triangle form with the base a triangle which is also isosceles, -

8. ABC is an isosceles triangle having AB equal to AG; and the
angles at B and C are bisected by straight lines which meet at O3
shew that OA bisects the angle BAC,

9. Shew that the friangle formed by joining the middle points of
the sides of an equilateral triangle is also equilaterpl.

10. The equal sides BA, CA of an isasceles triangle BAG are pro-
duced beyond the vertex Ao the points E and F, so that AE is equal
to AF; and FB, EC are joined: shew that FB is equal to EC.

11, Shew that the diagonals of a rhombus bisect one another at
right angles.

12. Tn the equal sides AB, AC of an isosceles triangle ABC ¢wo
points X and Y axe taken, so that AX is equal to AY; and CX and BY
are drawn intersecting in O : shew that

(i) the triangle BOC is isosoeles;
(i) AO bisects the vertical angle BAC;
(@1} AO, if produced, bisects BG at right angles.

. * 18, Desoribo an isosceles triangle, having given the base and the
lemgih of the perpendicular drawn from the vertex to the base. N
14, “In s given siraight line find & point’ that is equidistent from

mmm . .
- ¥4 'what vase is this impossible?
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ProrosiTioN 13. THEROREM.

If one straight line stand upon another straight line,
then the adjacent angles shall be either two right amgles, or
together equal to two right angles. .

E A

)

) g c D B c .

Let the straight line AB stand upon the straight line DC:
then the adjacent angles DBA, ABC shall be either two right
angles, or together equal to two right angles.

Case I. For if the angle DBA is equal to the angle ABG,

each of them is a right angle. Def. 7.
Caseg II. But if the angle DBA is not equal to the
angle ABC,

from B draw BE at r1ght angles to CD. L 11.
Proof. Now the angle DBA is made up of the two
angles DBE, EBA;
t0 each of these equals add the angle ABC;
then the two angles DBA, ABC are together equal to the
three angles DBE, EBA, ABC. Az 2,
Again, the angle EBC is made up of the two angles EBA,
ABC;
to each of these equals add the angle DBE.
Then the two angles DBE, EBC are together equal to the
three angles DBE, EBA, ABC. Az 2,
But the two angles DBA, ABC have been shewn to be equal -
to the same three angles ;
therefore the angles DBA, "ABC are together equal to the
angles DBE, EBC. Az, 1.
Bat the angles DBE, EBC are two right angles; Consir.
therefore the angles DBA, ABC are together equal to two
right angles, QED.
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DrrINITIONS.

(i) The complement of an acute angle is its defect from
a right angle, that is, the angle by which it falls short of a right
angle.

Thus two angles are complementary, when their sum is a
right angle.

(i) The supplement of an angle is its defect from two right
angles, that is, the angle by which it falls short of two right
angles.

Thus two angles are supplementary, when their sum is two
right angles.

CorOLLARY, Angles which are complementary or supple-
mentary to the same angle are equal to one another.

EXERCIBES.

1. If the two exterior anglef formed by producing & side of a tri-
angle both ways are equal, shew that the triangle is isosceles. *

2. The bisectors of the adjacent angles which one straight line
makes with another contain a right angle,

Nore. In the adjoining figure AOB
is a given angle; and one of its axms AO
is produced to C: the adjaceni angles
AOB, BOC are bisected by OX, OY.

Then OX and OY are called respect-
ively the internal and external bisectors
of angle AOB. .

Henoce Exercise 2 may be thus enunciated :

The internal and external bisectors of an angle are at right angles
to one another.

8. Shew that the angles AOX and COY are complementary.

4. Bhew that the angles BOX and COX ave supplementary; and
also that the angles AOY and BOY are supplomentnry.
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ProrosiTion 14. THEOREM.

If, at a point in a straight line, two other straight lines,
on opposite sides of if, make the adjacent angles together
equal to two right angles, then these two straight lines shall
be in one and the same straight line,

»r

E -

G B [

At the point B in the straight line AB, let the two
straight lines BC, BD, on the opposite sides of AB;Thake
the adjacent angles ABC, ABD together equal to two right
angles :

then BD shall be in the same straight line with BC.
Progf. For if BD be not in the same straight line with BC,

if possible, let BE be in the sameystraight line with BC.
Then because AB meets the straight line CBE,
therefore the adjacent angles CBA, ABE are together equal
to two right angles. 1 13.
But the angles CBA, ABD are also together equal to two
right angles. Hyp.
Therefore the angles CBA, ABE are together equal to the
angles CBA, ABD. Az 11,
From each of these equals take the common angle CBA;
then the remaining angle ABE is equal to the remaining angle
ABD; the part equal to the whole; which is impossible,

Therefore BE is not in the same straight line with BC,

And in the same way it may be shewn that no other
line but BD can be in the same straight line with BC,

Therefore BD is in the same straight line with BC, QED.

EXERCISE.

1 AR e e S 0 sl 0 300
to ; W an are
in ene straight line, g
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Obs. When two straight lines intersect at a point, four
angles are formed; and any two of these angles whick are not
adjacent, are said to be vertically opposite to one another.

ProrosiTion 15. THEOREM.

If two straight lines intersect ong another, then the vertically
opposite angles shall be equal.

B
C € D

A

Let the two straight lines AB, CD cut one another at
the point E:
then ghall the angle AEC be equal to the angle DEB,
and the angle CEB to the angle AED.
Progf. Because AE makes with CD the adjacent angles
CEA, AED,
therefore these angles ape together equal to two right
angles, L 13.
Again, because DE makes with AB the adjacent angles AED,
DEB,
therefore these also are together equal to two right angles.
Therefore the angles CEA, AED are together equal to the
angles AED, DEB.
From each of these equals take the common angle AED;
then the remaining angle CEA iz equal to the remaining

angle DEB. 4z 3.
In & similar way it may be shewn that the angle CEB
is equal to the angle AED. Q.E.D.

CoroLLARY 1. From this it is manifest that, if two
straight lines cut one another, the angles which they make
at the point where they cut, are together equal to four right
angles.

CororLaryY 2. Consequently, when any number of straight
lines meet ot a point, the sum of the angles made by con-
secubive lines is egual to fowr right angles.

H & 3
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ProrosiTioN 16. THEOREM.

If one side of a triangle be produced, then the exterior angls
ehall be greater than either of the énterior opposite angles.

A F

B C\ D
G

Let ABC be & triangle, and let one side BC be produced
to D: then shall the exterior angle ACD be greater than
either of the interior opposite angles CBA, BAC,

Construction. Bisect AC at E: 1. 10.

Join BE ; and produce it to F, making EF equal to BE. 1 3.
Join FC.
Progf.  Then in the triangles AEB, CEF,
AE is equal to CE, Conatr,
and EB to EF; Conastr.
Becanse also the angle AEB is e‘iua.l to the vertically
opposite angle CEF; 1 15,
therefore the triangle AEB is equal to the triangle CEF in
all respscts : L 4.

so that the angle BAE is equal to the angle ECF.

But the angle ECD is greater than its part, the angle ECF;
therefore the angle ECD is greater than the angle BAE;
that ig, the angle ACD is greater than the angle BAC,

In = similar way, if BC be bisected, and the side AC
produced to G, it may be shewn that the angle BCG is
ter than the angle ABC.
But the angle 8CG is equal to the angle ACD: 1.15.
therefore also the angle ACD is greater than the angle ABC,
Q.E.D,
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Prorosirion 17. THROREM.
Any two angles of a triangle are together less than two
right amgles.
A

B c. D .

Let ABG be a triangle: then shall any two of its angles, as
ABC, ACB, be together less than two right angles,

Construction. Produce the side BC to D.

Proof. Then because ACD is an exterior angle of the
triangle ABC;

therefore it is greater than the interior opposite angle
ABC. 1. 186,

To each of these add the angle ACB:
then the angles ACD, ACB are together greater than the

angles ABG, ACB. Az &
But the adjacent angles ACD, ACB are together equal to
two right angles. 1 13,

Therefore the angles ABC, ACB are together less than two
right angles,
Similarly it may be shewn that the angles BAC, ACB, a8
also the angles CAB, ABC, are together less than two right
angles. Q.E.D.

Nore. Ii follows from this Proposition that every triangle must
have at least two acute angles: for if one angle is obtuse, or a right
angle, each of the other angles must be less than a right angle,

EXERCISES.
1. Enunciate this Proposition a0 as to shew that it is the converse
of Aziom 12,
2. If any side of s triangle is produced both ways, the exterior
angles so formed are together greater than two right angles.
\ 8. Bhew bow a proof of Proposition 17 may be obtained by
joining each vertex in turn to any point in the opposite side.

32
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Prorosimion 18. TurorEM.

If one side of a triangle be greater than amotler, then
the amgle opposite to the greater side shall be greater tham
the angle opposite to the less.

A

B C-

Let ABC be a triangle, in which the side AC is greater
than the side AB :
then shall the angle ABC be greater than the angle ACB.
Construction. From AG, the greater, cut off a part AD equal
to AB. 13
Join BD.
Progf. Then in the triangle ABD,
because AB is equal to AD;
therefore the angle ABD is equal to the angle ADB. T. 5,
But the exterior angle ADB of the triangle BDC is
greater than the interior opposite angle DCB, that is,
greater than the angle ACB. 1 16.
Therefore also the angle ABD is greater than the angle ACB;
still more then is the angle ABC greater than the angle
ACB. Q.E.D.

Euclid enunciated Proposition 18 as follows:

The greater side of every triangle has the greater angle
opposite io <.

{This form of enuncistion is found to be a common source of diffi-
oulty with beginners, who fail to distinguish what is assumed in it and
what is 10 be proved.}

{For Exercises see page 38.]
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ProrosiTioNn 19. THEOREM.

If one angle of u triangle be greater tham another, then
the side opposite to the greater angle shall be greater tham
the side opposite to the less.

A

B8 [+

Let ABC be a triangle in which the angle ABC is greater
than the angle ACB:
then shall the side AC be greater than the side AB.
Progf. TFor if AC be not greater than AB,
it must be either equal to, or less than AB.
But AC is not equal to AB,
for then the angle ABC would be equal to the angle ACB; 1.5,
but it is not. Hyp.
Neither is AC less than AB;
for then the angle ABC would be less than the angle ACB; 1.18.

but it is not: Hyp.
Therefore AC is neither equal to, nor less than AB.
That is, AC is greater than AB. QUED,

Nore. The mode of demonstration used in this Proposition is
known as the Proof by Exhaustion. It is applicable to cases in which
one of certain mutually exclusive suppositions must necessarily be
true; and it consists in shewing the falgity of each of these supposi-
tions in turn with one exception: hence the truth of the remaining
supposition is inferred.

Euclid enunciated Proposition 19 as follows :

The greater angle of every triamgle is subtended by the
greater side, or, has the greater side opposite to it.
[Por Exercises see page 38.]
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ProrosrrioNn 20. THEOREM.
Any two sides of a triamgle are together greater than the
third side.
D

B C

Let ABC be a triangle:
then shall any two of its sides be together greater than the
third side:
namely, BA, AG, shall be greater than CB;
AC, CB greater than BA;
and CB, BA greater than AC.

Construction. Produce BA to the point D, making AD equal

to AC. 1.3.
Join DC.
Progf. Then in the triangle ADGC,
because AD is equal to AC, Constr.

therefore the angle ACD is equal to the angle ADC. 1. 5.
But the angle BCD is greater than the angle ACD; Ax. 9.
therefore also the angle BCD is greater than the angle ADC,
that is, than the angle BDG.
And in the triangle BCD,
because the angle BCD is greater than the angle BDC, Pr.
therefore the side BD is greater than the side cB. 1. 19.

But BA and AC are together equal to BD;
therefore BA and AC are together greater than cB.
Similarly it may be shewn
that AC, CB are together greater than BA;
and.CB, BA are together greater than AC. Q.x b.

;FurEmoiseﬂeepages&}
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Prorosrrion 21. TsErorex,

If from the ends of a side of a triangle, there be drawn
two straight lines to a point within the triangle, then these
strasght lines shall be less tham the other two sides of the
triangle, but shall coniain o greater angle,

A .
£

. 8 &)

Let ABC be a triangle, and from B, ©, thé ends of the
side BC, let the two straight lines 8D, CD be drawn to
a point D within the triangle:
then (i) BD and DC shall be together less than BA and AG;

(ii) the angle BDC shall be greater than the angle BAG,

Construction. Produce BD to meet AC in E.

Proof. (i) In the triangle BAE, the two sides BA, AE are

together greater than the third side BE: 1. 20,
to each of these add EC;

then BA, AC are together greater than BE, EC. 4w. 4,

Again, in the triangle DEC, the two sides DE, EC are to-
gether greater than DG : 1. 20.
to each of these add BD;
then BE, EC are together greater than BD, DC,
But it has been shewn that BA, AC are together greater
than BE, EC:
still more then are BA, AC greater than BD, DO,

(i) Again, the exterior angle BDC of the triangle DEC is

greater than the interior opposite angle DEC; L 186,

and the exterior angle DEC of the triangle BAE is greater

than the interior opposite angle BAE, that is, than the

angle BAC; 5L 16,

still more then is the angle BDC greater than the angle BAC,
Q.E.D.
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EXERCISES
oN Prorosrrions 18 axp 19.

1. The hypotenuse is the greatest side of a righi-angled triangle.

2. If two angles of a triangle are equal to one another, the sides
also, which subtend the equal angles, are equal to one another. Prop, 6.
Prove this indirectly by using the result of Prop. 18.

8. BGC, the base of an isosceles triangle ABC, is produced to any

- point D ; shew that AD is greater than either of the equal sides.

4. If in a quadrilateral the greatest and least sides are opposite to
one another, then each of the angles adjacent to the least side is
greater than its opposite angle. '

5. In a trisngle ABC, if AC is not greater than AB, shew that
any straight line drawn through the vertex A and terminated by the
base BC, is less than AB. .

6. ABC is a triangle, in which OB, OC bisect the angles ABC,
ACB restgctively: shew that, if AB is greater than AC, then OB is
grester than OC,

ox ProrosiTioN 20.

7. The difference of any two sides of a triangle is lesz than
the third side,

8. In a quadrilateral, if two opposite sides which are not parallel
are produced to meet one another; ghew that the perimeter of the

greater of the two triangles sp formed is greater than the perimeter of
the quadrilateral.

9. The sum of the distances of any point from the thres angular
points of & triangle is greater than half its perimeter,

. 30. The perimeter of & quadrilateral is greater than the sum of its

11, Obtain & proof of Proposition 20 by bisecting an angle by a
straight line which meeta the opposite side. 4

ox Prorosrriox 21.
12, In Proposition 21 shew that the angle BDC is greater than
ﬁmsnghBAGiyjoiningAD,nndpmdncingiHoMthemﬁ
13.,Themmofthediatmoeaofanypointwitbin;&imgh% i .
its angular points is less than the perimeter of the triangle. - %
oo as
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ProrosrTioN 22. ProsrLEM.

To describe a triangle having its sides equal to three
given straight lines, any two of which are together greater
than the third.

L A

B8
| | (';

Dy F G /H E
M

Let A, B, C be the three given straight lines, of which
any two are together greater than the third.

It is required to describe a triangle of which the sides
shall be equal to A, B, C.

Construction. Take a straight line DE terminated ab the
point D, but unlimited towards E.

Malke DF equal to A, FG equal to B, and GH equal to C. 1. 3.
From centre F, with radius FD, describe the circle DLK.
From centre G with radius GH, describe the circle MHK,

cutting the former circle at K.
Join FK, GK.
Then shall the triangle KFG have its sides equal to the
three straight lines A, B, C.

Progf. Because F is the centre of the circle DLK,

therefore FK is equal to FD: Def. 11,

but FD is equal to A; Constr.

therefore also FK is equal to A. Az, 1,

Again, because G is the centre of the circle MHK,

therefore GK is equal to GH : Def 11,

but GH is equal to C; Conetr.

therefore also GK is equal to C. Ax. 1.

And FG is equal to B. Conastr.

Therefore the triangle KFG has its sides KF, FG, GK equal
respectively to the three given lines A, B, C. QEF.
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EXERCISE,

On a given base deseribe n triangle, whose remaining sides shall be
equal to two given straight lines. Point out how the construction
fails, if any one of the three given lines is greater than the sum of
the other two,

. Pporosrtion 23. PROBLEM.

At a given point in a given siraight line, to make an
angle equal to a given angle.

c A
E
D F @
B,

Let AB be the given straight line, and A the given point
in it ; and let DCE be the given angle.

It is required to draw from A a straight line making
with AB an angle equal to the given angle DGE.

Construction. In CD, CE take any points D and E;

and join DE.
From AB cut off AF equal to CD. 1. 3.
On AF describe the triangle FAG, having the remaining
sides AG, GF equal respectively to CE, ED, L 22,

Then shall the angle FAG be equal to the angle DGE.
Proof. For in the triangles FAG, DCE,

FA is equal to DC, Constr.
Because and AG iz equal to CE; Constr.
and the base FG is equal to the base DE : Consir,

therefore the angle FAG is equal to the angle DCE. 1 8,
That is, AG makes with AB, at the given point A, an angle
equal to the given angle DCE, Q.EF,
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Prorosirion 24.

If two triangles have two sides of the one equal to two
sides of the other, each to each, but the angle contained by
the two sides of one greater tham the angle contained by
the corresponding sides of the other ; then the base of that
which has the greater angle shall be greater tham the base of the

other
5 I v

Let ABC, DEF be two triangles, in which the two sides
BA, AC are equal to the two sides ED, DF, each to each,
but the angle BAC greater than the angle EDF:

then shall the base BC be greater than the base EF.

* Of the two sides DE, DF, let DE be that which is not
greater than the other.

Construction. At the point D, in the straight line ED,
and on the same side of it as DF, make the angle EDQ
equal to the angle BAC. L 23,

Make DG equal to DF or AC; L3
and join EG, GF.

Progf.  Then in the triangles BAC, EDG,

BA is equal to ED, Hyp.

and AC is equal to DG, Conastr.

Because also the contained angle BAC is equal to the
contained angle EDG ; Constr.

Therefore the triangle BAC is equal to the triangle EDG in
all respects : 1. 4.

sothz;tthebaseacisequaltothebase EG.
* Bee pote on the next page.
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MNA

Again, in the triangle FDG,
because DG is equal to DF,
therefore the angle DFG is equal to the angle DGF, 1 5.
but the angle DGF is greater than the angle EGF;
therefore also the angle DFG is greater than the angle EGF;
still more then is the angle EFG greater than the angle EGF.

And in the triangle EFG,
because the angle EFG is greater than the angle EGF,
therefore the side EG is greater than the side EF; 1. 19,
but EG was shewn to be equal to BC;
therefore BC is greater than EF. Q.E.D.

* This condition was inserted by Simson fo ensure that, in the
complete construction, the point F should fall below EG. Without
this condition it would be necessary to consider three cases: for F
might fall above, or upon, or below EG ; and each figure would require
separate proof.

‘We are however scarcely at liberty to employ Simson’s eondition
without proving that it fulfils the object for which it was introduced.

This may be done as follows:

Let EG, DF, produced if necessary, intersect at K.

Then, since DE is not greater than DF,

that is, since DE is not greater than DG,
therefore the angle DGE is not greater than the angle DEG. 1. 18.
But the exterior angle DKG is greater than the angle DEK: 1, 16,

therefore the angle DKG is greater than the angle DGK.
Hence DG is greater than DK. 1. 19,
But DG is equal to DF ;
therefore DF is greater than DK.
So that the point F must fall below EG.
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Or the following method may be adopted.

ProrosiTioN 24. [ALTERNATIVE PRoor.]

In the triangles ABC, DEF,
let BA be equal to ED

A D
and AC equal to DF,
but let the angle BAC be greater than
the angle EDF:
then shall the base BC be greater than
the base EF.
_ For apply the triangle DEF to the
B C E '

triangle ABC, so that D may fall on A,
and DE along AB:
then because DE is equal to AB,
therefore E must fall on B.
And because the angle EDF is less than the angle BAC, Hyp,
therefore DF must fall between AB and AC.
Let DF occupy the position AG,

Case 1. IfG fallz on BC:
Then G must be between B and C:
therefore BC is greater than BG.
But BG i equal to EF :
therefore BC is greater than EF.

Case II.  If G does not fall on BC.
Bisect the angle CAG by the straight lme AK
which meets BC in K.
Join GK.

Then in the triangles GAK, CAK,
GA is equal to CA, Hyp.
Because and AK is common to both;
and the angle GAK is equal to the o
angle GAK; Constr. K
therefore GK is equal to CK. 1. 4, G
But in the triangle BKG,
the two sides BK, KG are together greater than the third side BG, 1.20.
that is, BK, KCaretogethergmsterthan BG;
therefore BC is greater than BG, or EF. Q.E.D,



44 FUCLID'S ELEMENTS.

ProrostTion 25. THEOREM.

If two triangles have two sides of the one equal to two
sides of the other, each to each, but the base of one greater
than the base of the other ; then the angle contained by the
sides of that which has the greater base, shall be greater than
the amgle contained by the corresponding sides of the other.

A D
B Ch
F

Let ABC, DEF be two triangles which have the two sides
BA, AC equal to the two sides ED, DF, each to each, but the
base BC greater than the base EF :

then shall the angle BAC be greater than the angle EDF.

Proof. TFor if the angle BAC be not greater than the
angle EDF, it must be either equal to, or less than the
angle EDF.

But the angle BAC is not equal to the angle EDF,
for then the base BC would be equal to the base EF ; 1. 4.
but it is not, Hyp
Neither is the angle BAC less than the angle EDF,
for then the base BC would be less than the base EF ; 1. 24.
but it is not, Hyp.
Therefore the angle BAGC is neither equal to, nor less than

the angle EDF;
that is, the angle BAC is greater than the angle EDF. Q.E.D.

EXERCISE.
In a triangle ABC, the vertex A is joined to X, the middle
point of the base BC; shew that the angle AXB is obtuse or acute,
nooonding as AB is greater or less than AC.
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ProrosimioNn 26. THEOREM.

If two triangles have two angles of the one equal to two
angles of the other, each to each, and a side of one equal
to a side of the other, these sides being either adjacent o the
equal angles, or opposite to equal angles in each ; then shall
the triangles be equal in all respects.

Case I. 'When the equal sides are adjacent to the equal
angles in the two triangles.

A D

B C E F

Tet ABC, DEF be two triangles, which have the angles
ABGC, ACB, equal to the two angles DEF, DFE, each to each ;
and the side BC equal to the side EF :
then shall the triangle ABC be equal to the triangle DEF

in all respects ;
that 1s, AB shall be equal to DE, and AC to DF,

and the angle BAC shall be equal to the angle EDF,

For if AB be not equal to DE, one must be greater than
the other. If possible, let AB be greater than DE.

Construction. From BA cut off BG equal to ED, 1. 3.
and join GC.
Progf. Then in the two triangles GBC, DEF,

GB is equal to DE, Constr.
and BC to EF Hyp.

Because . ) X
also the contained angle GBC is equal to the
contained angle DEF; Hyp.

therefore the triangles are equal in all respects; 1. 4.
so0 that the angle GCB is equal to the angle DFE.
But the angle ACB is equal to the angle DFE; Hyp,
therefore also the angle GCB is equal to the angle ACB ; 4.1,
the part equal to the whole, which is impossible,
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C E

Therefore AB is not unequal to DE,
that is, AB is equal to DE.

Hence in the triangles ABC, DEF,

AB is equal to DE, Proved.

and BC is equal to EF ; Hyp.

Because |.1¢o the contained angle ABG is equal to the
contained angle DEF; Hyp.

therefore the triangles are equal in all respects: 1. 4.
s0 that the side AC is equal to the side DF;
and the angle BAC to the angle EDF.  Q.E.D.

Case II. When the equal sides are opposite to equal
angles in the two triangles.

A D

B H C E F

Let ABC, DEF be two triangles which have the angles
ABC, ACB equal to the angles DEF, DFE, each to each,
and the side AB equal to the side DE:

then shall the triangles ABC, DEF be equal in all respects;
that is, BC shall be equal to EF, and AC to DF,

and the angle BAC shall be equat to the angle EDF.
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For if BC be not equal to EF, one must be greater than
the other. If possible, let BC be greater than EF.

Construction. From BC cut off BH equal to EF, L3

and join AH.
Proof.  Then in the triangles ABH, DEF,
AB is equal to DE, Hyp.
Because and BH to EF, Constr.
also the contained angle ABH is equal to the
contained angle DEF ; Hyp.

therefore the triangles are equal in all respects, 1. 4.

so that the angle AHB is equal to the angle DFE.
But the angle DFE is equal to the angle ACB; Huyp.
therefore the angle AHB is equal to the angle ACB ; 4. 1.
that is, an exterior angle of the triangle AGH is equal to
an interior opposite angle; which is impossible. 1. 16,

Therefore BC is not unequal to EF,
that is, BC is equal to EF.

Hence in the triangles ABC, DEF,

AB is equal to DE, Hyp.

Because and BC is equal to EF; Proved.
also the contained angle ABC is equal to the
contained angle DEF; Hyp.,

therefore the triangles are equal in all respects; 1. 4.
so that the side AC is equal to the side DF,
and the angle BAG to the angle EDF.
Q.E.D.

CoRoOLLARY. In both cases of this Proposition it is seen
that the triangles may be made to coincide with one another;
and they are therefore equal in area.
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ON THE IDENTICAL EQUALITY OF TRIANGLES,

At the close of the first section of Book I, it is worth while
to call special attention to those Propositions (viz Props. 4, 8, 26)
which deal with the identical equality of two triangles.

The results of these Propositions may be summarized thus:

Two triangles are equal to one another in all respects, when
the following parts in each are equal, each to each.

1. Two sides, and the included angle. Prop. 4.
2. The three sides. Prop. 8, Cor.

3. (a) Two angles, and the adjacent side.

{(b) Two angles, and the side opposite one of %Prop. 26.
them.

From this the beginner will perhaps surmise that two iri-
angles may be shewn to be equal in all respects, when they have
three parts equal, each to each; but to this statement two obvious
exceptions must be made.

(i) When in two triangles the three angles of one are equal
<o the three angles of the other, each to each, it does not
necessarily follow that the triangles are equal in all respects,

(ii) When in two triangles two sides of the one are equal
to two sides of the other, each to each, and one angle equal to
one angle, these not being the angles inciuded by the equal sides;
the triangles are not necessarily equal in all respects.

In these cases a further condition must be added to the
hypothesis, before we can assert the identical equality of the
two triangles,

[See Theorems and Exercises on Book L., Ex. 13, Page 92.]

‘We observe that in each of the three cases already proved
of identical equality in two triangles, namely in Propositions 4,
8, 28, it is shewn that the triangles may be made to coircide
with one another; 8o that they are equal in aree, as in all
other respects, Euclid however restricted himself to the use of
Prop. 4, when he required to deduce the equality in area of two
triangles from the equality of certain of their parts.

This restriction has been abandoned in the present text-book.
[See note to Prop, 34.]
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EXERCISES ON PROPOSITIONS 12—26.

1. If BX and CY,the bisectors of the angles at the base BC of an
isosceles triangle ABC, meet the opposite sides in X and Y ; shew that
the triangles YBC, XCB are equal in all respects.

2. Bhew that the perpendioulars drawn from the extremities of
the base of an isosceles triangle to the opposite sides are equal. '

8. Any point on the bisector of an angle is equidistant from the
arms of the angle.

4. Through O, the middle point of a straight line AB, any straight
line is drawn, and perpendiculars AX and BY are dropped upon it from
A and B: shew that AX is equal to BY.

5. If the bisector of the vertical angle of a triangle is at right
angles to the base, the triangle is isosceles.

8. The perpendicular is the shoriest straight line that can be
drown from a given point to @ given straight line; and of others, that
which is nearer to the perpendicular is less than the more remote; and
two, and only two equal straight lines can be drawn from the given
point to the gwen straight line, one on each gide of the perpendicular.

7. From two given poinis on the same side of a given straight line,
draw two strarght lines, which shall meet in the given straight line
and make equal angles with it.

Let AB be the given straight line, P
and P, Q the given points. Q /z

It is required to draw from P and @ ST i
to a point in AB, two straight lines X K g
that ehall be equally inclined to AB. ,

Construction. From P draw PH p”

perpendicular to AB: produce PH to
P, making HP’ equal to PH. Draw QP meeciing AB in K, Join
PK.

Then PK, @K shall be the required lines, [Supply the proof.}

8. In a given straight line find 8 point which is equidistant from
two given intersecting straight lines, In what case is this impossible?
9, Through a given point draw a steaight line such that the per.

drawn fo it from two given points be equal,
In what case is this impossible? points sy feod

-
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SECTION IL
PARALLEL STRAIGHT LINES AND PARALLELOGRAMS.

DerinimioN. Parallel straight lines are such as, being
in the same plane, do not meet however far they are pro-
duced in both direations.

‘When two straight lines AB, CD are met by a third straight
line EF, eight angles are formed, to which
for the sake of distinction particular A E
names are given, 2 p
Thus in the adjoining figuve, 4/3
1, 2,7, 8 are called exterior angles,
8, 4, 5, 6 are called interior angles, 5/6
4 and 6 ave said to be alternate angles; ' §/7 D
A

80 also the angles 3 and 5 are alternate to
one another.

Of the angles 2 and 6, 2 is referred to as the exterior angle,
and 6 as the interior opposite angle on the same side of EF,

2 and 6 are sometimes called corresponding angles.

8o also, 1 and 5, 7 and 3, 8 and 4 are corresponding angles,

Euclid’s treatment of parallel straight lines is based upon his
twelfth Axiom, which we here repeat.

Axion 12. If a straight line cut two straight lines so
as to make the two interior angles on the same side of
it together less than two right angles, these straight lines,
being continually produced, will at length meet on that
side on which are the angles which are together less than
two right angles.

wg'.l‘ﬂ}ius 1m thtﬁ] ﬁgu:'e giv:elﬁtabov;x, if the two angles 3 and 6 are
ether less than two right angles, it is asserted that AB and
€D will meet towards B and D. = o
This Axiom is used to establish 1. 29: some remarks upon it,
will be found in a note on that Proposition. o ™
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Prorosirion 27. THEOREM.

If a straight line, falling on two other straight lines, make
the alternate angles equal to one another, then the straight
lines shall be parallel,

A /G B>K
C/H D

Let the straight line EF cut the two straight lines AB,
CD at G and H, so as to make the alternale angles AGH,
GHD equal to one another:

then shall AB and CD be parallel.

Proof.  For if AB and CD be not parallel,

they will meet, if produced, either towards B and D, or to-
wards A and C.

If possible, let AB and GD, when produced, meet towards B
and D, at the point K.

Then KGH is a triangle, of which one side KG is produced
to A:

therefore the exterior angle AGH is greater than the interior
opposite angle GHK. 1. 16,

But the angle AGH is equal to the angle GHK:  Hyp.
hence the angles AGH and GHK are both equal and unequal;
which is impossible.

Therefore AB and CD cannot meet when produced towards
B and D.

Similarly it may be shewn that they cannot meet towards
Aand C:

therefore they are parallel. Q.E.D.
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ProrosiTion 28, THEOREM.

If a straight line, failing on two other straight lines,
make an exterior angle equal to the interior opposite angle
on the same side of the line; or if it make the interior
angles on the same side together equal to two right angles,
then the two straight lines shall be parallel.

E:

A o

] H\
F

Let the straight line EF cut the two straight lines AB,
CD in G and H: and
First, let the exterior angle EGB be equal to the interior
opposite angle GHD:
then shall AB and CD be parallel.
Proof. Because the angle EGB is equal to the angle GHD;
and because the angle EGB is also equal to the vertically op-
posite angle AGH; 1. 15,
therefore the angle AGH is equal to the angle GHD;
but these are alternate angles;

therefore AB and CD are parallel. 27,
Q. E. D,
Secondly, let the two interior angles BGH, GHD be to-
gether equal to two right angles:

then shall AB and CD be parallel.

Proof. Because the angles BGH, GHD are together equal

to two right angles; Hyp.

and because the adjacent angles BGH, AGH are also together

equal to two right angles; 1. 13

therefore the angles BGH, AGH are together equal to the
two angles BGH, GHD.
From these equals take the common angle BGH:
then the remaining angle AGH is equal to the remaining
angle GHD: and these are alternate angles;
therefore AB and CD are parallel. L 27,
QE.I.
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Prorosition 29. THEOREM.

If a straight tine fall on two parallel strasght lines, then it
shall make the alternate angles equal to one another , and the
exterior angle equal to the interior opposite angle on the
same side; and also the two interior angles on the same
side equal to two right angles.

Let the straight line EF fall on the parallel straight
lines AB, CD:
then (i) the alternate angles AGH, GHD shall be equal to
one another;
(ii) theexterior angle EGB shall be equal to the interior
opposite angle GHD;
(iif) the two interior angles BGH, GHD shall be together
equal to two right angles,
Progf. (i) For if the angle AGH be not equal to the angle
GHD, one of them must be greater than the other.
If possible, let the angle AGH be greater than the angle
GHD;
add to each the angle BGH:
then the angles AGH, BGH are together greater than the
angles BGH, GHD.
But the adjacent angles AGH, BGH are together equal to

two right angles; L 13.
therefore the angles BGH, GHD are together less than two
right angles;

therefore AB and CD meet towards Band D. Az 12,
But they never meet, since they are parallel. Hyp.
Therefore the angle AGH is not unequal to the angle GHD:
that is, the alternate angles AGH, GHD are equal.

(Over)
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F

(ii) Again, because the angle AGH is equal to the verti-

cally opposite angle EGB; 1. 15.
and because the angle AGH is equal to the angle GHD;
Proved.

therefore the exterior angle EGB is equal to the interior op-
posite angle GHD

(iii) Lastly, the angle EGB is equal to the angle GHD;
Proved.
add to each the angle BGH;
then the angles EGB, BGH are together equal to the angles
BGH, GHD.
But the adjacent angles EGB, BGH are together equal to

two right angles: 1. 13.
therefore also the two interior angles BGH, GHD are to-
gether equal to two right angles. Q.E.D.

EXERCISES ON PROPOSITIONS 27, 28, 20.

1. Two straight lines AB, CD bisect one another at O: shew that

the straight lines joining AC and BD are paralleL [1. 27.]
2. Straight lines which are perpendicular to the same straight line
are parallel to one another. [r. 27 or 1, 28.]

8. If a straight line meet two or more parallel straight lines, and is
perpendicular to one of them, it is also perpendicular to all the others.
[x 29.]

4. If two straight lines are parallel to two other straight lines, each
1o each, then the angles contained by the first pair are equal respectively
10 the angles contained by the second pair. {x. 29.]
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Norr ox THE TWELFTE AXxiom.

It must be admitted that Euclid’s twelfth Axiom is un-
satisfactory as the basis of a theory of parallel straight lines.
It cannot be regarded as either simple or self-evident, and it
therefore falls short of the essential characteristics of an axiom:
nor is the difficulty entirely removed by considering it as a cor-
rollary to Proposition 17, of which it is the converse.

Many substitutes have been proposed ; but we need only notice
here the system which has met with most general approval.

This system rests on the following hypothesis, which is put
forward as a fundamental Axiom.

AxtoM. T'wo intersecting straight lines cannot be both parallel
to a third straight line.

This statement is known as Playfairs Axiom; and though
it is not altogether free from objection, it 18 recommended as
both simpler and more fundamental than that employed by
Euclid, and more readily admtted without proof.

Propositions 27 and 28 having been proved in the usual way,
the first part of Proposition 29 is then given thus.

ProrosiTION 29. [ALTERNATIVE PROOR]

If a straight line fall on two parallel straight lines, then it
shall make the alternate angles equal.

Let the straight line EF meet the two

parallel straight lines AB, CD, at G
and H: /E
G, B

then shall the alternate angles AGH,

GHD be equal. Am———
For if the angle AGH is not equal to the g
sngle GHD:

8t G in the straight line HG make the " D
Vs

angle HGP equal to the angle GHD,
and alternate to it. 1 28,
Then PG and CD are parailel. 1.27.
But AB and CD are parallel: Hyp.
therefog the two intersecting straight lines AG, PG are both parallel
to CD:
which is impossible. Playfair's Aziom.
Therefore the angle AGH is not unequal to the angle GHD,
that is, the alternate angles AGH, GHD are equal. Q.E.D.
The second and third parts of the Proposition may then be deduced
88 in the text; and Buclid's Axiom 12 follows as a Corollary.
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Prorosrrion 30. THEOREM.

Straight lines which are parallel to the same straight line
are parallel to one another,
A

w/
7

o/

Let the straight lines AB, CD be each parallel to the
straight line PQ:
then shall AB and CD be parallel to one another,
Construction. Draw any straight line EF cutting AB, CD,
and PQ in the points G, H, and K.
Proof. Then because AB and P@ are parallel, and EF
meets them,
therefore the angle AGK it equal to the alternate angle GKa.
. 29.
And because CD and PQ are parallel, and EF meets them,
therefore the exterior angle GHD is equal to the interior
opposite angle HKQ. 1. 29,
Therefore the angle AGH is equal to the angle GHD;
and these are alternate angles;
therefore AB and CD are parallel. 1. 21.
Q.ED.

w0

7O >
O ©

Nore. If PQ lies between AB and CD, the Proposition may be
established in a similar manner, though in this ease 1t scarcely needs
proof; for it is jnconoceivable that two straight lines, which do not
meet an intermediate straight line, should meet one another,

The truth of this Proposition may be readily deduced from
Playfair’s Axiom, of which it is the converse.

'or if AB and CD were not parallel, they would meet when pro-
duced. Then there would be two intersecting straight lines both
paraliel to a third straight line: which is impossible,

Therefors AB and CD never meet; that is, they are parallel.
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Prorosition 31. Prosrem.

BOOK I PROP., 31, 57

To drow o siraight line through a given point parallel
to a given straight line.

A

3 /
B c

D

-

Let A be the given point, and BC the given straight line.
It is required to draw through A a straight line parallel to
BC.

Construction. In BC take any point D; and join AD.
At the point A in DA, make the angle DAE equal to the
angle ADC, and alternate to it. 1 23.
and produce EA to F.
Then shall EF be parallel to BC.

Proof. Because the straight line AD, meeting the two
straight lines EF, BC, makes the alternate angles EAD, ADC

equal; Constr.
therefore EF is parallel to BC; . 27,
and it has been drawn through the given point A.
QEF
EXERCISES,

1. Any straight line drawn parallel to the base of an isosceles
triangle makes equal angles with the sides.

2. If from any ﬁoint in the bisector of an angle & straight line is
drawn parailel to either arm of the angle, the triangle thus formed is
isosceles.

3. From a given point draw a straight line that shall make with
8 given straight line an angle equal to a given angle.

4. From X, a point in the base BC of an isosceles triangle ABC, s
straight line is drawn at right angles to the base, cutting ABin Y, and
CA produced in Z: ghew the triangle AYZ is isosceles.

5. If the straight line which bisects an exterior angle of a triangle
is parallel to the opposite side, shew that the triangle is isosceles.
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Prorosition 32. THEOREM.

If a side of a triangle be produced, then the exterior
angle shall be equal to the sum of the two interior opposite
angles: also the three interior angles of a triangle are together
equal to two right angles.

A

B C D

Let ABC be a triangle, and let one of its sides BC be
produced to D:
then (i) the exterior angle ACD shall be equal to the sum
of the two interior opposite angles CAB, ABC;
(ii) the three interior angles ABC, BCA, CAB shall
be together equal to two right angles.

Construction. Through C draw CE parallel to BA. 1. 31.

Progf. (i) Then because BA and CE are parallel, and AC
meets them,

therefore the angle ACE is equal to the alternate angle
CAB. 1. 29.

Again, because BA and CE are parallel, and BD meets them,

therefore the exterior angle ECD is equal to the interior
opposite angle ABC. 1. 29.

Therefore the whole exterior angle ACD is equal to the
sum of the two interior opposite angles CAB, ABC.

(ii) .Again, since the angle ACD is equal to the sum of
the angles GAB, ABC; Proved.
to each of these equals add the angle BCA:
then the angles BCA, ACD are together equal to the three

angles BCA, CAB, ABC.
But the adjacent angles BCA, ACD are together equal to
two right angles; 1 13.
therefore also the angles BCA, CAB, ABC are together equal
to two right angles, Q. E.D,
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From thiz Proposition we draw the following important
inferences,
1. If two triangles have two angles of the one equal to two angles of

the other, each to each, then the third angle of the one is equal to the
third angle of the other.

2. In any right-angled triangle the two acuie angles are com-
plementary.

8. In a right-angled isosceles triangle cach of the equal angles
is half a right angle.

4. If one angle of a triangle is equal to the sum of the other two,
the triangle is righi-angled.

5. The sum of the angles of any gquadrilateral figure is equal to
four vight angles.

6. Each angle of an equilateral triangle is two-thirds of a right
angle. .

EXERCISES ON PROPOSITION 32

1. Prove that the three angles of a triangle are together equal to
two right angles,
(i) by drawing through the vertex a siraight line parallel
to the hase;
(ii) by joining the vertex to any point in the base.

2. If the base of any triangle is produced both ways, shew that
the sum of the two exterior angles diminished by the vertical angle is
equal to two right angles.

8. If two straight lines are perpendicular to two other straight
lines, each to each, the acute angle between the first pair is equal
to the acute angle between the second pair,

4, Every right-angled triangle is divided into two isosceles tri-
angles by a straight line drawn from the vight angle to the middle point
of the hypotenuse.

Hence the joining line is equal to half the hypotenuse.

5. Draw a straight line at right angles to a given finite straight
line from one of its extremities, without producing the given straight
line. .

[Let AB be the given straight line, On AB describe juosecles
friangle ACB. Produce BC to D, making CD equal fo . doin
AD. Then shall AD be perpendicular to AB.]
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6. Trisect a right angle.

7. The angle contained by the bisectors of the angles at the base
of an isosceles triangle is equal to an exterior angle formed by pro-
ducing the base.

8. The angle contained by the bisectors of two  adjacent angles of
& quadrilateral is equal to half the sum of the remaining angles.

The following theorems were added as corollaries to
Proposition 32 by Robert Simson.

CoroLLaRY 1. Al the interior angles of any rectilineal
Sfgure, with four right angles, are together equal to twice as
many right angles as the figure has siudes.

D

A B

Let ABCDE be any rectilineal figure.
Take F, any point within it,
and join F to each of the angular points of the figure.

Then the figure is divided into as many triangles as it hag
sides.

And the three angles of each triangle are together equal
to two right angles. 1. 32.

Hence all the angles of all the triangles are together equal
to twice as many right angles as the figure has sides.

But all the angles of all the triangles make up the in-
terior angles of the figure, together with the angles
ab F;

and the angles at F are togsther equal to four right
angles: 1. 15, Cor,

Therefore al! the interior angles of the figure, with four
right angles, are together equal to twice as many right
angles as tho figure has sides, QED,
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CoroLrary 2. If the sides of a rectilineal figure, which
has no re-entrant angle, are produced in order, then all the ex-
terior angles so formed are together equal to four right angles.

For at each angular point of the figure, the interior angle
and the exterior angle are together equal to two right
angles. 1 13

Therefore all the interior angles, with all the exterior
angles, are together equal to twice as many right angles
as the figure has sides.

But all the interior angles, with four right angles, are to-
gether equal to twice as many right angles as the figure
has sides. 1 32, Cor. 1.

Therefore all the interior angles, with all the exterior
angles, are together equal to all the interior angles, with
four right angles.

Therefore the exterior angles are together equal to four
right angles. Q. E. D

EXERCISES ON SIMSON'S COROLLARIES.

[A polygon is said to be regular when it has all its sides and all its
angles equal.]
1. Express in terms of a right angle the magnitude of each angle
of (i) a regular hexagon, (ii) a regular octagon.
2, If one side of a regular hexagon iz produced, shew that the ex-
terior angle is equal to the angle of an equilateral triangle.
8. Prove Bimson’s first Corollary by joining one vertex of the
rectilineal figure to each of the other vertioes.
ia.“ Find the magnitude of each angle of & regular polygon of
n gides,
5. I the alternate eides of any polygon be uced to meet, the
pum of the included angles, together with t right angles, will
be equal to twice as many right angles as the figure has sides,
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ProrosiTioN 33. THEOREM.

The straight lines which join the extremities of two equal
and parallel straight lines towards the same ports are them-
selves equal and parallel.

A B

o] D

Let AB and CD be equal and parallel straight lines;
and let them be joined towards the same parts by the
gtraight lines AC and BD:

then shall AC and BD be equal and parallel.
Construction. Join BC.

Proof. Then because AB and CD are parallel, and BC
meets them,
therefore the alternate angles ABC, BCD are equal. 1. 29.

Now in the triangles ABC, DCB,
AB is equal to DC, Hyp.
and BC is common to both;
also the angle ABC is equal to the angle
DCB; Proved.
therefore the triangles are equal in all respects; 1 4.
so that the base AC is equal to the base DB,
and the angle ACB equal to the angle DBC;
but these are alternate angles;
therefore AC and BD are parallel: L 27
and it has been shewn that they are also equal.
Q.E.D.

Because

DerinrrioN, A Parallelogram is a four-sided figure
whose opposite sides are parallel.
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Provosirion 34, THEOREM,

The opposits sides and angles of a parallelogram ars
equal to one another, and cach diagonal bisects the parallely
gram,

B

c 0

Let ACDB be a parallelogram, of which BC is a diagona. !
then shall the opposite sides and angles of the figure be
equal to one another; and the diagonal BC shall bisect it.

Progf. Because AB and CD are parallel, and BC meets
them,
therefore the alternate angles ABC, DCB are equal. 1. 29.
Again, because AC and BD are parallel, and BC meets
them,
therefore the alternate angles ACB, DBC are equal. 1. 29,
Hence in the triangles ABC, DCB,
the angle ABC is equal to the angle DCB,
Bocause J20d the angle ACB is equal to the angle DBC;
also the side BC, which is adjacent to the equal
angles, is common to both,
therefore the two triangles ABC, DCB are equal in all
respects; 1. 26,
8o that AB is equal to DC, and AC to DB;
and the angle BAC is equal to the angle CDB.

Also, because the angle ABC is equal to the angle DCB,
and the angle CBD equal to the angle BCA,
therefore the whole angle ABD is equal to the whole angle

DCA.
And since it has been shewn that the triangles ABC, DCB
are equal in all respects,
therefore the diagonal BC bisects the paralielogram ACDB.
Q.E.D.

[Bee note on nexi page.]
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Note. To the proof which is here given Enelid added an ap]
tion of Proposition 4, with a view to shewing that the triangles RBC
DCB sare equal in ares, and that therefore the disgonal BC bueetl the
gaullelo gram. This equality of area is however sufficiently established
y the step which depends upon 1. 28, [See page 48.]

EXEBCISES,

1. If one angle of a parallelogram is o right angle, all ils angles
are right angles.

2. If the opposite sides of o quadiilateral are equal, the figure is a
parallelogram.

8. If the opposite angles of a quadrilateral are equal, the figure is
a parallelogram.

4. If a quadrilateral has all its sides equal and one angle a right
angle, all its angles are right angles.

&, The diagonals of a parallelogram bisect each other.

6. If the diagonals of a quadrilateral bisect each other, the figure
i3 a parallelogram.

7. If two opposite angles of a parallelogram are hiscoted by the
diagonal which joins them, the figure is equilateral,

8. If the diagonals of a parallelogram are equal, all its angles are
right angles.

9. In a parallelogram which is not reotangular the disgonals are
wunequal.

10. Any straight line drawn through the middle point of a dm.gonal

of a parallelogram and terminated by a pair of opposite sides, is
‘bisected at that point.

11. If two parallelograms have two adjacent sides of one equal to
two adjacent sides of the ather, each to each, and one angle of one equal
to one angle of the other, the parallelograms are equal in all respects.

12. Two rectangles are egual if two adjacent sides of one are
equal to two adjacent sides of the other, each to each.

18, In a parallelogram the perpendicnlars drawn from one pair of
om)omsnglmtothedngomlwhmbzmthaotherpmrmeqm

W, IIABODmlp.mllel X, Y respectively the
poinhotthonduhp. shewtbattheﬂsmAYOXi;np-uMo-
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MISCELLANEOUS EXERCISES ON BECTIONS I. AND II

1. Shew that the construction in Proposition 2 may generally be
performed in eight different ways. Poini out the axceptsilogml casey

2. The bisectors of two vertically opposite angles are in the same
straight line. y oppo e °
3. In the figure of Proposition 16, if AF is joined, shew
{i) that AF is equal to BC;
(ii) that the triangls ABC is equal fo the triangle CFA in all
respects.

4. ABC iss triangle right-angled st B, and BC is produced to D
shew that the angle ACD is obtuse.

5. Shew that in any regular polygon of n sides each angle contains

‘i(%”—?l right angles.

6. The angle contained by the bizectors of the angles at the base
of any triangle iy equal to the vertical angle together with half the
sum of the base angles.

7. 'The angle contained hy the bisectors of two exterior angles of
any triangle is equal to halt the sum of the fwo corresponding interior

angles,

8. If perpendiculars are drawn to two intersecting straight lines
from any point between them, shew that the bisector of the angla
between the perpendiculars is paraliel to (or coincident with) the
bisector of the augle between the given straight lines.

9. If two points P, @ be taken in the equal sides of an isosocalss
triangle ABC, #0 that BP is equal to CQ, shew that PQ is parallel to
BC.

10. ABC and DEF are two friangles, such that AB, BC are equal
and parallel to DE, EF, each fo each; shew that AC is equal and

pazallel to DF.

11. Prove the second Corollary to Prop. 82 by drawing through
sny angular poing lines parallel to all the sides,

12, If two mides of a quadrilateral are parallel, and the remaining
two sides equal but not paraliel, shew that the opposite angles are
supplementary; also that the diagonals are equal, .

2



SECTION IIL

THE AREAS OF PARALLELQOGRAMS AND TRIANGLES,

Hitherto when two figures have been said to be equal, it has
been implied that they are identically equal, that is, equal in all
respects.

In Section IIL. of Fuclid’s first Book, we have to consider
the equality in eres of parallelograms and triangles which are
not necessarily equal in all respects.

[The ultimate test of equality, as we have already seen, is afforded
by Axiom 8, which asserts that magnitudes which may be made to
coincide with one another are equal. Now figures which are not identi-
eally equal, cannot be made to coincide without first undergoing some
change of form: hence the method of direct superposition 18 unsuited
to the purposes of the present section.

‘We shall see however from Euclid’s proof of Proposition 35, that
two figures which are not identically equal, may nevertheless be so
related to a third figure, that it is possible to infer the equality of
their areas.]

DEFINITIONS.

1. The Altitude of a parallelogram with reference to a
given side as base, is the perpendicular distance between
the base and the opposite side.

2. The Altitude of a triangle with reference to a given
side as base, is the perpendicular distance of the opposite
vertex from the base.
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Prorosition 35. THEOREM.

Purallelograms on the same base, and between the same
parallels, are equal in area,

AV AKADE/F Z | ZD |
B o B c B C
Let the parallelograms ABCD, EBCF be on the same
base BC, and between the same parallels BC, AF :
then shall the parallelogram ABCD be equal in area to
the parallelogram EBCF.

Case I. If the sides of the given parallelograms, oppo-
site to the common base BC, are terminated at the same

point D:
then because each of the parallelograms is double of tl.e
triangle BDC; L 34.
therefore they are equal to one another. Azx. 6,

Case II. But if the sides AD, EF, opposite to the bsse
BC, are not terminated at the same point:
then because ABCD is a parallelogram,
therefore AD is equal to the opposite side BC; 1. 34.
and for a similar reason, EF is equal to BC;
therefore AD is equal to EF. Az, 1,
Hence the whole, or remainder, EA is equal to the whole,
or remainder, FD.
Then in the triangles FDC, EAB,
FD is equal to EA, .Prov;d.
and DC is equal to the opposite side AB, 1. 34.
Because also the exter?gr angle FDC if equal to the interior
opposite angle EAB, 1. 29,
therefore the triangle FDC is equal to the triangle EAB. 1. 4.
From the whole figure ABCF take the triangle FDC;
and from the same figure take the equal triangle EAB
then the remainders are equal ; dz. 3.
that is, the parallelogram ABCD is equal to the parallelr-
gram EBCF. QED,
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Proposrrion 36. THEOREM.

Parallelograms on equal bages, and between the same
parallels, are equal in area.

A DE H

[~]

B [+ F

Let ABCD, EFGH be parallelograms on equal bases BC,
FG, and between the same parallels AH, BG:
then shall the parallelogram ABCD be equal to the paral-
lelogram EFGH.

Construction. Join BE, CH.
Progf.  Then because BC is-equal to FG; Hyp.
and FG is equal to the opposite side EH; 1. 34
therefore BC is equal to EH: Az 1.
and they are also parallel; Hyp.
therefore BE and CH, which join them towards the same
parts, are also equa.l and parallel. L. 33.

Therefore EBCH is a parallelogram,  Def. 26.
Now the parallelogram ABCD is equal to EBCH;
for they are on the same base BC, and between the same
parallels BC, AH, L 35,
Also the parallelogram EFGH is equal to EBCH;
for they are on the same base EH, and between the same

parallels EH, BG. 1. 35,

Therefore the parallelogram ABCD is equal to the paral-

lelogram EFGH. Az, 1.
Q.E.D.

From the last two Propositions we infer that :

) Apar mualmarmtoaredangleqfeqml

§i) Pmlldogmmmagualbammdq’aqmla&ifudam
equal wn area. .
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(iil) Of two ms of e altitudes, that is the greater
whioh has the greater 6ag:al and of two parallelograms

on equal bases, that 1s the greater which has the greater
altitude. " g

Prorosrrion 37. THEOREM.

Triangles on the same base, and between the same paral-
lels, are equal in area.

E A D F

8 [+]

Let the triangles ABC, DBC be upon the same base BC,
and between the same parallels BG, AD.
Then shall the triangle ABC be equal to the triangle DBC.

Construction. Through B draw BE parallel to CA, to
meet DA produced in E; L 3L
through € draw CF parallel to BD, to meet AD produced in F.

Proof. Then, by construction, each of the figures EBCA,
DBCF is a parallelogram. Def. 26.
And EBCA is equal to DBCF;
for they are on the same base BC, and between the same
parallels BC, EF. 1. 35.

And the triangle ABC is half of the parallelogram EBCA,
for the diagonal AB bisects it. L 34.

Also the triangle DBGC is half of the parallelogram DBCF,
for the diagonal DG bisects it. L 34.
But the balves of equal things are equal; A4a. 7.

therefore the triangle ABC is equal to the triangle DBC.
Q.E.D.

[¥or Exercises see page 78.]
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ProrosiTion 38. THEOREM.

Triangles on equal bases, and between the same parallels,
are equal in area.

G A D H

T

B CE F

Let the triangles ABC, DEF be on equal bases BC, EF,
and between the same parallels BF, AD :
then shall the triangle ABC be equal to the triangle DEF.
Construction. Through B draw BG parallel to CA, to
meet DA produced in G; 1 31
through F draw FH parallel to ED, to meet AD produced in H.
Progf. Then, by construction, each of the figures GBCA,
DEFH is a parallelogram. Def. 26.
And GBCA is equal to DEFH;
for they are on equal bases BC, EF, and between the same
parallels BF, GH. 1. 36.
And the triangle ABC is half of the parallelogram GBCA,
for the diagonal AB bisects it. 1. 34.
Also the triangle DEF is half the parallelogram DEFH,
for the diagonal DF bisects it. 1 34.
But the halves of equal things are equal:  A4x. 7.
therefore the triangle ABC is equal to the triangle DEF.
Q.E.D.

From this Proposition we infer that :
(@) Triangles on equal bases and of egual altitude are equal
in area.
(n) Oftwo tnan%a”oftkc same altitude, that s the greater

and of two triangles on the same base,
oronoqualbam Muthgmwhwhkmthgmmdmud&,

[For Exercises sce page 73.]
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ProrosiTion 39. THEOREM.

Equal triangles on the same base, and on the same side
of it, are between the same parallels.

A D

B Cc

Let the triangles ABC, DBC which stand on the same
base BC, and on the same side of it, be equal in area:
then shall they be between the same parallels ;
that is, if AD be joined, AD sball be parallel to BC.
Construction. For if AD be not parallel to BC,
if possible, through A draw AE parallel to BC,  1.31.
meeting BD, or BD produced, in E.
Join EC.
Proof, Now the triangle ABC isequal to the triangle EBC,
for they are on the same base BC, and between the same
parallels BC, AE. L 37.
But the triangle ABC is equal to the triangle DBC; Hyp.
therefore also the triangle DBC is equal to the triangle EBG;
the whole equal to the part; which is impossible.
Therefore AE is not parallel to BC.
Similarly it can be shewn that no other straight line
through A, except AD, is parallel to BC,
Therefore AD is parallel to BC.
Q.E.D.

From this Proposition it follows that :
Equal triangles on the same base have equal altitudes,

{For Exerciges gee page 73.]
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Prorosrrion 40. Taxorem

Equal triangles, on equal bases in the same straight line,
and on the same side of i, are between the same parallels,

A D

B CE F

Let the triangles ABC, DEF which stand on equal bases
BC, EF, in the same straight line BF, and on the same side
of 1t, be equal in area:

then shall they be between the same parallels;
that ig, if AD be joined, AD shall be parallel to BF.
Construction. For if AD be not parallel to BF,
if possible, through A draw AG parallel to BF, 1 31.
meeting ED, or ED produced, in G.
Join GF.

Progf. Now the triangle ABC is equal to the triangle GEF,
for they are on equal bases BC, EF, and between the
same parallels BF AG. 1. 38.
But the triangle ABC is equal to the triangle DEF: Hyp.

therefore also the triangle DEF is equal to the triangle GEF:

the whole equal to the part; which is impossible.
Therefore AG is not parallel to BF.
Similarly it can be shewn that no other straight line
through A, except AD, is parallel to BF.
Therefore AD is parallel to BF,

Q.E.D,

From this Proposition it follows that:
G) Equal triangles on equal bases havs equal altitudes
() Equal triangles of equal albitudes have equal bases.
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EXERCISES ON PROPORITIONS 37——40.

DrrivirioN. Each of the three straight lines which join
the angular points of a triangle to the middle points of the
opposite sides is called a Median of the triangle.

ox Pror, 37.

1. If, in the figure of Prop.87, AC and BD intersect in K, shew that
(i) the triangles AKB, DKC are equal in area.
{ii) the quadrilaterals EBKA, FCKD are equal.

2. In the figure of 1. 16, shew that the triangles ABC, FBC are
equal in area.

3. On the base of & given triangle construct a second triangle,
equal in area to the first, and having its veriex in a given straight
line.

4. Describe an isosceles triangle equal in area to a given triangle
and standing on the same hase.

oN Pror, 38.

5. 4 triangle is divided by each of its medians into two parts of
equal area.

6. A parallelogram is divided by its diagonals into four triangles
of equal area.

7. ABC is a friangle, and its bass BC is bisected at X; if Y
be any point in the median AX, shew that the triangles ABY, ACY are
equal in area.

8. In AGC, s diagonal of the parsllelogram ABCD, any point X is
taken, and XB, XD are drawn: shew that the triangle BAX is equal
to the triangle DAX,

9. H two triangles have two sides of one respectively equal to twe
sides of the other, and the angles contained by those sides supplement-
ary, the triangles are equal in area.

oN Proe. 39.

10. The straight line which joins the middle points of two eides of
a triangle is parallel to the third side.
11. If two straight lines AB, CD intersect in O, so that the triangle
AQC is equal to the triangle DOB, shew that AD and CB are parallel.
ox Pror. 40.

12. Deduce Prop. 40 from Prop. 39 by joining AE, AF in the
figure of page 72.
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Prorosition 41. THEOREM.

If a parallelogram and a triangle be on the sam# base
and between the same parallels, the parallelogram shall be
double of the triangle.

A D £

B c

Let the parallelogram ABCD, and the triangle EBG be
upon the same base BC, and between the same parallels
BC, AE:
then shall the parallelogram ABCD be double of the triangle

EBC.

Construction. Join AC.

Proof. Then the triangle ABC is equal to the triangle EBC,
for they are on the same base BC, and between the same
parallels BC, AE. 1. 37.
But the parallelogram ABCD is double of the triangle ABC,
for the diagonal AGC bisects the parallelogram. L34

Therefore the parallelogram ABCD is also double of the
triangle EBC. Q.E.D.

EXERCISES.

1. ABCD is a parallelogram, and X, Y are the middle points of
the sides AD, BC; if Z is any point in XY, or XY produced, shew
that the triangle AZB is one quarter of the parallelogram ABCD.

2. Describe a right-angled isoroeles triangle equal to a given square,

8. If ABCD isa parallelogram, and XY any points in DC and AD
respectively: shew that the triangles AXB, BYC are equal in area.

4. ABCO is a parallelogram, and P is any point within it; shew
that the sum of the triangles PAB, PCD is equal to half the paral-
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ProrosiTion 42. Prosrem.

To deseribe a parallelogram that shall be equal to a given
triangle, and have one of 1ts angles equal to a given angle

A F_ G

Lo

B E C

Let ABC be the given triangle, and D the given angle.
It is required to describe a parallelogram equal to ABC, and
having one of its angles equal to D,

Construction. Bisect BC at E. 1. 10,
At E in CE, make the angle CEF equal to D; 1. 23.
through A draw AFG parallel to EC; 1 3L

and through € draw CG parallel to EF.
Then FECG shall be the parallelogram required.
Join AE,

Progf. Now the triangles ABE, AEC are equal,
for they are on equal bases BE, EC, and between the same
parallels; ~ 1 38.
therefore the triangle ABC is double of the triangle AEC.
But FECG is a parallelogram by construction; Def. 26.
and it is double of the triangle AEC,
for they are on the same base EC, and between the same
parallels EC and AG. L 41
Therefore the parallelogram FECG is equal to the triangle
ABC;
and it has one of its angles CEF equal to the given angle D.
QEF.

EXERCISES,
1. Describe a parallelogram equal to a given square standing on
the same base, and having an angle equal to half a right angle.

2, Deseribe s rhombus equal to & given parallelogram and stand.
ing on the same base, When does the construetion fail?
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DrrmnitioN. If in the diagonal of a parallelogram any
point is taken, and straight lines are drawn through it
paraliel to the sides of the parallelogram; then of the four
parallelograms into which the whole figure iz divided, the
two through which the diagonal passes are called Paral-
lelograms about that diagonal, and the other two, which
with these make up the whole figure, are called the
complements of the parallelograms about the diagonal.

Thus in the figure given below, AEKH, KGCF are parallelograms
abont the diagonal AC; and HKFD, EBGK are the complements of
those parallelograms.

Nore. A parallelogram is ofien named by two letters only, these
being placed at opposite angular points,

ProrositioNn 43. TaEOREM.

The complements of the parailelograms about the diagonal
of any parallelogram, are equal to one another.

A H ° D
Ej

B G [+

Iet ABCD be a parallelogram, and KD, KB the comple-
ments of the parallelograms EH, GF about the diagonal AG:
then shall the complement BK be equal to the comple-

ment KD.

Progf. Because EH is a parallelogram, and AK its diagonal,
therefore the triangle AEK is equal to the triangle AHK. 1. 34.
For o similar reason the triangle KGC is equal to the

triangle KFC.
Hence the triangles AEK, KGC are together equal to the
trisngles AHK, KFC,
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But the whole triangle ABC is equal to the whole triangle

ADC, for AC bisects the parallelogram ABCD ; 1. 34.
therefore the remainder, the complement BK, is equal to the
remainder, the complement KD, QE.D.
EXERCISES.

In the figure of Prop. 43, prove that
(i) The parallelogram ED is equal to the parallelogram BH.

{ii) If KB, KD are joined, the triangle AKB is equal to the
triangle AKD.

Prorosirion 44. PROBLEM.

To o given straight line to apply a parallelogram which
shall be equal to a given triamgle, and have one of its angles
equal to a given angle.

[N

H A

Let AB be the given straight line, C the given triangle,
and D the given angle.

It is required to apply to the straight line AB a paral-
lelogram equal to the triangle C, and having an angle equal
to the angle D.

Construction. On AB produced describe a parallelogram
BEFG equal to the triangle C, and having the angle EBG

equal to the angle D; L 22 and 1. 42%,

through A draw AH parallel to BG or EF, to meet FG pro-

duced in H. 1. 3L
Join HB,

* This sfep of the construction is effected by firat deseribing on AB

[aced s friangle whose sides are respectively equal to those of the
‘3‘5@. C (1, 22); mﬂhythenmn.kingapamnelngameqnuhm
triangle 80 drawn, angd having an angle equal $o D {1, 43),
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[N

H A L

Then because AH and EF are parallel, and HF meets them,

therefore the angles AHF, HFE are together equal to two
right angles: 1. 29,

hence the angles BHF, HFE are together less than two
right angles;

therefore HB and FE will meet if produced towards B
and E. ) Az, 12

Produce them to meet at K.

Through K draw KL parallel to EA or FH; 1 31.
and produce HA, GB to meet KL in the points L and M.
Then shall BL be the parallelogram required.

Progf. Now FHLK is a parallelogram, Constr,
and LB, BF are the complements of the parallelograms
about the diagonal HK:
therefore LB is equal to BF. L 43.
But the triangle C is equal to BF; Constr.
therefore LB is equal to the triangle C.
And because the angle GBE is equal to the vertically oppo-
site angle ABM, 1 15.
and is likewise equal to the angle D;  Constr.
therefore the angle ABM is equal to the angle D.

Therefore the parallelogram LB, which is applied to the
straight line AB, is equal to the triangle G, and has the

angle ABM equal to the angle D. QE.F.
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ProrosiTioN 45. ProBLEM.

To describe a parallelogram equal to a given rectilinenl
Jigure, and having an angle equal to a given angle.

A F_G L
ol

B C X H M

Let ABCD be the given rectilineal figure, and E the
given angle,

It isrequired to describe a parallelogram equal to ABCD,
and having an angle equal to E.

Suppose the given rectilineal figure to be a quadrilateral.

Construction. Join BD.
Describe the parallelogram FH equal to the triangle ABD,
and having the angle FKH equal to the angle E. 1. 42,
To GH apply the parallelogram GM, equal to the triangle
DBC, and having the angle GHM equal to E. 1 44.
Then shall FKML be the parallelogram required.

Proof. Because each of the angles GHM, FKH is equal to E,
therefore the angle FKH is equal to the angle GHM.
To each of these equals add the angle GHK ;
then the angles FKH, GHK are together equal to the angles
GHM, GHK.
But since FK, GH are parallel, and KH meets them,
therefore the angles FKH, GHK are together equal to two

right angles: 1 29,
therefore also the angles GHM, GHK are together equal to
two right angles:

therefore KH, HM are in the same straight line. 1. 14.

oE 6
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Again, because KM, FG are parallel, and HG meets them,
therefore the alternate angles MHG, HGF are equal : 1. 29
to each of these equals add the angle HGL ;
then the angles MHG, HGL are together equal to the angles

HGF, HGL.
But because HM, GL are parallel, and HG meets them,
therefore the angles MHG, HGL are together equal to
two right angles: I 29,
therefore also the angles HGF, HGL are together equal to
two right angles:
therefore FG, GL are in the same straight line. 1. 14,
And because KF and ML are each parallel to HG, Constr,
therefore KF is parallel to ML L 30.
and KM, FL are parallel ; Conatr,
therefore FKML is & parallelogram.  Def. 26,
And because the parallelogram FH is equal to the triangle
ABD, Constr,
and the parallelogram GM to the triangle DBG; Constr.
therefore the whole parallelogram FKML is equal to the
whole figure ABCD ;
and it has the angle FKM equal to the angle E.

By a series of similar steps, a parallelogram may be
constructed equal to a rectilineal figure of more than four
sides, QEF,
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Prorosition 46. ProBLEM.

T'o describe a square on a given straight lina,

C
D E
A B

Let AB be the given straight line:
it is required to describe a square on AB.

Constr. From A draw AC at right angles to AB; 1. 11,
and make AD equal to AB. L 3.
Through D draw DE parallel to AB; L 3L
and through B draw BE parallel to AD, meeting DE in E.
Then shall ADEB be a square.

Progf. For, by construction, ADEB is a parallelogram :
therefore AB is equal to DE, and AD to BE, 1 34.
But AD is equal to AB; Conatr,
therefore the four straight lines AB, AD, DE, EB are equal
to one another;
that is, the figure ADEB is equilateral,
Again, since AB, DE are parallel, and AD meets them,
therefore the angles BAD, ADE are together equal to two
right angles ; 1. 28,
but the angle BAD is a right angle ; Constr.
therefore also the angle ADE is a right angle.

And the opposite angles of a parallelogram are equal ; 1. 34,
therefore each of the angles DEB, EBA is a right angle :
that is the figure ADEB is rectangular.

Hence it is a square, and it is described on AB.

QEF.
CoBOLLARY. If one angle of a parallelogram is & right
angle, all its angles are right angles,
62
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ProrosiTiON 47. THEOREM,

In a right-angled triamgle the square described on the
hypotenuse is equal to the sum of the squares described on
the other two sides.

G
F H
A
K
B (¢
D L E

Let ABC be a right-angled triangle, having the angle
BAC & right angle:
then shall the square described on the hypotenuse BC be
equal to the sum of the squares described on BA, AC.

Construction. On BC describe the square BDEC; 1. 46.
and on BA, AC describe the squares BAGF, ACKH.
Through A draw AL parallel to BD or CE; 1. 31.
and join AD, FC.

Progf. Then because each of the angles BAG, BAG is a
right angle,
therefore CA and AG are in the same straight line. 1. 14.
Now the angle CBD is equal to the angle FBA,
for each of them is a right angle.
Add to each the angle ABC:
then the whole angle ABD is equal to the whole angle FBC.
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Then in the triangles ABD, FBC,
[ AB is equal to FB,
and BD is equal to BC,
also the angle ABD is equal to the angle FBC;
therefore the triangle ABD is equal to the triangle FBC. 1.4.

Because

Now the parallelogram BL is double of the triangle ABD,
for they are on the same base BD, and between the same
parallels BD, AL. 1 41

And the square GB is double of the triangle FBC,
for they are on the same base FB, and between the same
parallels FB, GC. L. 41.

But doubles of equals are equal : Az. 6.
therefore the parallelogram BL is equal to the square GB.

In a similar way, by joining AE, BK, it can be shewn
that the parallelogram CL is equal to the square CH.
Therefore the whole square BE is equal to the sum of the
squares GB, HC:

that is, the square described on the hypotenuse BC is equal
to the sum of the squares described on the two sides
BA, AC. Q.E.D.

Nore. It is not necessary to the proof of this Proposition that
the three squares should be described external to the triangle ABC;
and since each square may be drawn either towards or away from the
triangle, it may be shewn that there are 2x2x 2, or etght, possible
constructions.

EXERCISES.

1. In the figure of thig Proposition, shew that
i) If BG, CH are joined, these straight lines are parallel;
(i) The points F, A, K are in one straight line;
(iii) FC and AD are at right angles to one another;

(iv) If GH, KE, FD are joined, the triangle GAH is equal
1o the given triangle in all respects; and the triangles

FBD, KCE are each equal in area to the triangle ABC,

[See Ex. 9, p. 73.§
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2. On the sides AB, AC of any triangle ABC, squares ABFG,
ACKH are described both toward the trisngle, or both on the side
remote from it: shew that the straight lines BH and CG are equal,

8. On the sides of any triangle ABC, equilateral t'mmglea BCX,
CAY, ABZ are desaribed, all externally, or all towards the tmmgle
shewtha.tAx BY,CZ areallequn.l

4. The square described on the diagonal of a given square, is
double of the given square.

5. ABC is an equilateral triangle, and AX is the perpendicular
drawn jrom A to BC: shew that the square on AX is three times the
sguare on BX.

6. Desoribe a square equal to the sum of two given squares,

7. From the vertex A of s triangle ABC, AX is drawn perpendi-
cular to the base: shew that the difference of the squares on the gides
AB and AC, is equal to the difference of the squares on BX and CX,
the segments of the base,

8. If from any point O within a triangle ABC, perpendiculars
OX, OY, OZ are drawn to the gides BC, CA, AB respectively; shew

that the sum of the squares on the segments AZ BX, CY is equal to
the sum of the squares on the segments AY, CX, BZ.

ProrostTiON 47. ALTERNATIVE PROOF.

G

H G D F
Iuat CAB be a right.angled triangle, having the angle at A a right

thmdnntho uare on the ten C the sum
e 0o :guoanc’ hypotenuse BC be equal fo of
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On AB deseribe the aquare ABFG. 1. 48,

Frto;nAgG and GA cut off respectively FD and GK, each equal
. 1. 8.

On GK describe the square GKEH : 1. 46,

then HG and GF are in the same sirsight line, 1. 14,

Join CE, ED, DB.
It will first be shewn that the figure CEDB is the square on CB.

Now CA iz equal to KG; add to each AK:
therefore CK is equal to AG.
Similarly DH is equal to GF:
hence the four lines BA, CK, DH, BF are all equal.

Then in the triangles BAC, CKE,
BA ig equal to CK, Proved,
Because and AC is equal to KE; Constr,
also the contaned angle BAC is eqnual to the contained
angle CKE, being right angles;
therefore the triangles BAC, CKE are equal in all respeots. 1.4,
Bimilarly the four triangles BAC, CKE, DHE, BFD may be shewn
to be equal in all respects.
Therefore the four straight lines BC, CE, ED, DB are all equal;
that is, the fignre CEDB is equilateral.
Again the angle CBA is equal to the angle DBF;  Proved.
add to each the angle ABD:
then the angle CBD is equal to the angle ABF:
therefore the angle CBD is a right angle.
Hence the figure CEDB is the square on BC. Def, 28,

And EHGK is equal to the square on AC, Conastr,

Now the square on CEDB is made up of the two triangles BAG, CKE,

and the rectilineal figunre AKEDB;
therefore the square GEDB is equal to the triangles EHOD, DFB

together with the same rectilineal figure;
but these make up the squares EHGK, AGFB:
hence the square CEDB is equal to the sum of the squares EHGK,

AGFB:
that is, the square on the hypotennse BC is equal io the sum of the

squares on the two sides CA, AB. QE. D

Obs. The following properties of a square, though not
formally enunciated by Euclid, are employed in subsequent
proofs.  [See 1. 48.]

() The squares on equal straight lines ars agual.
(i) Equal squares stand upon equal straight Yines.
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Prorosrrion 48. THEOREM.

If the square described on one side of a triangle be equal
to the sum of the squares described on the other two sides, then
the amgle contained by these two sides shall be a right angle.

D

8 [

Let ABC be a triangle ; and let the square described on
BGC be equal to the sum of the squares described on BA, AC:
then shall the angle BAC be a right angle.

Construction. From A draw AD at right angles to AC; 1.11.
and make AD equal to AB. 1 3.
Join DGC.

Progf. Then, because AD is equal to AB, Constr.
therefore the square on AD is equal to the square on AB,
To each of these add the square on CA;
then the sum of the squares on CA, AD is equal to the sum

of the squares on CA, AB.
But, because the angle DAC is a right angle, Constr.
therefore the square on DG is equal to the sum of the
squares on CA, AD. 1. 47.
And, by hypothesis, the square on BC is equal to the sum
of the squares on CA, AB;
therefore the square on DC is equal to the square on BC:
therefore also the side DC is equal to the side BC.
Then in the triangles DAC, BAGC,
DA is equal to BA, Constr.
and AC is common to both;

Because {10, the third side DG is equal to the third side
BC; Proved.

therefore the angle DAC is equal to the angle BAC. L 8.
But DAC is a right angle ; Constr.

therefore also BAC is a right angle. QED,



THEOREMS AND EXAMPLES ON BOOK L

INTRODUCTORY.

HINTS TOWARDS THE BOLUTION OF GEOMETRICAL EXERCISES,
ANALYSIS. BYNTHESIS.

It is commonly found that exercises in Pure Geometry present
to a beginner far more difficulty than examples in any other
branch of Elementary Mathematics. This seems to be due to
the following causes.

(i) The main Propositions in the text of Euclid must be not
merely understood, but thoroughly digested, before the exercises
depending upon them can be successfully attempted.

(i) The variety of such exercises is practically unlimited;
and it is impossible to lay down for their freatment any definite
methods, such as the student has been accustomed to find in the
rules of Elementary Arithmetic and Algebra.

(ili) The arrangement of Euclid’s Propositions, though per-
haps the most convincing of all forms of argument, affords in
most cases little clue as to the way in which the proof or con-
struction was discovered.

Euclid’s propositions are arranged synthetically: that is
to say, they start from the hypothesis or data; they next pro-
ceed to a construction in accordance with postulates, and pro-
blems already solved; then by successive steps based on known
theorems, they finally establish the result indicated by the enun-
ciation.

Thus Geometrical Synthesis is a building up of known results,
in order to obtain a new result.

But as this is not the way in which constructions or proofs
are usually discovered, we draw the attention of the student to
the following hints.

Begin by assuming the result it is desired to establigh ; then
by working backwards, trace the consequences of the assumption,
and try to ascertain its degeendence on some simpler theorem
which Is already known to be true, or on some condition which

ts the necessary construction. If this attempt is suc-
cessful, the steps of the argument may in general be re-arranged
in reverse order, and the construction and proof presented in a
synthetio form.



88 EUCLID'S ELEMENTS,

This unravelling of the conditions of & proposition in order
to trace it back to some earlier principle on which it depends,
is called geometrical analysis: 1t is the natural way of attack-
ing most exercises of a more difficult type, and it is especially
adapted to the solution of problems.

These directions are so general that they cannot be said to
amount to a method: all that can be claimed for Geometrical
Analysis is that it furnishes a mode of searching for a
mg!fem'on, and its success will necessarily depend on the skill
and ingenuity with which it is employed : these may be expected
to come with experience, but a thorough grasp of the chief Pro-
positions of Euclid is essential to attaining them.

The practical application of these hints is illustrated by the
following examples.

1. Construct an dsosceles triangle having given the base, and the
sum of one of the equal sides and the perpendicular drawn from the
vertex to the base.

H

lK
A X B

Let AB be the given base, and K the sum of one side and the
perpendicular drawn from the vertex to the base.

Amanysis. Suppose ABC o be the required triangle.
From C draw CX perpendicular to AB:
then AB ia biseoted at X. 1. 26.
Now if we produce XOC to H, making XH equal fo K,
it follows that CH=CA;
and if AH is joined,
we notice that the angle CAH = the angle CHA, 1. 5.
Now the straight lines XH and AH can be drawn before the position
of G is known ;
Hence we have the following construotion, which we srrange
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ByxTHESIS. Bisect AB at X :
from X draw XH perpendi’culu to AB, making XH equal to K.
o AH.

At the point A in HA, make the angle HAG equal to the angle
AHX; and join CB.
Then ACB shall be the triangle required.

First the triangle is isosceles, for AG=BC. 1. 4.
Again, since the angle HAC = the angle AHC, Constr,
~ HC=AC. 1. 6.
To each add CX;
then the sum of AC, CX =the sum of HC, CX
=HX,
That is, the sum of AC, CX=K. Q.E. ¥,

2. To divide a given straight line so that the square on one part
may be double of the square on the other,

k‘o
,,.n;:-"}c
T
. "//- ’ v .
= X B

Let AB be the given siraight lire.

Awarysis, Suppose AB to be divided as required at X: that is,
suppose the square on AX fo be double of the square on X8.

Now we remember that in an isosceles right-angled triangle, the
square on the hypotenuse is double of the square on either of the
equal sides,

This suggests to us to draw BC perpendicular to AB, and to make
BC equal to BX.

Join XC.

Then the square on XC is docublg ;)(f the square on XB,  1.47.
. XC=AX,
And when we join AC, we notice that

the angle XAC =the angle XCA. 1 5.
Hence the exterior angle CXB is double of the angla XAC. 1.82,
But the angle CXB is half of a right angle : 1. 32

o the angle XAG is one-fourth of a right angle.
This supplies the elue o the following construction i~
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SyxTrESIS. From B draw BD ndicular to AB;
and from A draw AC, making BAC one-fourth of ¢ nyM angle.
From C, the intersection of AC and BD, draw CX, making the angle
ACX equal to the angle BAC, 1. 23,
Then AB shall be divided as required at X.

For since the angle XCA =the angle XAC,
XA=XC 1. 6.

And because the angle BXG = the sum of the angles BAC, ACX, 1 82,
.. the angle BXC is half a right angle;
and the angle at B is a right angle;
therefore the angle BCX is half a right angle; I, 82,
therefore the angle BXC Othe angle BCX;
Hence the square on XC is double of the square on XB: 1. 47.
that is, the square on AX is double of the square on XB. Q.E.r,

I. ON THE IDENTICAL EQUALITY OF TRIANGLES.

See Propositions 4, 8, 26.

1. If in a triangle the perpendicular from the vertex on the base
bisects the base, then the triangle is isosceles.

2. If the bisector of the vertical angle of a triangle is also per-
pendicular to the base, the triangle is isosceles.

8. If the bisector of the vertical angle of a triangle also bisects
the base, the triangle is isosceles.

[Produce the bisector, and complete the construction after the
manner of 1. 16.]

4. If in a triangle a pair of straight lines drawn from the ex-
tremities of the base, making equal angles with the sides, are equal, the
{riangle is isosceles,

5. Ifin a triangle the perpendiculars drawn from the extremities
of the base to the oppomite sides are equal, the triangle is isosceles.

6. Two triangles ABC, ABD on the same base AB, and on opposite
sides ofit, are such that AG is equal to AD, and BC is equal to BD :
shew that the line j joining the pownts C and Dis perpendicular to AB.

7. If from the extremities of the base of an isosceles triangle per-
pandmuhrs are drawn to the opposite sides, shew that the siraight
line joining the vertex to the intersection of these perpendiculars bisects
the vertical angle.
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8. ABC is a triangle in which the vertical angle BAC is bisected
by the straight hne AX: from B draw BD perpendicular o AX, and
produce it to meet AC, or AC produced, in E; then shew that BD is
equal to DE.

9. Ina quadrilateral ABCD, AB is equal fo AD, and BC is equal
to DC: ghew that the diagonal AC bisects each of the angles which it
joins.

10. In s quadrilateral ABCD the oppositesides AD, BC areequal,
and also the diagonals AC, BD are equal: if AC and BD intersect at
K, shew that each of the triangles AKB, DKC is isosceles.

11. Ifone angle of a triangle be equal to the sum of the other two,
the greatest side ia double of the distance of its middle point from the
opposite angle.

12. Two right-angled triangles which have their hypotenuses equal,
and one side of one equal to one side of the other, are identically equal.

A D

B cC ¢ E F

fet ABC, DEF be two A®right-angled at B and E, having AC
equal to DF, and AB equal to DE:
then shall the A*® be identically equal.
For apply the o ABC to the o DEF, so that A may fall on D,
and AB along DE; and so that C may fall on the side of DE remote

from F.
Let C' be the point on which C falle,
Then since AB=DE,
.. B must fall on E; .
80 that DEC' represents the A ABC in its new position.
Now each of the 25 DEF, DEC’igsart. L ; Hyp.
.. EF and EC’ are in one st. line. 1. 14,
Then in the A C'DF,
because DF =DC/,
.». the £ DFC’=the 2 DC'F. L &,
Hence in the two a® DEF, DEC/,
the £ DEF=the £ DEC/, being rt. L.%;
Because Jand the 2 DFE=the £ DC'E; Proved.
also the side DE is common to both;
. the A% DEF, DEC' are equal in all respects; 1. 26.
that is, the A® DEF, ABC are equal in all respects.  qQ.E.D.
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18. lfmmngluhwstmm#tkcmcq‘mlmmﬁdaqf
the other, each to each, and have likewise the angles opposite to one pair
of equal sides equal, then the angles opposite to the other pair of equal
sides are either equal or supplementary, and in the former case the
triamgles are equal in all respects.

8 C E F E Fl F

Let ABC, DEF be two triangles, having the side AB equal to the
side DE, the side AC equal to the side DF, and the /. ABC equal to
the £ DEF ; then shall the 25 ACB, DFE be either equal or supple-
mentary, and in the former case the triangles shall be equal in all

respects.
If the L BAC=the  EDF,
then the triangles are equal in all respects. I 4.
But if the L BAC be not equal to the L EDF, one of them must be
the greater.

Let the . EDF be greater than the L. BAC.
At D in ED make the £ EDF’ equal to the . BAC.
Then the A® BAC, EDF’ are equal in all respects, 1. 26.

.. AC=DF';
but AC=DF ; Hyp.
s DF=DF,
. the . DFF'=the . DF'F, L 5.
But the £* DF'F, DF'E are supplementary, 1. 18,

:. the 8 DFF’, DF'E are supplementary:
that is, the ¢ DFE, ACB are supplementary.
Q.E.D.

Three cases of this theorem deserve special attention,

1t has been proved that if the angles ACB, DFE are not egual,
they are supplementary ;

And we know that of angles which are supplementary and un
one must be acute and the other obtuse, el -y oqual,
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CoROLLARIES. Hence, in addition to the hypothesis of this
theorem,
(i) If the angles ACB, DFE, opposite to the two equal sides
AB, DE are both acute, both obtuse, or if one of them
is a right angle,
it follows that these angles are equal,
and therefore that the triangles are equal in all respects.

(ii) If the two given angles are right angles or obtuse angles,
it follows that the angles ACB, DFE must be goth
acute, and therefore equal, by (i) :

80 that the triangles are equal in all respects.

(i) If in each triangle the side opposite the given angle is not
less than the other given side; that is, 1f AC and DF
are not less than AB and DE respectively, then
the angles ACB, DFE cannot be greater than the angles
ABC, DEF respectively ;

therefore t%e angles ACB, DFE, are both acute }
hence, a8 above, they are equal ;

and the triangles ABC, DEF are equal in all respects.

II. ON INEQUALITIER.
See Propositions 16, 17, 18, 19, 20, 21, 24, 25.

1. In a triangle ABC, if AC is not greater than AB, shew that
any straight line drawn through the vertex A, and terminated by the
base BC, is less than AB,

9. ABC is g triangle, and the vertical angle BAC is bisected by a
straight line whick meets the base BC 1n X ; shew that BA is greater
than BX, and CA greater than CX. Hence obtain a proof of 1. 20,

8. The perpendicular is the shortest straight line that can be
drawn from a given point to a given straight line ; and of others, that
which is nearer to the perpendicular is less than the more remote; and
two, and only two equal straight lines can be drawn from the given
point to the given straight line, one on each side of the perpendicular.

4, The sum of the distances of any point from the three angular
points of & triangle is greater than half its perimeter.

5. The sum of the distances of any point within a triangle from
its angular points is less than the perimeter of the triangle.
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6. The perimeter of a quadrilateral is greater than the sam of its
diagonals.

7. The sum of the diagonals of a quadrilatersl is less than the
sum of the four straight lines drawn from the angular points to any
given point, Prove this, and point out the exceptional case.

8. In a triangle any two sides are together greater than twice the

median which bisects the remaining side. [See Def, p. 73.]

[Produce the median, and complete the construction after the
manner of 1. 16.]

9. In any triangle the sum of the medians is less than the peri-
meter.

10. In a triangle an angle is acute, obtuge, or a right angle
sccording as the median drawn from it is greater than, less than, or
equal to half the opposite side. [See Ex. 4, p. 59.]

11, The diagonals of a rhombus are unequal.

12. If the vertical angle of a triangle is contained by umequal
sides, and if from the vertex the median and the bisector of the angle
are drawn, then the median lies within the angle contained by the
bisector and the longer side.

Let ABC bea A, in which AB is greater

than AC; let AX be the median drawn from A
A, and AP the bisector of the vertical
£ BAGC:

then shall AX lie between AP and AB.
Produce AX to K, making XK equal to
AX. Join KC.
Then the A® BXA, CXK may be shewn
to be equal in all respects; 1. 4.
hence BA=CK, and the £ BAX =the £ CKX.
But since BA is greater than AC, Hyp. K
*. CK is greater than AC;
;. the £ CAK is greater than the 2 CKA: 1. 18.
that is, the 2 CAX is greater than the £ BAX:
= the £ CAX must be more than half the vert. £ BAC;
hence AX lies within the angle BAP, Q.ED.

13. If two sides of a triangle are unequal, and if from their point
of intersection three straight lines are drawn, namely the bisector of the
vertical angle, the median, and the perpendicular to the base, the first
is intermediate in position and magnitude to the other two,
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1II. ON PARALLELS.

See Propositions 27—31.

1. H a straight line meets two parallel straight lines, and the
two interior angles on the same side are bisected; shew that the
bisectors meet at right angles. [1.29, 1. 32.]

2. The straight lines drawn from any point in the bisector of
an angle parallel to the arms of the angle, and terminated by them,
are equal; and the resulting figure is a rhombus.

8. AB and CD are two straight lines intersecting at D, and the
adjacent angles so formed are bisected: if through any point X in
DG a straight line YXZ be drawn parallel to AB and meeting the
bisectors in Y and Z, shew that XY 1s equal to XZ.

4. If two straight lines are parallel to two other straight lines,
each to each; and if the angles contained by each pair are biseoted;
shew that the bisecting lines are parallel,

5. The middle point of any straight line which meets two parallel
straight lines, and is terminated by them, is equidistant from the
paraliels.

6. A straight line drawn between two parallels and terminated by
them, is bisected ; shew that any other straight line passing through
the middle point and terminated by the parallels, is also bisected at
that point.

7. If through a point equidistant from two parallel straight lines,
two straight lines are drawn cutting the parallels, the portions of the
latter thus intercepted are equal.

PROBLEMS.

8. AB and CD are two given straight lines, and X is a given
point in AB: find & point Y in AB such that YX may be equal to the
perpendicular distance of Y from CD.

9. ABGC is mn isosceles triangle; required to draw & straight
line DE parallel to the base BC, and meeting the equal sides in D and
E, so that BD, DE, EC may be all equal.

10. ABC is any triangle; required to draw & straight line DE
parallel to the base BC, and meeting the other sides in D and E, so
that DE may be equal to the sum of BD and CE.

11. ABC is any triangle; required to draw a straight line 1lel
to the base BC, and meeting the other sides in D and E, so that DE
may be equal to the difference of BD and CE.

H. E. 7
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IV. ON PARALLELOGRAMS.

See Propositions 33, 34, and the deductions from these Props.
given on page 64.

1. The straight line drawn through the middle point of a side of a
triangle parallel to the base, bisects the remaining side.

Let ABC be a A,and 2 the middle point
of the sida AB, Through Z, ZY is drawn par! A
to BC; then shall Y be the mxddlepomt of AC.

Through Z draw ZX par' to AC. 1.31.

Then in the A% AZY, ZBX, Y
because ZY and BC are parl,
s.the £ AZY=the 2« ZBX; 1.20.

and because ZX and AC are parl,

o the £ ZAY=the 2BZX; 1.29. 8 X o}
also AZ=2ZB; Hyp.
o AY=2ZX, 1. 26,
But ZXCY is & parm by construction;
» ZX=YC, 1. 84,
Hence AY=YC;
that is, AC iy bisected at Y. Q.E.D.

2. The straight line which joins the middle points of two sides of a
triangle, i3 parallel to the third side.

Let ABC bea A,and Z, Y the middle A
points of the sides AB, AC:
then shall ZY be par! to BC.

nguce ZY to V, making YV equal to v, v
Join CV.
Then in the AA 8 AYOZYCW -
Y= yp.
qu{ and YZ=YV, Constr, B c

and the ¢ Aanthe vert. opp. £ CYV; 1 15,
. AZ=CV, 1. 4,

and the t ZAY the’ Z VCY;
hence CV is par! to AZ. L 27.
But CV is equal to AZ, that is, to BZ: Hyp.

- CV meqnsla.ndpnr‘to BZ:
.* ZV is equal and to BC: 1. 83,

that is, ZY is to BC. Q.E.D.

{4 second proof of this proposition msy be derived from 1. 38, 89,]
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8. The straight line which joins the middle points of two sides of a
triangle iz equal to half the third side.

4. Shew that the three straight lines which join the middle points
of the sides of a triangle, divide it into four triangles which are identi-
cally equal,

5. Any straight line drawn from the vertex of a triangle to the
base is bisected by the straight line which joins the middle points of the
other sides of the triangle.

6. Given the three middle points of the sides of a triangle, con-
siruct the triangle.

7. AB, AC are two given straight lines, and P is & given point
between them; required to draw through P a straight line termi-
nated by AB, AG, and bisected by P.

8. ABCD is a parallelogram, and X, Y are the middle points of

the opposite sides AD, BC: ghew that BX and DY trisect the dia-
gonal AC.

9. If the middle points of adjacent sides of any quadrilateral be
joined, the figure thus formed is a parallelogram,

10. Bhew that the straight lines which join the middle points of
opposite sides of & quadrilateral, bisect one another.

11. The straight line which joins the middle points of the oblique
sides of & trapezium, is parallel to the two parallel sides, and passes
through the middle points of the diagonals.

12. The strawght line which joine the middle pownts of the obligue
sides of a trapezium 18 equal to half the sum of the parallel sides; and
the portion wntercepted between the diagonals is equal to half the
difference of the parallel sides.

Definition. If from the extremities of one stmight line per-
pendiculars are drawn to another, the portion of the latter
intercepted between the perpendiculars is said to be the Ortho-
gonal Projection of the first line upon the second.

B
A B
’ﬂ § A
— L e Y Q
P X Y Q A
Thus in the adjoining figures, if from the extremities of the straight

line AB the perpendiculars AX, BY are drawn to PQ, then XY is the
orthogonal projection of AB on PQ,
7—3
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18. 4 given straight line AB is bisected at C; shew that the pro-
Jections of AC, CB on any other straight line are egual.

B B
C
A~""H C
K X z __ Y
P | Q
P X 2 Y Q A H K

Let XZ, 2Y be the projections of AC, CB on any straight line PQ.:
then XZ and ZY shall be equal.

Through A draw a straight line parallel to PQ, meeting CZ, BY
or these lines produced, in H, K. 1. 31,
Now AX, CZ, BY are parallel, for they are perp. to PQ; 1.28.
.*. the figures XH, HY are par™;
. AH=X2Z, and HK=2Y. 1. 84.
But through C, the middle point of AB, a side of the A ABK,
CH has been drawn parallel to the side BK;

.*. CH bisects AK: Ex. 1, p. 96.
that is, AH=HK;
o XZ=2Y. Q.E.D.

14. If three parallel siraight lines make equal intercepts on a
Jourth straight line which meets them, they will also make equal inter-
cepts on any other straight line which meets them.

15. Equal and parallel straight lines have equal projections on any
other straight line.

16. AB is a given straight line bisected at O; and AX, BY are
perpendiculars drawn from A and B on any other straight line: shew
that OX is equal to OY.

17. AB i3 a given straight line bisected at O : end AX, BY and OZ
are perpendiculars drawn to any straight line PQ, which does not pass
between A and B: shew that OZ is equal to half the sum of AX, BY,

[OZ is said to be the Arithmetic Mean between AX and BY.]

18. AB is a given straight line bisected at O; and through A, B
and O straight lines are drawn to meet a given straight line
PQin X, Y, Z: shew that OZ is equal to half the sum, or half the
difference of AX snd BY, according as A and B lie on the same side
or on opposite sides of PQ.
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19. To divide a given finite straight line into any number of equal
parts.

[For example, required to divide the straight
line AB into jive equal parts.

From A draw AC, a straight line of un-
limited length, making any angle with AB.

In AC take any point P, and mark off
sucxessive parts PQ, QR, RS, ST each equal
to AP.

Join BT; and through P, @, R, S draw
parallels to BT,

It may be shewn by Ex. 14, p. 98, that these
parallels divide AB into five equal parts. ]

20. If through an angle of a parallelogram any straight line
is drawn, the perpendicular drawn to it from the opposite angle
is equal to the sum or dyfference of the perpendiculars drawn to it
Jrom the two remaimng angles, according as the given straight line
Jalls without the parallelogram, or intersects 1t.

[Through the opposite angle draw a straight line parallel to the
given straight line, so as to meet the perpendicular from one of the
remaining angles, produced if necessary: then apply 1. 34, 1. 26. Or
proceed as in the following example.}

21. From the angular poinis of a parallelogram perpendiculars
are drawn to any straight line which is without the parallelogram:
shew that the sum of the perpendiculars drawn from one pair of
opposite angles 18 equal to the sum of those drawn from the other pair.

[Draw the diagonsals, and from their point of intersection let fall a
perpendicular upon the given straight line. See Ex. 17, p. 98.]

22. The sum of the perpendiculars drawn from any point in the
base of an 1s0sceles triangle to the equal sides is equal to the perpendi-
cular drawn from either extremity of the basa Lu the opposite side.

{It follows that the sum of the distances of any point in fhe base
of an isosceles triangle from the equal sides is constant, that is,
the same whatever point in the base is taken.]

23. In the base produced of an isosceles triangle any point is
taken: shew that the difference of its distances from the equal gides is
constant.

'

24. The sum of the perpendiculars drawn from any point within
an equilateral triangle to the three sides is equal to the ndicular
drawn from any one of the angular points to the opposite side, and is
therefore constant,
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PROBLEMS.
[Problems marked (*) admit of more than ene solution.}

*25. Draw a straight line through a given point, so that the part of
it intercepted between two given parallel straight lines may be of given
length.

26. Draw a straight line parallel to a given straight line, so that
the part intercepted between two other given siraight lines may be of
given length.

27, Draw a straight line equally inclined to two given straight
lines that meet, o that the part intercepted between them may be of
given length.

28. AB, AC are two given straight lines, and P is a given point
without the angle contained by them. It is required to draw through
P a siraight line to meet the given lines, go that the part intercepted
between them may be equal to the part between P and the nearer line,

V. MISCELLANEOUS THEOREMS AND EXAMPLES.

Chiefly on 1. 32.

1. A is the vertex of an isosceles triangle ABC, and BA is produced
to D, so that AD is equal to BA ; if DC i3 drawn, shew that BCD is a
right angle.

2. The straight line joining the middle point of the hypotenuse of a
right-angled triangle to the right angle is equal to half the hypotenuse,

8, From the extremities of the base of a triangle perpendiculars
nre drawn to the opposite sides (prodnced if necessary); shew that the
straight lines whith join, the ‘msldle point of the base to the feet of
the perpendiculars are equal.

4. In a triangld ABG, AD is drawn perpendicular to BC; and
X, Y, Z are the middle points of the sides BC, CA, AB respectively ;
shew that each of the angles ZXY, ZDY is equal to the angle BAC,

5, In a right-angled triangle, if a perpendicular be drawn from
the right angle to the hypotenuse, the two iriangles thus formed are
equiangular to one another.

6, In a right-angled triangle two straight lines are drawn from
the right angle, one bisecting the hypotenuse, the other perpendicular
10 it ; shew that they contain an angle equal to the difference of the two
aocute angles of the triangle, [Bee above, Ex, 2 and Ex, 5.]
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7. In a triangle if a perpendicular be drawn from one extremi
of the base to the bisector of the vertical angle, (1) it will make w@g
either of the sides containing the vertical angle an angle equal to half
the sum of the angles at the base; (ii) it will make with the base an
angle equal to half the difference of the angles at the base,

Let ABC be the given A, and AH the bi- A
sector of the vertical + BAC.
Let CLK meet AH at right angles.

(i) Then shall each of the /& AKC, ACK K
be equal fo half the sum of the /' ABC,

ACB
In the A*AKL, ACL, B H [¢]
the ¢ KAL=the £ CAL, Hyp.,
Because { also the £ ALK=the £ ALC, being xt. L*;
and AL is common to both A?%;
.. the £ AKL=the 2 ACL. 1. 26,
Again, the / AKC=the sum of the /®* KBC, KCB; 1. 82,

that is, the - ACK =the sum of the £* KBC, KCB,
To each add the £ ACK,
then twice the £/ ACK =the sum of the 2" ABC, ACB,
.>. the £ ACK=half the sum of the ¢* ABC, ACB.

(ii) The 2 KCB shall be equal to half the difference of thae
4% ACB, ABC.
Asg before, the £ ACK =the sum of the £* KBC, KCB.
To each of these add the « KCB:
then the 2 ACB=the 4+ KBC together with twice the £ KCB.
. twice the 2 KCB=the difference of the 2*ACB, KBC,
that i, the 2 KCB=half the difference of the 2*ACB, ABC,

CororrAsY. If X be the middle point of the base, and XL bejoined,
it may be shewn by Ez.3, p. 97, that XL is half BK; that is, that
XL is half the difference of the sides AB, AC,

8. In any iriangle the angle ined by the bisector of the
vertical angle and, the perpendicular from the vertex to the base is equal
20 half the difference of the angles at the base. [Ses Ex, 3, p. 59.]

9. In s triangle ABC the side AC is p;oduoed'to D, and the
angles BAG, BCD are biseoted by straight lines which meet at F;
ghew that they contain an angle equal to half the angle at B.

10. If in a right.angled triangle one of the acute angles is d_oubh
of the other, shew that the hypotenuse is double of the shorter side.

11, I in a disgonal of a parallelogram any two points equidistant
from its extremities be joined to the opposite angles, the figure thus
formed will be also & parallelogram,
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12, ABC is a given equilateral triangle, and in the sides BC, CA,
AB the points X, Y, Z are taken respectively, so that BX, CY and AZ
are all equal. AX, BY, CZ are now drawn, intersecting in P, Q, R:
shew that the friangle PQR is equilateral.

13. If in the sides AB, BC, CD, DA of a parallelogram ABCD
four points P, @Q, R, S be taken in order, one in each side, so that AP,
BQ, CR, DS are all equal; shew that the figure PQRS is a parallelo-
gram.

14. In the figure of 1. 1, if the circles intersect at F, and if
CA and CB are produced to meet the circles in P and Q respectively ;
shew that the points P, F, Q are in the same straight line; and
shew algo that the triangle CPQ is equilateral.

[Problems marked (*) admit of more than one golution.]
15. Through two given points draw two straight lines forming
with a straight line given in position, an equilateral triangle.
*16. From a given point it is required to draw to two parallel
straight lines two equal straight lines at right angles to one another.

*17. Three given straight lines meet at a point; draw another
straight line so that the two portions of it intercepted between the
given lines may be equal fo one-another,

18. From a given point draw three straight lines of given lengths,
8o that their extremities may be in the same straight line, and inter-
cept equal distances on that line, [See Fig. to 1. 16.]

19. Use the properties of the equilateral triangle to trisect a given
finite straight line,

20. In a given triangle inseribe a rhombus, having one of its
angles coinciding with an angle of the triangle.

VL. ON THE CONCURRENCE OF STRAIGHT LINES IN A TRIANGLE.

Derenrrions. (i) Three or more straight lines are said to
be concurrent when they meet in one point.

(i) Three or more points are said to be collinear when they
lie upon one straight line.

‘We here give some propositions relating to the concurrence
of certain O%roups of straight lines drawn in a triangle: the im-
portance of these theorems will be more fully appreciated when
the student is familiar with Books 111. and 1v.
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L. The perpendiculars drawn to the sides of a triangle from thei
middle points are concurrent. / i ’

Let ABC be a A, 8nd X, Y, Z the A
middle points of its sdes :

then shall the perp* drawn to the
sides from X, Y, Z be concurrent. Z N4

From Z and Y draw perps to AB, AC;
these perps, since they cannot be parallel,
will meet at point O. 2,12, o

Join OX. B X [o}

It is required to prove that OX is perp. to BC.

Join OA, OB, OC.
In the A% OYA, OYC,

YA=YC, Hyp.
Because and OY is common to both ;
also the £ OYA=the £ OYC, being xt.L*,
.+« OA=0C. 1 4,

Similarly, from the aA* OZA, OZB,
it may be proved that OA=0B,
Hence OA, OB, OG are all equal.

Again, in the A* OXB, OXC
B

X=CX, Hyp.
Because {and XO is common to both ;
also OB=0C: Proved.
.. the £ OXB=the « OXC, . 8.
but these are adjacent £°;
.. they are rt. L¥9; Def. 7.

that is, OX is perp. to BC.
Hence the three perps OX, OY, OZ meet in the point O.
Q. E. D.

2. The bisectors of the angles of a triangle are concurrent.

Let ABC bea A. Bisectthe 2*ABC, A
BCA, by straight lines which must meet
st some point O, Az. 12,
Join AO. Q
1t i3 required to prove that AO bisects the
¢ BAC. (o)
From O draw OP, 0Q, OR perp. to the
sides of the A. B P o)
Then in the a* OBP, OBR,
the - OBP=the £ OBR, Constr.
Beeause { and the ; OPB=the £ ORB, being rt. L3,
and OB is common;
- OP=0R. 1. 28,
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Bimilarly from the a*OCP, OCQ, A
it may be shewn that OP=0Q,
<~ OP, 0Q, OR are all equal.

Again in the A* ORA, OQA, $
i'.h?1 L;IOF}IIA, OQAarert. L*, 5
and the hypotenuse OA is
Beca.nse{ common,
also OR=0Q; Proved. B P c
»~ the £ RAO=thez QAO. Ex. 12, p. 91.

That is, AQ is the bisector of the £ BAG.

Hence the bisectors of the three 2 * meet at the point O.
Q. E. D.

B. The bisectors of two exterior angles of a triangle and ths
bisector of the third angle are concurrent.

Lot ABC bea A, of which the sides AB, A
AC arse produced to any points D and E.
Bigect the £* DBC, ECB by straight lines
which must meet at some point O,  4z. 12,
Join AO.
It is reguired to prove that AQ bisects the
angle BAC.
From O draw OP, 0Q, OR perp. to the
sides of the A.
Then in the As OBP, OBR,
the Lﬁ?BP:the Lﬂ?BR, Constr.
also the 2 OPB=the ¢ ORB,
Beeause{ being rt. L%
and OB is common;
.. OP=0R.

Similarly in the A®* OCP, 0CQ,
it may be ghewn that OP=0Q:
.. OP, 0Q, OR axe all equal,

Again in the A* ORA, OQA,
the /* ORA, OQA arert. L.¢,
Because { and the hypotenuse OA is common,

also OR=0Q; Proved,
., the £ RAO=the £ QAO. Ex. 12, p. 91,

That is, AQO is the bisector of the £ BAC,
.+« the bisectors of the two exterior £* DBG,' ECB,
and of the interior ¢ BAC meel st the point O.
Q5.9
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4. The medians of a triangle are concurrent.

Let ABCbea A. Let BY and CZ be two of its
medians, and let them intersect at O.
Join AO,
and produce it to meet BC in X.
It i8 required to shew that AX is the remaining
median of the A.
Through C draw CK parallel to BY:
produce AX to meet CK at K. B 30
Join BK. ‘V
In the Ao AKG,
because Y is the middle point of AC, and YO is K
parallel fo CK,
.*. O is the middle point of AK. Ex, 1, p. 96.

Agam in the A ABK,
since Z and O are the middle points of AB, AK,
.. Z0 is parallel to BK, Ex. 2, p. 96,
that is, OC is parallel to BK:
.*. the figure BKCO iz a par=.
But the diagonals of a par® bisect one another, Ex. 5, p. 64.
.*. X ia the middle point of BC.
That is, AX is & median of the a.

Hence the three medians meet at the point O.  Q.E.»,

»

PN

CoBoLLARY. The three medians of a triangle cut one another at
point of trisection, the greater segment in each being towards the
angular point,

For in the above figure it has been proved that
AO=0K,
also that OX is half of OK;
. OXis half of OA:
that is, OX is one third of AX.
Simalarly OY is one third of BY,
and OZ is one third of CZ. Q.E.D,

By means of thig Corollary it may be shewn that in any triangle
the shorter median bisects the greater side.

e point of intersection of the three medians of & triangle is
uﬂ?dhthepoemma. It is shewn in mechanics that a thin trisngular
te will balance in any position about this point: therefore the

a:troid of & triangle is also its centre of gravity.)
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5. The perpendiculars drawn from the vertices of a triangle to the
opposite sides are concurrent.

L

Let ABC be a A, and AD, BE, CF the three perp® drawn from
the vertices to the opposite sides:
then shall these perp® be concurrent.

Through A, B, and C draw straight lines MN, NL, LM parallel
to the opposite sides of the a.

Then the figure BAMC is a par™. Def. 26.
.. AB=MC. 1. 34.
Also the figure BACL is a par=.
. LC=CM:

that is, C is the middle point of LM,
80 also A and B are the muddle points of MN and NL.
Hence AD, BE, CF are the perp® to the sides of the A LMN from
their middle points. Ex. 3, p. 54.
But these perp® meet in a point: Ex. 1, p. 108.
that is, the perp® drawn from the vertices of the A ABC to the
opposite sides meet in a point. Q.E,D.

[For another proof see Theorems and Examples on Book 111.]

DEFINITIONS.
(i) The intersection of the perpendiculars drawn from the
vertices of a triangle to the opposite sides is called its ortho-

centre.
ii) The triangle formed by joining the feet of the perpen-
dimﬁnra is called the pedal triangle.
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Vi, ON THE CONSTRUCTION OF TRIANGLES WITH GIVEN PARTS.

No general rules can be laid down for the solution of
problems in this section ; but in a few typical cases we give
constructions, which the student will find little difficulty in
adapting to other questions of the same class.

1. Construct a right-angled triangle, havi iven the k use
and the sum of the remavmang sides. " " g ypoton

It is required to construct a rt.
angled A, baving its hypotenuse equal
to the given straight line K, and the sum
of its remaining sides equal to AB.

From A draw AE making with BA
an £ equal to half & rt. L. From
centre B, with radius equal to K, de-
scribe a circle cutting AE in the points

¢, c. AT D D B
From C and C' draw perp® CD, C'D’ to AB; and join CB, C'B.
Then either of the a® CDB, C'D’'B will satisfy the given conditions.

Nore. If the given hypotenuse K be greater than the perpendicu-
lar drawn from B to AE, there will be two solutions. If the line K be
equal to this perpendicular, there will be one solution; but if less, the
problem is impossible.}

2. Construet a right-angled triangle, having given the bypotenuse
and the difference of the remaining sides.

3. Construet an isosceles right-angled triangle, having given the
sum of the hypotenuse and one side.

4. Construct a triangle, having given the perimeter and the angles
at the base.

p
Y
X
A Q R B

[Let AB be the perimeter of therequired A, and X and Y the £*at
the base.

From A draw AP, making the £ BAP equal to half the £ X.

From B draw BP, making the 2 ABP equal to half the 2 Y,

From P draw PQ, making the 2 APQ equal to the 2 BAP.

From P draw PR, making the 2 BPR equal to the £ ABP.
Then shall PQR be the required 4.]
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5. Oonstruct a right-angled triangle, having given the perimeter
and one acute sngle,

6. Construct an isosceles triangle of given altitude, so that its
base may be in a given straight line, and its two equal sides may pass
through two fixed points. [Bee Ex. 7, p. 49.]

7. Construct an equilateral triangle, having given the length of
the perpendicalar drawn from one of the vertices to the opposite side.
8. Construct an isosceles tmngle, having given the base, and

the difference of one of the remaining sides and the perpendicular
drawn from the vertex o the base. [Bee Ex. 1, p. 88.]

9. Construct a triangle, having given the base, one of the angles
at the base, and the sum of the remaining sides.

10. Construet a triangle, having given the base, one of the angles
at the base, and the difference of the remaining sides,

11. Construct a triangle, having given the base, the difference
of the angles at the base, and the difference of the remaining sides.

[Let AB be the given base, X the difference of the £* at the base,
and K the difference of the remaining sides,

Draw BE, roaking the £ ABE equal to half the £z X,

From centre A, with radius equal to K, describe 4 circle cutiing BE
in D and D', Let D be the point of intersection nearer to B.

Join AD and preduce it to C.
Draw BC, making the £ DBC equal to the £ BDC.
. Then shall CAB be the A required. Ex. 7, p. 101,

Nore. This problem is possible only when the ngen difference K
is greater than the perpendicular drawn from A to BE.]

12. Construct & triangle, having given the base, the difference of
the angles at the base, and the sum of the remaining sides,

18, Oonatmotnmmgle,havmggmmthepupenamuhr
vertex on the base, the difference between side and ﬂn
;i)mtlegmemotthehu.
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14, Construct a triangle, having given two sides and the median
which bisecte the remaining side. [See Ex. 18, p. 102.]

15. Construct a triangle, having given one side, and the medians
which bisect the two remaining »3icleg.gl ¢

[See Fig, to Ex, 4, p. 105.

Let BC be the given side. Take two-thirds of each of the given
mediang; hence construct the triangle BOC, The rest of the con.
struction follows easily.]

16. Construct a triangle, having given its three medians,

{See Fig. to Ex. 4, p. 105,

Take two-thirds of each of the given medians, and construck
the triangle OKC. The rest of the construction follows easily.}

VIIL. ON AREAS.
See Propositions 35—48,

It must be understood that throughout this section the word
equal as applied to rectilineal figures will be used as denoting
equality of areq unless otherwise stated.

1. Shew that a parallelogram is bisected by any straight line
which passes through the middle point of one of iis diagonals, [1.29,
26.]

2. Bisect a paraliclogram by a straight line drawn through s
given point.

8. Bisect a parallelogram by a straight line drawn perpendicular
to one of its sides,

4, Bisect a parallelogram by & straight line drawn parallel to a
given straight line,

5. ABCD is a trapezium in which the side AB is parallel to DC.
Shew that its area is equal to the area of a parallelogram formed by
drawing through X, the middle point of BC, a straight line parallel to
AD. [1 29, 26.]

6. A trapezium is equal to & parallelogram whose base is half the
sum of the parallel sides of the given figure, and whose altitude is
equal to the perpendicular distance befween them.

7. ABCD is s trapezium in which the side_ AB is parallel to DC,
ghew that it is double of the triangle formed by joining the extremities
of AD to X, the middle point of BC.

8. Shew that a trapezium 1s bizected by the straight line which
joins the middle points of its parallel sides. [1.88.]
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In the following group of Exercises the proofs depend chiefly
on Propositions 37 and 38, and the two converse theorems.

9. If two straight lines AB, CD interseot at X, and if the straight
lines AC and BD, which join their exfremities are parallel, shew that
the triangle AXD is equal to the triangle BXC,

10. If two straight lineg AB, CD intersect at X, go that the
triangle AXD is equal to the triangle XCB, then AC and BD are
parallel.

11, ABCD is a parallelogram, and X any point in the diagonal
AC produced ; shew that the triangles XBC, XDC are equal. [See
Ex. 13, p. 64.]

12. ABC is a triangle, and R, Q the middle points of the sides
AB, AG; shew that if BQ and CR intersect in X, the triangle BXC is
equal to the quadrilateral AQXR. [See Ex. 5, p. 73.]

13, If the middle points of the sides of a quadrilateral be joined
in order, the parallelogram so formed [see Ex. 9, p. 97] is equal to
half the given figure.

14, Two triangles of equal area stand on the same base but on
opposite sides of it: shew that the straight line joining their vertices
is bisected by the base, or by the base produced.

15. The straight line which joing the middle points of the dia-
gonals of a trapezium is parallel to each of the two parallel sides.

16. (i) 4 triangle is equal to the sum or difference of two triangles
on the same base (or on equal bases), 1f the altitude of the former is equal
to the sum or difference of the altitudes of the latter.

(ii) 4 triangle is equal to the sum or difference of two triangles of
the same altitude if the base of the former is equal to the sum or differ-
ence of the bases of the latter.

Similar statements hold good of parallelograms.

17. ABCD is a parallelogram, and O is any point outside it;
shew that the sum or difference of the triangles OAB, OCD iz equal to
half the parailelogram. Distinguish beiween the two cases.

On the following proposition depends an important theorem
in Mechanica: we Zﬂgve a proof of the first case, leaving the second
case to be deduced by & similar method.
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18. (i) ABCD is a parallelogram, and O is any point withont the
angle BAD and its opposite vertical angle; shew that the triangle OAG
s equal to the sum of the triangles OAD, OAB.

(ii) If O is within the angle BAD or its opposite vertical angle,
ah; Btricmgle OAC is equal to the difference of the triangles OAD,

Case I. If O is without the « DAB 0o
and its opp. vert., £, then QA is with-
out the par® ABGD: therefore the perp.
drawn from C to OA is equal to the sum

of the per(];' drawn from B and D to QA.
[See Ex. 20, p. 99.]
Now the a' OAC, OAD, OAB are
upon the same base OA; A
and the altitude of the A OAC with
respect to thiz base has been shewn to A B
be equal to the sum of the altitudes of
the a® OAD, OAB.
Therefore the A OAC is equal to the sum of the A% OAD, OAB.
[8ee Ex. 16, p. 110.] Q.E.D,

19. ABCD is a parallelogram, and through O, any point within
it, straight lines are drawn parallel to the sides of the parallelogram;
shew that the difference of the parallelograms DO, BO is double of
the triangle AOC. [See preceding theorem (ii).]

20, The area of a quadrilateral is equal to the area of a triangle
baving two of its sides equal to the diagonals of the given figure, and
the included angle equal to either of the angles between the dia-
gonals,

21. ABC is a triangle, and D is any point in AB: it is required to
draw through D a straight line DE to meet BC produced in E, so that
the triangle DBE may be equal to the triangle ABC.

B C E
[Join DC. Through A draw AE parallel fo DC. = 181
Join DE.
The A EBD shall be equal to the A ABC. 1. 87.]

H.E 8
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22. On a base of given length describe a triangle equal to a given
triangle and having an angle equal to an angle of the given triangle,

28, Construct a triangle equal in area to a given triangle, and
having a given altitude.

24. On a base of given length construct a triangle equsl to a
given triangle, and having its vertex on a given straight line,

25. On a base of given length deseribe (i) an isosceles friangle;
(i) a right-angled triangle, equal fo a given triangle.

26. Construct a triangle equal to the sum or difference of two
given triangles. [See Ex. 16, p. 110.]

27. ABC is a given triangle, and X a given point: describe a
trisngle equal to ABC, having its vertex at X,and its base in the same
straight line as BC.

28. ABCD is a quadrilateral: on the base AB construct a triangle
equal in area to ABCD, and having the angle at A common with the
quadrilateral.

{Join BD. Through C draw CX parallel to BD, meeting AD pro-
duced in X ; join BX.]

29. Construct a rectilineal figure equal to a given rectilineal
figure, and having fewer sides by one than the given figure.

Hence shew how to construct a triangle equal to a given rectilineal
JSigure.

80. ABCDissa quadrﬂateml it is required to construct a trm.ngle
equal in ares to ABCD, having iis vertex at a given point X in DC,
gnd its base in the same straight line as AB,

8l. QConstruot a rhombus equal to & given parallelogram,

82. Construct a parallelogram which shall have the same area
and perimeter as a given triangle.

88. Bisect a triangle by a straight line drawn through one of its
angular points.

84, Triseot a triangle by straight lines drawn through one of its
angular points. [See Ex. 19, p, 102, and 1. 38.]

856. Divide a trisngle into betol ual parts b;
lings dravn throngh ome of it Angular points, y straight
¥[Ho0 Ex, 19, p. 99, aud . 86.)
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86. Bisect & triangle by a straight line- drawn through & given
point in one of its sides.
[Liet ABC be the given A, and P the A
given point in the side AB,
Bisect AB at Z; and join CZ, CP.
Through Z draw ZQ parallel to CP,
Join PQ,
Then ghall PQ bisect the 4.
See Ex.21,p.111] B Q

87. T'risect a triangle by straight lines drawn from a given point in
one of its sides.

[Liet ABC be the given A, and X the given A
point in the side BC,

Trisect BC at the points P, Q. Ex. 19, p. 99.
Join AX, and through P and Q@ draw PH
and QK parallel to AX.
Join XH, XK.
These straight lines shall trisect the 4; as
may be shewn by joining AP, AQ. g
See Ex, 21, p. 111.]

88. Cut off from & given triangle a fourth, fifth, sixth, or any
part required by a siraight line drawn from a given point in one of its
sides. [See Ex. 19, p. 99, and Ex. 21, p. 111.]

39. Bisect a quadrilateral by a straight line drawn through an
angular point.

[T'wo constructions may be given for thig problem: the first will
be suggested by Exercizes 28 and 33, p. 112.

The second method procseds thus.

Let ABCD be the given quadrilateral,
and A the given angular point.

Join AC, BD, and bisect BD in X.
Through X draw PXQ parallel to AC,
meeting BC in P; join AP.
Then shall AP bisect the quadrilateral,
Join AX, CX, and use 1. 87, 88.]

40. Gntoﬂfmmsgivenquadrﬂsteml:third,nlour}h,sﬂh,or
ired, ight line drawn through s given anguisr
;{gﬂm b7 & Biraigh %mﬁ'iemmmu.pm-l

83

-
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[The following Theorems depend on 1. 47.]

41. In the figure of 1. 47, shew that
(i) the sum of the squares on AB and AE is equal to the sum
of the squares on AC and AD,
(ii) the square on EK is equal to the square on AB with four
times the square on AC,
(iil) the sum of the squares on EK and FD is equal to five
times the square on BC.

42, If o siraight line be divided into any two parts the square on
the straight line is greater than the squares on the two parts,

43, Mihe square on one side of a triangle is less than the squares
on the remaining eides, the angle contained by these sides is acute; if
greater, obtuse,

44. ABC is a triangle, right-angled at A; the sides AB, AC are
intersected by a straight line PQ, and BQ, PC are joined: shew that
the gtém of the squares on BQ, PC is equal to the sum of the squares
on , PQ.

45. In o right-angled triangle four times the sum of the squares
on the medians which bisect the sides containing the right angle
is equal to five times the square on the hypotenuse.

46. Describe a square whose area shall be three times that of
& given square.

47. Divide a straight line into two parts such that the sum of
their squares shall be equal to a given square.

IX. ON ILOCI

It is frequently required in the course of Plane Geometry to
find the position of a point which satisfies given conditions.
Now all problems of this type hitherto considered have been
found to be capable of definite determination, though some admit
of more than one solution: this however will not be the case if
only one condition is given. For example, if we are asked to find
8 point which shall be at a given distance from a given point,
we observe at once that the problem is ¢ndeterminate, that is,
that it admits of an indefinite number of solutions; for the
condition stated is satisfied b{l any point on the circumference
of the circle described from the given point as centre, with a
radius equal to the given distance: moreover this condition is
‘satisfied by no other point within or without the circle.

Agsin, suppose that it is required to find a point at a given
distance from & given straight line,
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Here, too, it is obvious that there are an infinite number of
such points, and that they lie on the two parallel straight lines
which may be drawn on efther side of the given straight line at
the given distance from it: further, no point that is not on one
or other of these parallels satisfies the given condition.

Hence we see that when one condition is assigned it is not
sufficient to determune the position of a point absolutely, but
it may have the effect of restricting it to some definite line or
lines, straight or curved. This leads us to the following definition,

DerinrrioN. The Locus of a point satisfying an assigned
condition consists of the line, lines, or part of a line, to which
the goint is thereby restricted ; provided that the condition is
satisfied by every point on such line or lines, and by no other.

A locus is sometimes defined as the path traced out by a
point which moves in accordance with an assigned law.

Thus the locus of a point, which is always at a given distance
from a given point, is a circle of which the given point is the
centre : and tﬁe locus of a point, which is always at a given dis-
tance from a given straight line, 1s a pair of parallel straight lines.

We now see that in order to infer that a certain line, or
system of lines, is the locus of a point under a given condition,
it is necessary to prove

(i) that any point which fulfils the given condition is on the
supposed locus;

ii) that every point on the supposed locus satisfies the given
condition.

1. Find the locus of a point which s always equidistant from
two given points.
Let A, B be the two given points,
{a) Let P be any point equidistant from A
and B, so that AP=BP.
Bisect AB at X, and join PX.
Then in the A% AXP, BXP,

AX=BX, Conatr,
Because <{and PX is common to both,
also AP==BP, Hyp.

.~ the £ PXA=the £ PXB; 1. 8.
and they are adjacent £5;
-~ PXis perp. to AB.
.. Any point which is equidistant from Aand B
is on the straight line which biseets AB at right angles. .
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{8) Also every point in this line is equidistant from A and B,
For let @ be any point in this line,

Join A Q.
Then in the A5 AXQ, BXQ,
Because and XQ is common to both ;
also the £ AXQ=the £ BXQ, being rt. L *;
.. AQ=BQ. L 4.

That is, Q is equidistant from A and B.
Hence we conclude that the locus of the point eguidistant from

tw;lgven points A, B is the straight line which bisects AB at right
an|

2. Tofind the locus of the middle point of a straight line drawn

Jrom a given point to meet a given straight line of unlimited length.

B F XﬂY C

A

Let A be the given point, and BC the given straight line of un.
limited length.

(@) Let AX be any straight line drawn through A to meet BC,
and let P be its middle point.
Draw AF perp. fo BC, and bisect AF at E.
Join EP, and produce it indefinitely.
Sines AFX i 1s % A, and E, P the middle points of the two sides AF, AX,
EP is parallel to the remaining side FX. Ex. 2, p. 96.

. Pison the straight line which passes through the fized point E,
and is parallel to BC.

nﬁ) Again, every point in EP, or EP produced, fulfils the required

For, in this straight line take any point Q.
Join AQ, and preduce it to meet BC in Y.

Then FAY is a A, and through E, the middle point of the side AF, EQ
is drawn pa.rallel to the mide FY

. @ is the middle point of AY. Ex. 1, p. 96.

Hence the required locus is the straight line drawn parallel {0 BC,
and passing through E, the middle point of the perp. from A to BC,
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8. Find the locus of a point equidistant from two given inter-
secting straight lines. [Bee Ex. 8, p. 49.]

. 4 Pind the Iocus of a point at & given radial distance from the
circumference of a given circle.

5. Find the locus of a point which moves go that the sum of its

distances from two given intersecting atraight lines of unlimi
length is constant. & ° fmited

6. Find the locus of a point when the differences of its distances
from ta.t!:m given intersecting straight lines of unlimited lengih is
constant.

7. A straight rod of given length slides between two straight
rulers placed at right angles to one another: find the locus of its
middle point. [See Ex. 2, p. 100.]

8. On a given base as hypotenuse right-angled triangles are
deseribed: find the locus of their vertices,

9. ASB is a given sfraight line, and AX is the perpendicular drawn
from A to any straight line passing through B: find the locus of
the middle point of AX.

10. Find the locus of the vertex of a triangle, when the base and
area are given.

11. Find the locus of the intersection of the diagonals of & paral-
lelogram, of which the base and ares, are given.

12. Find the locus of the intersection of the medians of a triangle
described on & given base and of given area.

X. ON THE INTERSECTION OF LOCL

1t appears from various problems which have already been
considered, that we are offen required to find a int, the
position of which is subject to two given conditions. The method
of loci is very useful in the solution of problems of this kind:
for corresponding to each condition there will be a locus on
which the required point must lie; hence all points which are
comamon to these two loci, that is, all the points of intersection
of the loci, will satisfy both the given conditions.
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ExamrLe 1. To construct a triangle, having given the base, the
altitude, and the length of the median which bisects the base.

Let AB be the given base, and P and Q the lengths of the altitude
and median respectively:

then the triangle is known if its vertez is known.

(i) Draw a straight line CD parallel to AB, and at a distance

from it equal to P:
then the required vertex must lie on CD.

(ii) Again, from the middle point of AB as centre, with radius

equal to Q, describe a circle:
then the required vertex must lie on this cirele.

Hence any points which are common to CD and the ecircle,
satisfy both the given conditions: that is to say, if CD intersect the
cirele in E, F each of the points of intersection might be the vertex
of the required triangle. This supposes the length of the median
Q to be greater than the altitude.

Examrrr 2. To find a point equidistant from three given points
A, B, C, which are not in the same straight line.

(i) The locus of points equidistant from A and B is the straight
line PQ, which bisects AB at right angles. Ex. 1, p. 115,

(ii) Bimilarly the locus of points equidistant from 8 and C is
the straight line RS which bisects BC at right angles.

Hence the point common to PQ and RS must satisfy both con-
ditions: that is to say, the point of intersection of PQ ard RS will
be equidistant from A, B, and C.

These principles may also be used to prove the theorems
relating to concurrency already given on page 103.

Examere. To prove that the bisectors of the angles of a triangle
are concurrent.
Let ABC be a triangle.
Bisect the 2* ABC, BCA by straight A
lines BO, CO: these must meet at
some point OJ. R 4z. 12,

oin OA,
Then shall OA bisect the £ BAC.
Now BO is the locus of points equi- o)
distant from BC, BA; Ex. 3, p. 49,

g =0R

.» OP=0R.
Similarly CO is the locus of points B P c
equidistant from BC, CA.
.. OP=0@; hence OR=0Q,
.+ O is on the locus of points equidistant from AB and AC
that is OA is the bisector of the 2 BAC,
Hence the bisectors of the three £ meet at the point O.
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It may happen that the data of the problem are so related
to one another that the resulting loci do not intersect: in this
cagse the problem is impossible. -

For example, if in Ex. 1, page 118, the length of the given
median ¢s less than the given altitude, ihe straight line CD will
not be intersected by the circle, and no triangle can fulfil the
conditions of the problem. If the length of the median s equal
to the given altitude, one point is common to the two loci;
and consequently only one solution of the problem exists:
and we have seen that there are two solutions, if the median
is greater than the altitude,

In examples of this kind the student should make a point
of investigating the relations which must exist among the data,
in order that the problem may be possible; and he must observe
that if under certain relations #wo solutions are possible, and
under other relations no solution exists, there will always be
some intermediate relation under which one and only one solution
is possible.

EXAMPLES.

1. Find a point in a given straight line which is equidistant
from two given points,

2. Find a point which is at given distances from each of two
given straight lines. How many solutions axe possible?

3. On a given base construct a triangle, having given one angle at
the base and the length of the opposite side. Examine the relations
which must exist among the data 1n order that there may be two solu-
tions, one solution, or that the problem may be impossible.

4. On the base of a given triangle construct & second triangle
equal in area to the first, and having its vertex in a given siraight
line.

5. Construct an isosceles triangle equal in area to a given
triangle, and standing on the same base.

6. Find a point which is at a given distancs from & given point,

and is equidistant from two given parallel straight lines
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Boox II. deals with the areas of rectangles and squares.

DEFINITIONS.

1. A Rectangle is a parallelogram which has one of
its angles a right angle.

It should be remembered that if a parallelogram has one right
angle, all its angles are right angles, [Ex. 1, p. 64.]

2. A rectangle is said to be contained by any two of
its sides which form a right angle: for it is clear that both
the form and magnitude of a rectangle are fully determined
when the lengths of two such sides are given.

Thus the rectangle ACDB is said A
to be contained by AB, AC; or by CD,
DB: and if X and Y are two straight
lines equal respectively to AB and AC,
then the rectangle contained by X and Y
is equal to the rectangle contained by
AB, AC. C D

[See Ex. 12, p. 64.] {'(

After Proposition 3, we shall use the abbreviation
rect. AB, AC to denote the rectangle contained by AB and
AC.

3. In any parallelogram the figure formed by either
of the parallelograms about a diagonal together with the
two complements is called a gnomon,

Thus the shaded portion of the annexed
figure, consisting of the parallelogram EH
together with the complements AK, KC is
the gnomon AHF,

‘The other gnomon in the figure iz that
which is made up of AK, GF and FH,
namely the gnomon AFH.
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InTRODUCTORY.

Pure Geometry makes no use of number to estimate the
magnitude of the lines, angles, and figures with which it deals
hence it requires no wunits of magnitude such as the student is
familiar with in Arithmetic.

For example, though Geometry is concerned with the relative
lengths of straight lines, it does not seek to express those lengths
in terms of yards, feet, or tnches: similarly it does not ask how
many square yards or square feet a given figure contains, nor how
many degrees there are 1n a given angle,

This constitutes an essential difference between the method
of Pure Geometry and that of Arithmetic and Algebra; at the
same time a close connection exists between the results of these
two methods,

In the case of Euclid’s Book II., this connection rests upon
the fact that the number of units of area in a rectangular figure
% found by multiplying together the numbers of units of length in
two adjacent sudes.

For example, if the two sides AB, AD
of the rectangle ABCD are respectively Aw———o

‘our and three inches long, and if throug .
the points of division parallels are drawn |... L. ...
as in the annexed figure, it is seen that i
the rectangle is divided into three rows,
each contaning four square inches, or
into jfour columns, each containing three
aquare inches.

Hence the whole rectangle contains 3x4, or 12, square
inches,

Similarly if AB and AD contain m and » units of length
respectively, it follows that the rectangle ABCD will contain mn
units of area: further, if AB and AD are equal, each containing
m units of length, the rectangle becomes a square, and contains
m? units of area.

[1t must be understood that this explanation implies that the
lengths of the straight lines AB, AD are commensurable, that is, that
they can be expressed exactly in fexms of some common unit,

This however is not always the case: for example, it may be

ved that the side and disgonal of a square are so related, that
1t is impossible o divide either of them into equal parts, of which the
other contains an exact number. Buch lines are said to be incommen.
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gurable. Hence if the adjacent sides of s rectangle are incommen-
surable, we cannot choose any linear unit in terms of which these
sides may be ezactly expressed; and thus it will be impossible to sub-
divide the rectangle into squares of unit ares, as illustrated in the
figure of the preceding page. We do not here propose to enter
further into the subject of incommensurable guantities: it is suffi-
cient to point out that further knowledge of fhem will convince the
student that the area of a rectangle may be expressed to any required
degree of accuracy by the product of the lengths of two adjacent
sides, whether those lengths are commensurable or not, ]

From the foregoing explanation we conclude that the rectangle
condained by two straight lines in Geometry corresponds to the
product of two numbers in Arithmetic or Algebra; and that the
square described on o straight line corresponds to the square o
a number. Accordingly it will be found in the course of Book I1.
that several theorems relating to the areas of rectangles and
squares are analogous to well-known algebraical formulze.

In view of these principles the rectangle contained by two
straight lines AB, BC 1s sometimes expressed in the form of a
product, as AB.BC, and the square described on AB as AB2
This notation, together with the signs + and —, will be employed
in the additional matter appended to this book; but @ 7s not
admitted into Euclid's text because it is desirable in the first
instance to emphasize the distinction between geometrical mag-
nitudes themselves and the numerical equivalents by which they
may be expressed arithmetically.

Psoposimion 1. THEOREM.

If there are two straight lines, one of which is divided
info any number of parts, the rectangle contained by the
two straight lines 1s equal to the sum of the rectangles con-
tained by the undivided straight line and the several parts
of the divided line.

Let P and AB be two straight lines, and let AB be
divided into any number of parts AC, CD, D8B:

then shall the rectangle contained by P, AB be equal
to the sum of the rectangles contained by P, AC, by P, CD
and by P, DB,

¢
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A c D
G
F K H
“P
From A draw AF perp. to AB; L 11,
and make AG equal to P, L 3.

Through G draw GH par! to AB; )
and through ¢, D, B draw CK, DL, BH yar! to AG.
Now the fig. AH is made up of the figs. AK, CL, DH;
and of these,
the fig. AH is the rectangle contained by P, AB;
for the fig. AH is contained by AG, AB; and AG=P:
and the fig. AK is the rectangle contained by P, AC;
for the fig. AK is contained by AG, AC ; and AG=P:
also the fig, CL is the rectangle contained by P, CD;
for the fig. CL is contained by CK, CD;
and CK=the opp. side AG, and AG=P: L 34,
similarly the fig. DH is the rectangle contained by P, DB.
<. the rectangle contained by P, AB is equal to the

sum of the rectangles contained by P, AC, by P, CD, and
by P, DB. Q.E.D.

CORRESPONDING ALGEBRAICAL FORMULA,
In accordance with the principles explained on page 122, the result
of this proposition may be wriiten thus:
. P.AB=P.AC+P.CD+P.DB.

Now if the line P contains p units of length, and if AG, CD, DB
contain g, b, ¢ units regpectively,

then AB=a+4b+e,

and we bave pla+b+c)=pa+pb+ype.
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Prorosirion 2. THEOREM.
If a straight line is divided into any itwo parts, the

aquare on the whole line is equal to the sum of the rectangles
contained by the whole line and each of the parts.

A cC B
) FE
Let the straight line AB be divided at C into the two

parts AC, CB:
then shall the sq. on AB be equal to the sum of the
rects. contained by AB, AC, and by AB, BC.

On AB describe the square ADEB. 1. 46,
Through € draw GF par! to AD. L 31
Now the fig. AE is made up of the figs. AF, CE:
and of these,
the fig. AE is the 8q. on AB: Constr.

and the fig. AF is the rectangle contained by AB, AC;
for the fig. AF is contained by AD, AC; and AD=AB;
also the fig. CE is the rectangle contained by AB, BC;
for the fig. CE is contained by BE, BC; and BE=AB.
.. the sq. on AB =the sum of the rects. contained by
AB, AC, and by AB, BC. Q.ED.

CORRESPONDING ALGEBRAICAL FORMULA.

The result of this proposition may be written
AB*=AB.AC+AB.BC.
Let AC contain 4 units of length, and let CB contain b uniis,
then AB=a+b,

and we have (a+b)=(a+B)a+(a+b)b,
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ProrosiTion 3. THEOREM.

If a straight line s divided into any two parts, the
rectangle contained by the whole and one of the parts is

equal to the square on thas part together with the rectangle
contained by the two parts.

A C B

F D E

Let the straight line AB be divided at ¢ into the two
parts AC, CB:

then shall the rect. contained by AB, AC be equal to the
8q. on AC together with the rect. contained by AC, CB.

On AC describe the square AFDG; 1. 46.
and through B draw BE par' to AF, meeting FD produced in E.
1. 31

Now the fig. AE is made up of the figs. AD, CE;
and of these,
the fig. AE =the rect. contained by AB, AC;

for AF=AC;
and the fig. AD is the sq. on AC; Constr.
also the fig. CE is the rect. contained by AG, CB;
for CD=AC.

.*. the rect. contained by AB, AC is equal to the sq. on
AG together with the rect. contained by AC, CB.  QED.

CORRESPONDING ALGEBRAICAL FORMULA.
This result may be written AB.AC=AC?+AT.CB.
Let AC, OB contsin a and b units of length respectively,
then AB=a+b,
and we have {a+bya=a+ abd,

Nore. i should be ohserved that Props, & and 3 are special vasa
of Prop. 1,
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ProrosrrioN 4. THEOREM.

If a straight line is divided imto any two parts, the
sguare on the whole line is equal to the sum of the squares
on the two parts together with twice the rectangle contained
by the two parts.

A C
- G [ o4
D F E

Let the straight line AB be divided at C into the
two parts AC, CB:

then shall the sq. on AB be equal to the sum of the
8qq. on AC, CB, together with twice the rect. AG, CB.

On AB describe the square ADEB ; 1. 46.
and join BD.
Through C draw CF par! to BE, meeting BDin G, 1. 31.
Through G draw HGK par! to AB.

It is first required to shew that the fig. CK is the
5q. on BC,
Because the straight line BGD meets the par® ¢G, AD,
.*. the ext. angle CGB = the int. opp. angle ADB. 1. 29.
But AB = AD, being sides of a square;

.~ the angle ADB = the angle ABD ; L b.
.*. the angle CGB = the angle CBG.
.. CB=CG. 1. 6.

And the opp. sides of the par™ CK are equal; 1. 34,
.~ the fig. CK is equilateral ;

and the angle CBK is a right angle;  Def. 28,

.. CK is a square, and it is described on BC, 1. 46, Cor.

Similarly the fig. HF is the sq. on HG, that is, the sq.

on AC,
’ for HG = the opp. side AC. 1. 34,
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Again, the complement AG = the complement GE. 1. 43,

But the fig. AG = the rect. AC, CB; for CG = CB.
.*, the two figs. AG, GE =twice the rect. AC, CB.

*Now the sq. on AB = the fig. AE
=the figs. HF, CK, AG, GE
= the sqq. on AC, CB together with
twice the rect. AC, CB.
.*. the sq. on AB = the sum of the sqq. on AC, CB with
twice the rect. AC, CB. Q.E.D.

* For the purpose of oral work, this step of the proof
may conveniently be arranged as follows:

Now the sq. on AB is equal to the fig. AE,
that is, to the figs. HF, CK, AG, GE;
that is, to the sqq. on AC, CB together
with twice the rect. AC, CB.

CoroLLARY. Parallelograms about the diagonals of a
square are themselves squares.

CORRESPONDING ALGEBRAICAL FOBRMULA.

The result of this important Proposition may be written thus.
AB2=AC?4+CB2+2AC.CB.

Let AC=a, and CB=b;
then AB=a+b,
and we have (a+b)2=a®+b2+2ab.
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ProrosrrioNn 5. THEOREM.

If a straight line is divided equally and also wnequally,
the rectamgle contained by the unequal parts, and the square
on the line between the points of section, are together equal to
the square on half the line.
A P Q B8

128

G H F

C E D
Let the straight line AB be divided equally at P, and

unequally at Q:
then the rect. AQ, @B and the sq. on PQ shall be to-

gether equal to the sq. on PB.
On PB describe the square PCDB. 1. 46.
Join BC.
i 1. 31

Through @ draw QE par! to BD, cutting BC in F.
Through F draw LFHG par! to AB.
Through A draw AG par! to BD.
Now the complement PF = the complement FD :
to each add the fig. QL;
then the fig. PL = the fig. @D.
But the fig. PL = the fig. AH, for they are par™ on
equal bases and between the same par® 1. 36.
.. the fig. AH = the fig. QD.
To each add the fig. PF;
then the fig. AF =the gnomon PLE.
Now the fig. AF =the rect. AQ, @B, for @B =@aF;
.. the rect. AQ, QB =the gnomon PLE.
To each add the sq. on PQ, that is, the fig. HE; mn. 4.

then the rect. AQ, QB with the sq. on PQ
= the gnomon PLE with the fig. HE

= the whole fig. PD,
which is the sq. on PB.

1. 43.
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That is, the rect. AQ, QB and the sq. on PQ are together
equal to the sq. on PB, Q.E.D.

CororrAry. From this Proposition it follows that the
difference of the squares on two straight lines is equal to the
rectangle contained by their sum and difference.

For let X and Y be the given A P Q B
st. lines, of which X is the greater, t +

Draw AP equsl to X, and pro- X
duce it to B, making PB equal to Y=
AP, that is to X.

From PB cut off PQ equal to Y.
Then AQ is equal to the sum of X and Y,
and QB is equal to the difference of X and Y.
Now because AB is divided equally at P and unequally at @,

.. the rect. AQ, @B with sq. on PQ=the 8q. on PB; 11 5.
that is, the difference of the sqq. on PB, PQ=the rect. AQ, QB,
or, the difference of the sqq. on X and Y=the rect. contained by the

sum and the difference of X and Y.

CORRESPONDING ALGEBRAICAL FORMULA.

This result may be written
AQ.QB+PQ*=PB%
Let AB=2a; and let PQ=b;
then AP and PB each=a.
Also AQ=a+b; and @B=a-b.
Hence we have
(a+Db) (a-b)+b?=a?
or (a+D) (a-Db)=a®-b%

EXERCISE.

In the above figure shew that AP is half the sum of AQ and QB;
and that PQ is half their difference.
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ProrosiTioN 6. THEOREM.

If a straight line is bisected and produced to any point,
the rectangle contained by the whole line thus produced, and
the part of it produced, together with the square on half
the line bisected, is equal to the square on the straight line
made up ¢f the half and the part produced.

A P B Q
G H F-
c E D

Let the straight line AB be bisected at P, and pro-
duced to @:
then the rect. AQ, @B and the sq. on PB shall be to-
gether equal to the sq. on PQ.
On PQ describe the square PCDQ. 1. 46.
Join @C.
Through 8 draw BE par' to QD, meeting @C in F. 1. 31.
Through F draw LFHG par! to AQ.
Through A draw AG par! to @D.

Now the complement PF = the complement FD. 1. 43,
But the fig. PF=the fig. AH; for they are par™ on
equal bases and between the same par®. 1. 36.
.~ the fig. AH = the fig. FD.
To each add the fig. PL,
then the fig. AL = the gnomon PLE.
Now the fig. AL =the rect. AQ, @B, for aB=QL;
.. the rect. AQ, QB =the gnomon PLE,
To each add the sq. on PB, that is, the fig. HE ;
then the rect. AQ, @B with the sq. on PB
- the gnomon PLE with the fig. HE
= the whole fig. PD,
which is the square on PQ.
That is, the rect. AQ, QB and the sq. on PB are together
equal to the sq. on PQ. Q.E.D.
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CORRESPONDING ALGEBRAICAL FORMULA.

This result may be written
AQ.QB+PB?=PQ:’,
Let AB=2a; and let PQ=b;
then AP and PB each=a.
Also AQ=a+b; and QB=b—a.
Hence we have
(a+b) (b -a)+a?=0?,
or P+a)(-a)y=02-a

DeriniTioN. If a point X is taken in a straight line AB, or in AB
produced, the distances of the
point of section from the ex- A X B
tremities of AB are said to be
the segments into which AB is
divided at X. A

In the former case AB is B X
divided internally, in the latter case externally.

Thus in the annexed figures the segments into which AB is
divided at X are the lines XA and XB.

This definition enables us to include Props. 5 and 6 in a single
Enunciation.

If a straight line is bisected, and also divided (internally or ex-
ternally) into two unegual segments, the rectangle contained by the un-
equal segments is equal to the difference of the squares on half the line,
and on the line between the points of section,

EXERCISE,

Shew that the Enunciations of Props. 5 and 6 may take the
following form:
The rectangle contained by two straight lines is equal to the differ-

ence of the squares on half their sum and on half their difference.
4 e 4 [See Ex., p. 129.]
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ProposiTioN 7. THEOREM.

If a straight line ¢s divided into any two parts, the sum
of the squares on the whole line and on one of the parts
28 equal to twice the rectangle contained by the whole and
that part, together with the square on the other part.

A C B
H G K
D F E
Let the straight line AB be divided at C into the two

parts AC, CB:
then shall the sum of the sqq. on AB, BC be equal to
twice the rect. AB, BC together with the sq. on AC.

On AB describe the square ADEB. L 46.
Join BD.
Through C draw CF par' to BE, meeting BD in G. 1. 31.
Through G draw HGK par! to AB.

Now the complement AG = the complement GE; 1. 43.
to each add the fig. CK:
then the fig. AK=the fig. CE.
But the fig. AK=the rect. AB, BC; for BK=BC.
.". the two figs. AK, CE = twice the rect. AB, BC.
But the two figs. AK, CE make up the gnomon AKF and the
fig. CK:
.~ the gnomon AKF with the fig. CK = twice the rect. AB, BC,
To each add the fig, HF, which is the sq. on AC:
then the gnomon AKF with the figs. CK, HF
= twice the rect. AB, BC with the sq. on AC.

Now the sqq. on AB, BC = the fige. AE, CK
=the gnomon AKF with the
figs. CK, HF
=twice the rect. AB, BC with
the 8q. on AC.
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CORRESPONDING ALGEBRAICAL FORMULA.

The result of this proposition may be written
AB?2+BC2=2AB.BC +AC2
Let AB=a, and BC=b; then AC=a~-b.
Hence we have a®+¥=2ab+{a-1)?,
or (a-b)*=a?- 2ab + b2

Prorosition 8. THEOREM.

If a straight line be divided into any two parts, fouwr
tiémes the rectangle contained by the whole line and one of
the parts, together with the square on the other part, is equal
to the square on the straight line which is made up of the
whole and that part.

[As this proposition is of little importance we merely give the
figure, and the leading points in Euclid’s proof.]

Let AB be divided at C. A cB8 D
Produce AB to D, making BD equal al KN
to 8C. M P/l o
On AD describe the square AEFD; X R
and complete the construction as in-
dicated in the figure.
Euclid then proves (i) that the figs.
CK, BN, GR, KO are all equal. E H L F

(i) that the figs. AG, MP, PL, RF are all equal.

Hence the eight figures named above are four times the
sum of the figs, AG, CK; that is, four times the fig. AK;
that is, four times the rect. AB, BC.

But the whole fig. AF is made up of these eight figures,
together with the fig. XH, which is the sq. on AC:

hence the sq. on AD = four times the rect. AB, BC,
together with the sq. on AC. QE.D.

A C B D

The accompanying figure will suggest s
less ocumbrous proof, which we leave as an
Exercise to the student.
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Prorosition 9. THrorEM. [EuvcLin’s Proor.]

If a straight line is divided equally and also wwqua.lly,
the oum of the squares on the two unequal parts is twice
the sum of the squares on half the line and on the line
betsoeen the points of section.

o]

E 0

A P Q 8

Let the straight line AB be divided equally at P, and
unequally at Q:

then shall the sum of the sqq. on AQ, QB be twice the
sum of the sqg. on AP, PQ.

At P draw PC at rt. angles to AB; L 11
and make PC equal to AP or PB. 1 3.
Join AC, BC.

Through @ draw @D par! to PC; L 3L

and through D draw DE par! to AB.

Join AD.

Then since PA = PC, Constr.
*, the angle PAC =the angle PCA. 1. .
And since, in the triangle APC, the angle APC is a rt.
angle, Constr.

. the sum of the angles PAC, PCA is a rt. angle: 1. 32.
hence each of the angles PAC, PCA is half a rt. angle.
So also, each of the angles PBC, PCB is half a rt. angle,
. the whole angle ACB is a rt. angle.
Aga.m the ext angle CED = the int. opp. angle CPB, 1. 29,
. the angle CED is & rt. an«rle

" and the angle ECD is half a rt. angle Proved.
-. also the angle EDC is half a rt. angle; 1. 32.

__ .. the angle ECD =the angle EDC;
v EC=ED. 1 6.
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Again, the ext. angle DQB = the int. opp. angle cPB. 1. 99,
.". the angle DQB is a rt. angle.
And the angle @BD is balf a rt. angle;  Proved.
.. also the angle QDB is half & rt. angle: 1. 32,
.. the angle QBD = the angle QDB ;
.. QD=@B. L 6.

Now the sq. on AP =the sq. on PC; for AP =PC. Constr.
But the sq. on AC = the sum of the sqq. on AP, PC,
for the angle APC is a rt. angle. L 4T,
. the s8q. on AC is twice the sq. on AP.

So also, the sq. on CD is twice the sq. on ED, that is, twice

the sq. on the opp. side PQ. L 34.
Now the sqq. on AQ, @B =the sqq. on AQ, @D

=the sq. on AD, for AQD is a rt.

angle; 1 47.

= the sum of the sqq. on AC, CD,

for ACD is a rt. angle; 1. 47,

= twice the sq. on AP with twice

the sq. on PQ. Proved.
That is,
the sum of the sqq. on AQ, @B =twice the sum of the sqq.
on AP, PQ. Q.E.D,

CORRESPONDING ALGEBRAICAL FORMULA.

The result of this proposition may be written
AQ*+ QB2=2 (AP2+ PQ?).
Let AB=2a; and PQ=b;
then AP and PB each=a.
Also AQ=a+b; and QB=a-b.

Hence we have
(a+b)2+(a ~b)?=2(a?+b7).

[Nore. For alternative proofs of this proposition, see page 137 A.]
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Prorosrrion 10. Tueorem. [Evcnin’s Proor.)

If a straight line is bisected and produced to any point,
the sum of the squares on the whole line thus produced, and
on the part produced, is twice the sum of the squares on half
the line bisected and on the line made wp of the half and the

part produced.

c
P

A B Q
E D

Let the st. line AB be bisected at P, and produced to Q:
then shall the sum of the sqq. on A@, QB be twice the
sum of the sqq. on AP, PQ.

At P draw PC at right angles to AB; 1. 11,
and make PC equal to PA or PB. L 3.
Join AC, BC,
Through @ draw @D par' to PE, to meet CB produced
in D; 1. 31.

and through D draw DE par! to AB, to meet CP produced
in E.

Join AD.
Then since PA = PC, Constr.
.. the angle PAC =the angle PCA. 1. 5.

And since in the triangle APC, the angle APC is a rt. angle,
.. the sum of the angles PAG, PCA is a rt. angle. I 32.
Hence each of the angles PAC, PCA is half a rt. angle,
So also, each of the angles PBC, PCB is half a rt. angle.

.. the whole angle ACB is a rt. angle.

Again, the ext. angle CPB = the int. opp. angle GED: 1. 29.
.*. the angle CED is a rt, angle:
and the angle ECD is half a rt. angle.  Proved.
.~ the angle EDG is half a rt. angle. 1. 32.
.". the angle ECD = the angle EDC;
. EC=ED, 1. 6.
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Again, the angle DQB = the alt. angle CPB. L 29,
.. the angle D@B is a rt. angle.
Algso the angle @BD = the vert. opp. angle CBP; 1. 15,
that is, the angle QBD is half a rt. angle.

.. the angle QDB is half a rt, angle: L 32,
.*. the angle QBD = the angle @DB;
. QB=aD. L 6,

Now the sq. on AP =the 5q. on PG ; for AP=PC. Conastr.
But the 5q. on AC = the sum of the sqq. on AP, PC,
for the angle APC is a rt. angle. 1 47,
.. the sq. on AC is twice the sq. on AP.
So also, the sq. on CD is twice the sq. on ED, that is,
twice the sq. on the opp. side PQ. . 34,
Now the sqq. on AQ, QB =the sqq. on AQ, QD
=the sq. on AD, for AQD is a rt.
angle ; 1. 47,
=the sum of the sqq. on AC, CD,
for ACD is a rt. angle; 1. 47.
=twice the sq. on AP with twice

the sq. on PQ. Proved,
That is,
the sum of the sqq. on AQ, @B is twice the sum of the sqq.
on AP, P, QED.

CORRESPONDING ALGEBRAICAL FORMULA,

The result of this proposition may be written
AQ?+BQ2=2 (AP?+ PQY).
Let AB=2q; and PQ=b;
then AP and PB each=a.
Also AQ=a+b; and BQ=b—a.
Hence we have
(@+b)2+ (b—a)2=2 (a2 +19).

[Nore For alternative proofs of this proposition, see page 137 8.1
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Proposirion 9. [ALTERNATIVE PrROOF.]

If a straight line is divided equally and also unequally,
the sum of the squares on the two unequal parts is twice the
sum of the squares on half the line and on the line between
the points of section.

A P Q B

Let the straight line AB be divided equally at P and
unequally at Q:

then shall the sum of the sqq. on AQ, @B be twice the
sum of the sqq. on AP, PQ.

For since AQ is divided at P,

.'. the sq. on AQ == the sum of the sqq. on AP, PQ with
twice the rect. AP, PQ. 1L 4.

And because PB is divided at @,

.. the sq. on @B with twice the rect. PB, PQ = the sum
of the sqq. on PB, PQ. m 7.

Adding together these pairs of equals,

the sqq. on AQ, @B with twice the rect. PB, PQ=the
sum of the sqq. on AP, PQ, PB, PQ with twice the rect.
AP, PQ.

But twice the rect. PB, PQ = twice the rect. AP, PQ.
Hence the sqgq. on AQ, @B

=the sum of the sqq. on AP, PQ, PB, PQ
=twice the sum of the sqq. on AP, PQ.

A more concise proof of this proposition may be obtained from
. 4 and 5, as follows:
For - AQ.QB=PB?-PQ2 . 5.
But AQ?+QB2=AB%-2AQ. QB m 4
=4PB? - 2(PB? - PQ?)
=2PB24-2PQ3
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Prorosirion 10. [AvTeRNATIVE Proor.]

If a straight line is bisected and produced to any point,
the sum of the squares on the whole line thus produced and
on the part produced, is twice the sum of the squares on half
the line bisected and on the line made up of the half and the
part produced.

A 3 B Q

Let the st. line AB be bisected at P and produced to Q:

then shall the sum of the sqq. on AQ, @B be twice the
sum of the sqq. on AP, PQ.

For since A@ ig divided at P,

.. the sq. on AQ=the sum of the sqq. on AP, PQ with
twice the rect. AP, PQ. 1 4.

And because PQ is divided at B,

.'. the sq. on @B with twice the rect. PQ, PB = the sum
of the sqq. on PQ, PB. m 7.

Adding together these pairs of equals,

the sqq. on AQ, QB with twice the rect. PQ, PB=the
sum of the sqq. on AP, PQ, PQ, PB with twice the rect.
AP, PQ.

But twice the rect. PQ, PB =twice the rect. AP, PQ;

.. the sqq. on AQ, QB

= the sum of the sqq. on AP, PQ, PQ, PB
= twice the sum of the sqq. on AP, PQ.

A concise proof of this proposition may also be obtained from
. 6 and 7, as follows:

For AQ.QB=PQ?- PB2, . 6.
Bui AQ?+QB?=2AQ. QB +AB? w?
=2(PQ?- PB?) +4PB?
=2PB2+2PQ%.
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Prorosition 11. ProprEm.

To divide o given straight line into two parts, so that
the rectangle -contained by the whole and one part may be

equal to the square on the other part.
F G
A LI
5/
C K D

Let AB be the given straight line.
It is required to divide it into two parts, so that the
rectangle contained by the whole and one part may be
equal to the square on the other part.

On AB describe the square ACDB. 1. 46,
Bisect AC at E. 1. 10,

Join EB.
Produce CA to F, making EF equal to EB, L 3.
On AF describe the square AFGH. 1. 46.

Then shall AB be divided at H, so that the rect. AB, BH is
equal to the sq. on AH.
Produce GH to meet CD in K.
Then because CA is bisected at E, and produced to F,
.. the rect, GF, FA with the gq. on AE =the sq.on FE 1L 6.
=the sq. on EB. Constr.
But the sq. on EB = the sum of the sqq. on AB, AE,

for the angle EAB is a rt. angle. 1. 47.
.~ the rect. CF, FA with the sq. on AE = the sum of the
8qq. on AB, AE.

From these take the sq. on AE:
then the rect. CF, FA = the sq. on AB,
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But the rect. CF, FA = the fig, FK; for FA= FG;
and the sq. on AB = the fig. AD. Constr.
.". the fig. FK = the fig. AD.
From these take the common fig. AK,
then the remaining fig. FH = the remaining fig. HD.
But the fig. HD =the rect. AB, BH ; for BD = AB;
and the fig. FH is the sq. on AH.
. the rect. AB, BH = the 5q. on AH. Q.E.F.

Derixrrion. A straight line is said to be divided in Medial Section
when the rectangle contained by the given line and one of its segments
is equal to the square on the other segment.

The student should observe that this division may be wnternal or
external.

Thus if the straight line AB iy divided internally at H, and ex-
ternally at H’, so that

i) AB.BH =AH?, -
((n)) AB.BH'=AH1, H A H 8
we ghall in either case congider that AB ig divided in medial section.

The case of internal section is alone given in Euclid 11, 11; but a
straight line may be divided externally in medhal section by a similar
process. See Ex. 21, p. 146.

ALGEBRAICAL ILLUSTRATION.

1% is required to find a point H in AB, or AB produced, such that
AB,BH=AH2
Let AB contain a unifs of length, and let AH contain x units;
then HB=a~z:
and z must be such that a (a - 2) =22,
or z?+ax-a?=0.
Thus the construction for dividing a straight line in medial section
corresponds to the algebraical solution of this quadratic equation.

EXERCISES.

In the figure of 11. 11, shew that
(i) if CH is produced to meet BF at L, CL is at right angles
to BF :

(i) if BE and CH meet at O, AO is at right angles to CH:
(iii) the lines BG, DF, AK are parallel:
(iv) CF is divided in medial section at A.
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ProrosiTioN 12. THEOREM.

In an obtuse-angled triangle, if « perpendicular s
drawn from either of the acute anmgles to the opposite side
produced, the square on the side subtending the obtuse angle is
greater than the squares on the sides containing the obtuse
angle, by twice the rectangle contained by the side on which,
when produced, the perpendicular falls, and the line inter-
cepted without the triangle, between the perpendicular and
the obtuse angle.

B C 2]

Let ABC be an obtuse-angled triangle, having the obtuse
angle at C ; and let AD be drawn from A perp. to BC
roduced :
then shall the sq. on AB be greater than the sqq. on
BC, CA, by twice the rect. BC, CD.

Because BD is divided into two parts at C,
.. the sq. on BD = the sum of the sqq. on BG, CD, with twice
the rect. BC, CD. 11 4.
To each add the sq. on DA.
Then the sqq. on BD, DA =the sum of the sqq. on BC, CD,
DA, with twice the rect. BC, CD.
But the sum of the sqq. on BD, DA = the sq. on AB,
for the angle at D is a rt. angle. 1 47.
Similarly the sum of the sqq. on CD, DA = the sq. on CA.

.. the sq. on AB =the sum of the sqq. on BC, CA, with
twice the rect. BC, CD.
That is, the sq. on AB is greater than the sum of the
sqg. on BC, CA by twice the rect, BC, CD. Q.E.D.

[For alternative Enunciations to Props. 12 and 13 and Exercises,
see p. 142.]
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ProrosiTioNn 13. THEOREM.

In every triangle the square on the side subtending an
acute angle, 45 less than the squares on the sides containing
that angle, by twice the rectangle contained by either of these
sides, and the straight line intercepted between the perpen-
dicular let fall on it from the opposite angle, and the acute

angle.
A A

Fig.2.
Fig.. '€

B D c

Let ABC be any triangle having the angle at B an
acute angle ; and let AD be the perp. drawn from A to the
opp. side BC :

then shall the sq. on AC be less than the sum of the
sqq. on AB, BC, by twice the rect. CB, BD.

Now AD may fall within the triangle ABC, as in Fig. 1, or
without it, as in Fig. 2.

Because {i.n Fig. 1. BC is divided into two parts at D,
in Fig, 2. BD is divided into two parts at C,
.. tn both cases,
the sum of the sqq. on CB, BD = twice the rect. CB, BD with
the sq. on CD. m 7.
To each add the sq. on DA.
Then the sum of the sqq. on CB, BD, DA = twice the rect,
©8, BD with the sum of the sqq. on CD, DA.
But the sum of the sqq. on BD, DA =the 5q. on AB,
for the angle ADB is a rt. angle. 1. 47.
Similarly the sum of the sqq. on CD, DA = the sq. on AC.
.. the sum of the sqq. on AB, BC, = twice the rect. CB, BD,
with the sq. on AC.
That is, the sq. on AC is less than the saq. on AB, BC
by twice the rect. CB, BD. Q.E.D.

H. E 10
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Obs. If the perpendicular AD coincides with AC, that is, if ACB
is a right angle, it may be shewn that the proposition merely repeats
the result of 1. 47.

Nore. The result of Prop. 12 may be written
AB2=BC?+ CA2+2BC.CD.

Remembering the definition of the Projection of a straight line
given on page 97, the student will see that this proposition may be
enunciated as follows: .

In an obtuse-angled triangle the square on the side opposite the
obtuse angle is greater than the sum of the squares on the sides contain-
ing the obtuse angle by twice the rectangle contained by either of those
sides, and the projection of the other side upon it.

Prop. 13 may be written .
AC?*=AB?+BC?-2CB.BD,
and it may also be enunciated as follows:
In every triangle the square on the side subtending an acute angle,
18 less than the squares on the sides containing that angle, by twice the
rectangle contained by either of these sides, and the projection of the
other side upon it.

EXERCISES.

; The following theorem should be noticed ; it is proved by the help
of . 1.

1. If four points A, B, C, D are taken in order on a straight line,

then will
AB.CD+BC.AD=AC.BD.

ON 11. 12 axD 13.

2. If from one of the base angles of an isosceles triangle a per-
pendicular is drawn to the opposite side, then twice the rectangle
contained by that side and the segment adjacent to the base is equal
to the square on the base.

3. If one angle of a triangle is one-third of two right angles,
shew that the square on the oglposite side is less than the sum of the
squares on the sides forming that angle, by the rectangle contained by
thege two sides. {See Ex. 10, p. 101.]

4. If one angle of a triangle is two-thirds of two right angles,
shew that the square on the opposite side is greater than the squares

on the sides forming that angle, by the rectangle contained by these
sides, & el [See Ex. 10, p. 101.]
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Prorosition 14. ProBLEM.

To describe a square that shall be equal to a given recti-
lineal figure.

H

B

Cc D

Let A be the given rectilineal figure,
It is required to describe a square equal to A,
Describe the par™ BCDE equal to the fig. A, and having
the angle CBE a right angle. 1. 45,
Then if BC = BE, the fig. BD is a square; and what was
required is done.
But if not, produce BE to F, making EF equal to ED; 1. 3.
and bisect BF at G. 1. 10,
From centre G, with radius GF, describe the semicircle BHF:
produce DE to meet the semicircle at H.
Then shall the sq. on EH be equal to the given fig. A.
Join GH.
Then because BF is divided equally at G and unequally
at E,
.. the rect. BE, EF with the sq. on GE =the 8q. on GF 11.5.
= the 8q. on GH.

But the 8q. on GH = the sum of the sqq. on GE, EH;
for the angle HEG is a rt. angle. 1 47,
.. the rect. BE, EF with the sq. on GE=the sum of the
sqq. on GE, EH.
From these take the sq. on GE:
then the rect. BE, EF = the sq. on HE.
But the rect. BE, EF = the fig. BD ; for EF =ED; Constr.
and the fig. BD = the given fig. A, Conatr.
.. the sq. on EH = the given fig. A. Q.EF.

10-2
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THEOREMS AND EXAMPLES ON BOOK IL
ON 1. 4 AND 7.

1. Shew by m. 4 that the square on a straight line is four times
the square on half the line.

[This resuit is constantly nsed in solving examples on Book m,
especially those which follow from 11. 12 and 13.]

2, 1If a straight line is divided into any three parts, the square on
the whole line is equal to the sum of the squares on the three parts
together with twice the rectangles contained by each pair of these
parts.

Shew that the algebraical formula corresponding to this theorem is

(@a+b+c)2=a%+b%+c2+2bc + 2ca + 2ab.

3. In a right-angled iriangle, if a perpendicular is drawn from the
right angle to the hypotenuse, the square on this perpendicular is equal
to the rectangle contained by the segments of the hypotenuse.

4. In an isosceles triangle, if a perpendicular be drawn from one
of the angles at the base to the opposite side, shew that the square on
the perpendicular is egual to twice the rectangle contained by the
segments of that side together with the square on the segmeni
adjacent to the base,

5. Any rectangle is half the rectangle contained by the diagonals
of the squares described upon its two sides.

6. In any triangle if a perpendicular is drawn from the vertical
angle to the base, the sum of the squares on the sides forming that
angle, together with twice the rectangle contained by the segments of
the base, i8 equal to the square on the base together with twice the
square on the perpendicular.

oN 1. b AND 6.

The stodent is reminded that thess important propositions are
beth included in the following enunciation.

The difference of the squares on two straitght lines is equal to the
rectangle sontained by their sum and difference.

7. In aright-angled triangle the square on one of the sides form-
ing the right angle is equal to the rectangle contained by the sum and
ifference of the hypotenuse and the other side. [1. 47 and 11. 5.]
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8. The difference of the squares on two sides of a triangle is equal
1o twice the rectangle contained by the base and the intercept between
the middle point of the base and the foot of the perpendieular drawn
Jrom the vertical angle to the base.

Let ABC be a triangle, and let P be the middl int of th
BC: let AQ be drawn perp. to BC, © point of the base
Then shall AB2- AC2=2BC . PQ.

A
B [ Q C
First, let AQ fall within the triangle,

Now AB:=BQZ%+ QA2 1. 47.

also AC%=QC?+ QA?,
.. ABZ-AC?=BQ2-QC? Ax. 3.
=(BQ+QC) (BQ-aC) 1. 5.
=BC.2rPQ Ex. 1, p. 129.
=2BC. PQ. Q.E.D,

The case in which AQ falls outside the triangle presents no
difficulty.

9. The square on any straight line drawn frem the vertew of an
isosceles triangle to the base is less than the square on one of the equal
sides by the rectangle contained by the segments of the base.

10. The square on any straight line drawn from the vertex of an
isosceles triangle to the base produced, 18 greater than the square on
one of the equal sides by the rectangle contained by the segments into
which the base is divided externally.

11. If a straight line is drawn through one of the angles of
an equilateral triangle to meet the opposite side produced, 8o that the
rectangle contained by the segments of the base 18 equal to the square
on the side of the triangle ; shew that the square on the line 80 drawn
is double of the square on a side of the triangle,

12. If XY be drawn parallel to the base BC of an isosceles
triangle ABC, then the difference of the squares on BY and CY is
equal to the rectangle contained by BC, XY. [See above, Ex. 8.]

13, Ina right-angled triangle, if a perpendicular be drawn from
the right angle to the hypotenuse, the square on either side forming
the right angle is equal to the rectangle contained by the hypotenuse
and the segment of it adjacent to that side.



146 EUCLID'S ELEMENTR.

oN 11. 9 Anp 10.

14. Deduce Prop. 9 from Props. 4 and 5, using also the theorem
that the square on a straight line iz four times the square on half the
line,

15. Deduce Prop. 10 from Props. 7 and 6, using also the theorem
mentioned in the preceding Exercise.

16. If o straight line is divided equally and also unequally, the
squares on the two unequal segments are together equal to twice the
rectangle contained by these segments together with four times the
square on the line between the points of seetion,

ox 1. 11,

17. If a siraight line is divided internally in medial section, and
from the greater segment a part be taken equal to the less; shew that
the greater segment is also divided in medial section.

18. If a siraight line is divided in medial section, the rectangle
contained by the sum and difference of the segments is equal to
the rectangle contained by the segments.

19. If AB is divided at H in medial section, and if X is the
middle point of the greater segment AH, shew that a triangle whose
sides are equal to AH, XH, BX respectively must be right-angled.

20. If a straight line AB is divided internally in medial section af
H, prove that the sum of the squares on AB, BH is three times the
square on AH.

21. Divide a straight line externally in medial section.

[Proceed as in 1. 11, but instead of drawing EF, make EF’ equal
to EB in the direction remotefrom A; and on AF’ describe the square
AF'G'H’ on the side remote from AB. Then AB will bedivided exter-
nally at H’ a8 required.]

-

oN 11. 12 Axp 13.

22. In a triangle ABC the angles at B and C are acute: if E and
F are the feet of perpendiculars drawn from the opposite angles to the
sides AC, AB, shew that the square on BC is equal to the sum of the
rectangles AB, BF and AC, CE.

23, ABC is a triangle right-angled at C, and DE is drawn from
s point D in AC dicular to AB: shew that the rectangle
AB, AE is equal to the reotangle AC, AD.
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24 In any triangle the sum of the squares on two sides is equal to
twice the square on half the third side together with twice the square on
the median which bisects the third side.

A

B P Q C

Let ABC be a triangle, and AP the median bisecting the side BC,
Then shall AB24-AC2=2BP? +-2AP?,

. Draw AQ perp. to BC.
Consider the case in which AQ falls within the triangle, but does
not coincide with AP,
Then of the angles APB, APC, one must be obtuse, and the other
acute: let APB be obtuse.
Then in the A APB, ABZ=BP2+AP2+28P.PQ. 1. 12,
Also in the A APC, AC?=CP2+AP?-2CP. PQ. 1. 13,
But CP=BP,
»~. CP*=BP?; and the rect. BP, PQ=the rect. CP, PQ.
Hence adding the above results
ABZ; AC?=2.BP2+2.AP% Q.E.D,
The student will have no difficulty in adapting this proof to the
eases in which AQ falls without the triangle, or comcides with AP.

25. The sum of the squares on the sides of a parallelogram is equal
o the sum of the squares on the diagonals.

26. In any quadrilateral the squares on the diagonals are toge-
#her eqnal to twice the sum of the squares on the straight lines join-
ing the middle points of opposite sides. {See Ex. 9, p. 97.1

97. If from any point within a rectangle straight lines are drawn
0 the angular points, the sum of the squares on one pair of the lines
drawn to opposite angles is equal fo the sum of the squares on the
other pair.

28. The sum of the squares on the sides of a quadrilateral is
greater than the sum of the squares on its diagonals by four times
the square on the straight line which joins the middie points of the
diagonals.

29. O is the middle point of & given straight line AB, and from
O 18 centre, any circle is described: if P be any point on its circom.
forence, shew that the sum of the squares on AP, BP iz constant,
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30. Given the base of a triangle, and the swmn of the squares on
the sides forming the vertical angle; find the locus of the vertex.

31. ABC is an isosceles triangle in which AB and AC are equal.
AB ig produced beyond the base to D, so that BD is equal to AB.
Shew that the square on CD is equal to the square on AB together
with twice the square on BC,

82. In a right-angled triangle the sum of the squares on the
straight lines drawn from the right angle to the points of tri-
section of the hypotenuse is equal to five times the square on the
line between the points of trisection.

33. Three times the sum of the squares on the sides of a tri.
angle is equal to four times the sum of the squares on the medians.

34. ABGC is a triangle, and O the point of intersection of its
medians : shew that

ABZ+BC?4 CA?=3 (OA2+ OB?+0OC?).

35. ABCD is a guadrilateral, and X the middle point of the
straight line joining the bisections of the diagonals ; with X as centre
any circle is deseribed, and P is any point upon this circle: shew that
PA%.+ PB%+ PC?+ PD? is constant, being equal to

XA2+XB24+XC2+ XD2+4XP2,

86. The squares on the diagonals of a trapezium are together
equal to the sum of the squares on its two oblique sides, with twice
the rectangle contained by its parallel sides.

PROBLEMS,

87. Construct a rectangle equal to the difference of {wo squares.

88. Divide a given straight line into two parts so that the rect-
angle contained by them may be equal to the square described on a
given straight line which is less than half the straight line to be
divided.

89. Given a square and one side of a rectangle which is equal
to the square, find the other side.

40. Produce a given straight line so that the rectangle contained
by the whole line thus produced and the part produced, may be equal
to the square on another given line.

41. Produce a given straight line so that the rectangle contained
by the whole line thus produced and the given line shall be equal to
the square on the part produced.

42. Divide a straight line AB into two parts at C, such that the
rectangle contained by BC and another line X may be equal to the
square on AC.



PART IL

BOOK IIL

Book I1II. deals with the properties of Cirecles,

DEFINITIONS,

1. A circle is a plane figure bounded
by one line, which is called the circum-
ference, and is such that all straight lines
drawn from a certain point within the
figure to the circumference are equal to
one another: this point is called the centre
of the circle,

2. A radius of a circle is a straight line drawn from
the centre to the circumference.

3. A diameter of a circle is a straight line drawn
through the centre, and terminated both ways by the
circumference,

4. A semicircle is the figure bounded by a diameter
of a circle and the part of the circumference cut off by the
diameter.

From these definitions we draw the following inferences:

(i) The distance of a point from the centre of a eircle is less than
the radius, if the point is within the circumference : and the distance
of a point from the centre is greater than the radius, if the point is
without the circumference.

(ii) A point is within a cirele if its distance from the centre is
less than the radius: and a point is without a circie if its distance
from the centre is greater than the radius.

(i) Circles of equal radius are equal in all respects; that is to
say, their areas and circumferences are equal.

(iv) A circle is divided by any diameter into two parts which are
equal in all respeets,
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5. Circles which have the same centre are said to be
concentric.

6. An arc of a circle is any part of the circumference,

7. A chord of a circle is the straight line which joins
any two points on the circumference.

From these definitions it may be seen that a

chord of a circle, which does not pass through
the centre, divides the circumference into two
unequal ares; of these, the greater is called the
major arc, and the less the minor arc. Thus
the major arc iy greater, and the minor are less

than the semicircumference.

The major and minor arcs, into which a cir- . Y
cumference is divided by a chord, are said to be
conjugate to one another.

8. Chords of a circle are said to be
equidistant from the centre, when the
perpendiculars drawn to them from the
centre are equal :
and one chord is said to be further from
the centre than another, when the per-
pendicular drawn to it from the centre is
greater than the perpendicular drawn to
the other.

9. A secant of a circle is a straight
line of indefinite length, which cuts the
circumference in two points,

10. A tangent to a circle is a straight
line which meets the circumference, but
being produced, does not cut it. Such a
line is said to touch the circle at a point;
and the point is called the point of
contact.

@l@)ss
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It a secant, which cuts a circle at the
points P and Q, gradually changes its position
in such a way that Premains fixed, the point Q Q
Q will ultimately approach the fixed point P, Q
until at length these points may be made to
coincide. When the straight hine PQ reaches
this limiting position, it becomes the tangent P
to the circle at the point P.

Hence a fangent may be defined as a
straight line which passes through twoe coinci-
dent points on the circumference.

11, Circles are said to touch one another when they
meet, but do not cut one another,

(&

When each of the circles which meet is outside the other, they are
said to touch one another extermally, or to have external contact:
when one of the circles is within the other, they are said to touch one
another internally, or to have internal contact.

12. A segment of a circle is the figure bounded by a
chord and one of the two arcs into which the chord divides
the circumference,

DG

/
!
S
\, s
-

______ o e

The chord of a segment is sometimes called its base,
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13. An angle in a segment is one
formed by two straight lines drawn from
any point in the arc of the segment to
the extremities of its chord.

[1t will be shewn in Proposition 21, that all angles in the same
segment of a circle are equal.]

14. An angle at the circumference
of a circle is one formed by straight lines
drawn from a point on the circumference
to the extremities of an arc: such an
angle is said to stand upon the arc, which
it subtends.

15. Similar segments
of circles are those which
contain equal angles.

16. A sector of a circle is a figure [
bounded by two radii and the arc inter-
cepted between them.

SYMBOLS AND ABBREVIATIONS,

In addition to the symbols and abbreviations given on
page 10, we shall use the following.

@ Jor circle, O for circumference.
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Prorosirion 1. ProerEM.
To find the centre of a given circle.

&

Let ABC be a given circle:
it is required to find its centre.
In the given circle draw any chord AB,
and bisect AB at D. 1 10.
From D draw DC at right angles to AB; L 11
and produce DC to meet the O at E and C.
Bisect EC at F. . 10
Then shall F be the centre of the © ABC,
First, the centre of the circle must be in EC:
for if not, let the centre be at a point G without EC.
Join AG, DG, BG.
Then in the A® GDA, GDB,

DA = DB, Conastr,
Because and GD is common
and GA =GB, for by supposition they are radii;
.. the L GDA=the » GDB; 1 8
.". these angles, being adjacent, are rt. angles.
But the . CDB is a rt. angle ; Constr,
.. the L GDB =the . CDB, Az. 11.

the part equal to the whole, which is impossible.
.". G is not the centre.
8o it may be shewn that no point outside EC is the centre;
.. the centre lies in EC.
.'. F, the middle point of the diameter EC, must be the
centre of the © ABC. Q.EF.
CoroLLARY. The straight line which bisects a chord of
@ circle at right angles passes through the centre.
[For Exercises, see page 156.]
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ProrosirioNn 2. THEOREM.

If any two points are taken in the circumference of a
circle, the chord which joins them falls within the circle.

Cc

XN
AB

Let ABC be a circle, and A and B any two points on

its O
then shall the chord AB fall within the circle.
Find D, the centre of the © ABC; . 1.
and in AB take any point E.
Join DA, DE, DB.
In the A DAB, because DA = DB, ur. Def. 1.
.. the L DAB=the . DBA. 1. 5.
But the ext. . DEB is greater than the int. opp. £ DAE;
1. 16.

.. also the . DEB is greater than the . DBE;

.. in the A DEB, the side DB, which is opposite the greater
angle, is greater than DE which is opposite the less: 1. 19.

that is to say, DE is less than a radius of the circle;
.. E falls within the circle.

So also any other point between A and B may be shewn
to fall within the circle.
.". AB falls within the circle, Q.ED.

Drrmnrrion. A part of a curved line is said to be concave o a
point when, any chord being taken in it, all straight lines drawn
from the given point to the intercepted are are cut by the chord: if,
when any chord is taken, no straight line drawn from the given point
to the intercepted arc is cut by the chord, the curve is said to be
convex to that point.

Proposition 2 proves that the whole circumference of a circle
is concave to its centre.
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Prorosition 3. THEOREM.

If a strasght line drawn through the centre of a cirele
bisects a chord which does not pass through the centre, it shall
cut % at right angles :
and, conversely, if it cut it at right angles, it shall bisect i,

B
D

c

Let ABC be a circle; and let CD be a st. line drawn
through the centre, and AB a chord which does not pass
through the centre.

First, Let CD bisect AB at F:

then shall CD cut AB at rt. angles.
Find E, the centre of the circle; ur. 1.
and join EA, EB.
Then in the A% AFE, BFE,
AF = BF, Myp.
Because and FE is common ;
and AE = BE, being radii of the circle;

.. the . AFE=the L BFE; L 8
these angles, being adjacent, are rt. angles,
that is, DC cuts AB at rt. angles. Q.E.D.

Conversely. Let CD cut AB at rt. angles:
then shall CD bisect AB at F.
As before, find E the centre ; and join EA, EB.
In the A EAB, because EA =EB, 1L Def. 1.
..the . EAB =the L EBA, 1
Then in the A® EFA, EFB,
the . EAF =the L EBF, Proved.
Because {and the 2 EFA=the . [7", being rt. angles; Hyp.
and EF is common;
.. AF = BF, 1. 26.
Q.E.D,
[For Exercises, see page 156.]
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EXERCISES.
oN ProrposrrioN 1.

1. If two circles intersect at the points A, B, shew that the line
whéleh joins their centres bisects their common chord AB at right
angles.

2. AB, AC are two equal chords of a circle; shew that the
straight line which bisects the angle BAC passes through the centre.

3. Two chords of a circle are given in position and wmagnitude:
Jind the centre of the circle.

4. Describe a circle that shall pass through three given points,
which are not wn the same straight line.

5. Find the locus of the centres of circles which pass through two
given points.

6. Describe a circle that shall pass through two given points,
and have a given radius.

oNX ProposITioN 2.

7. A straight line cannot cut a circle in more than two points.

oN ProrosrTioN 3.

8. Through a given point within a circle draw a chord which
shall be bisected at that point.

9. The parts of a straight line intercepted between the eircum-
ferences of two concentric circles are equal.

10. The line joining the middle points of two parallel chords of a
cirele passes through the centre.

11, TFind the locus of the middle points of & system of parallel
chords drawn in a cirele.

12. If two circles cut one another, any two parallel straight lines
drawn through the points of intersection to cut the circles, are equal,

13. PQ and XY are two parallel chords in a circle: shew that
the points of intersection of PX, QY, and of PY, QX, lie on the
m;'g:t line which passes through the middle points of the given
ch
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ProprosiTion 4. THEOREM.

If in a circle two chords cut one another, which do not
both pass through the centre, they canmot both be bisected at
their point of intersection,

C

Let ABCD be a circle, and AC, BD two chords which
intersect at E, but do not both pass through the centre:

then AC and BD shall not be both bisected at E.

Case I.  If one chord passes through the centre, it is
a diameter, and the centre is its middle point;
.". it cannot be bisected by the other chord, which by hypo-
thesis does not pass through the centre,

Casg IT.  If neither chord passes through the centre;
then, if possible, let E be the middle point of both,
that is, let AE=EC; and BE=ED.

Find F, the centre of the circle: ur 1

Join EF,
Then, because FE, which passes through the centre,
bisects the chord AC, Hyp.
.. the . FEG is a rt. angle. nL 3.
And because FE, which passes through the centre, bi-
sects the chord BD, Hyp.

. the . FED is a rt. angle.
.. the .. FEC =the L FED,

the whole equal to its part, which is impossible.
.. AC and BD are not both bisected at E. QED,
[For Exercises, see page 158.]

. E, 11
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ProrosiTioN 5. THEOREM.

If two circles cut one another, they cannot have the same
centre.

Let the two ©®® AGC, BFC cut one another at C:
then they shall not have the same centre.

For, if possible, let the two circles have the same centre;
and let it be called E.
Join EC;
and from E draw any st. line to meet the O* at F and G.
Then, because E is the centre of the ®AGC, Hyp.

S, EG=EC,

And because E is also the centre of the ©® BFC, Hyp.
.. EF=EC.
.. EG=EF,

the whole equal to its part, which is impossible.

.. the two circles have not the same centre.
Q.E.D,

EXERCISES.
oN Prorosrriox 4.

1. Ha parallelogram can be inseribed in a cirele, the point of
intersection of its diagonals must he at the centre of the circle.

2. Reciangles are the only parallelograms that can be inscribed
in & circle.
ox Prorosrriox 5.

8. Two circles, which intersect at{ one point, must also interseet
at another.
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ProrosiTion 6. THEOREM.

If two circles touch one another snternally, they camnot
have the same centre.

C .

Let the two ©®% ABC, DEC touch one another internally
at C:

then they shall not have the same centre.

For, if possible, let the two circles have the same centre ;
and let it be called F,

Join FC;
and from F draw any st. line to meet the O at E and 8.

Then, because F is the centre of the ®ABC, Hyp.

S, FB=FC.

And because F is the centre of the ® DEC, Hyp.
L. FE=FC.
.. FB=FE;

the whole equal to its part, which is impossible,
.'. the two circles have not the same centre. Q.E.D.

Nore. From Propositions 5 and 6 it is seen that circles, whose
circumferences have any point in common, cannot be eoncentric,
unless they coincide entirely.

Conversely, the cirenmferences of concentric circles can have no
point in common,

11-2
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PropositTion 7. THEOREM.

If from any point within a circle which is not the centre,
straight lines are drawn to the circumference, the greatest is
that which passes through the centre ; and the least is that
which, when produced backwards, passes through the centre :

and of all other such lines, that which is nearer to the
greatest i8 always greater tham one more remote :

also two equal straight lines, and only two, can be drawn
Jrom the given point to the circumference, one on each side
of the diameter.

D
G

Let ABCD be a circle, within which any point F is taken,
which is not the centre: let FA, FB, FC, FG be drawn to
the O, of which FA passes through E the centre, and FB ig
nearer than FC to FA, and FC nearer than FG: and let
FD be the line which, when produced backwards, passes
through the centre: then of all these st. lines

(i) FA shall be the greatest;

(ii) FD shall be the least;

(ili) FB shall be greater than FC, and FC greater
than FG;

(iv) also two, and only two, equal st. lines can be
drawn from F to the O°

Join EB, EC, EG.

(i) Then in the A FEB, the two sides FE, EB are together
greater than the third side FB. 1. 20,
But EB=EA, being radii of the circle;

.. FE, EA are together greater than FB;
that is, FA is greater than FB.
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Similarly FA may be shewn to be greater than any other
st. line drawn from F to the O¢;

.. FA is the greatest of all such lines.
(i) In the AEFG, the two sides EF, FG are together
greater than EG; 1. 20,
and EG =ED, being radii of the circle;
.. EF, FG are together greater than ED.

Take away the common part EF;
then FG is greater than FD.

Similarly any other st. line drawn from F to the O
may be shewn to be greater than FD,

.. FD is the least of all such lines.

(iii) In the A® BEF, CEF,
BE = CE, i Def 1,
Because % and EF is common;
but the .~ BEF is greater than the . CEF;
.. FB is greater than FC. 1. 24,

Similarly it may be shewn that FC is greater than FG.
(iv) At E in FE make the £ FEH equal to the . FEG.

1 23.
Join FH.
Then in the A% GEF, HEF,
GE = HE, ut. Def. 1.

Because % and EF is common;
also the . GEF = the L HEF; Constr.
S FG=FH. L 4
And besides FH no other straight line can be drawn
from F to the O equal to FG.

For, if possible, let FK=FG.

Then, because FH = FG, Provea,

.". FK = FH,
that is, a line nearer to FA, the greatest, is equal to & line
which is more remote; which is impossible. Proved.

.. two, and only two, equal st. lines can be drawn from
F to the Q¢ Q.E.D.
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Prorosition 8. THEOREM.

If from any point without a circle straight lines are drawn
to the circumference, of those which fall on the concave cir-
cumference, the greatest is that which passes through the
centre ; and of others, that which is nearer to the greatest
12 always greater than one more remote :

Jurther, of those which fall on the convex circumference,
the least is that which, when produced, passes through the
centre; and of others that which i8 nearer to the least s
always less than one more remote :

lastly, from the given point there can be drawn to the
circumference two, and only two, equal straight lines, one on
each side of the shortest line.

Let BGD be a circle of which C is the centre; and let
A be any point outside the circle: let ABD, AEH, AFG, be
st. lines drawn from A, of which AD passes through C, the
centre, and AH is nearer than AG to AD:

then of st. lines drawn from A to the concave O,

(i) AD shall be the greatest, and (ii) AH greater than
AG:

and of st. lines drawn from A to the convex (O,

(ili) AB shall be the least, and (iv) AE less than AF.

(v) Also two, and only two, equal st. lines can be
drawn from A to the O,

Join CH, CG, CF, CE.

(i) Then in the A ACH, the two sides AC, CH are
together greater than AH: L 20.
but CH =CD, being radii of the circle;

‘. AC, GD are together greater than AH:
that is, AD is greater than AH.
Similarly AD may be shewn to be greater than any other
&Y. line drawn from A to the concave O°%;
<+ AD is the greatest of all such lines,
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(ii) In the As HCA, GCA,

HC =GC, ut. Def. 1.

Because and CA is common;

but the £ HCA is greater than the ~ GCA 3

.. AH is greater than AG. 1 24,
(i) In the A AEQ, the two sides AE, EC are together
greater than AC: 1. 20,
but EC = BC; L Def. 1,

.. the remainder AE is greater than the remainder AB,

Similarly any other st. line drawn from A to the convex
O may be shewn to be greater than AB;

.". AB is the least of all such lines.

(iv) In the A AFG, because AE, EC are drawn from the
extremities of the base to a point E within the triangle,
.. AF, FC are together greater than AE, EC. 1. 21,
But FC=EC, . Def. 1,
.. the remainder AF is greater than the remainder AE.

{v) At C,in AC, make the « ACM equal to the L ACE,
Join AM.
Then in the two A® ECA, MCA,
EC = MC, 11 Def. 1.
Because «1 and CA is common
also the L ECA=the £ MCA; Conastr.
S AE=AM; L 4.
and besides AM, no st. line can be drawn from A to the
0%, equal to AE.
For, if possible, let AK=AE:
then because AM = AE, Proved.
: AM =AK;
that is, a line nearer to the shortest line is equal to &
line which is more remote ; which is impossible.  Proded.
.. two, and only two, equal st. lines can be drawn from
A to the O, Q.E.D.

‘Where are the limits of that part of the circumference which is
eoncave to the point A?
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Obs. Of the following proposition Euclid gave two distinct proofs,
the first of which has the advantage of being direct.

ProrositioN 9. Tueorem. [First Proor.]

If from a point within a circle more than two equal
straight lines can be drawn to the circumference, that point
18 the centre of the circle.

P’
<l

Let ABC be a circle, and D a point within it, from which
more than two equal st. lines are drawn to the O %, namely
DA, DB, DC:

then D shall be the centre of the circle.

Join AB, BC:
and bisect AB, BC at E and F respectively, 1. 10,

Join DE, DF.

Then in the A* DEA, DEB,
EA=EB, Constr.
Because { and DE is common,

and DA =DB; Hyp.
.. the . DEA=the . DEB; 1 8.

.. these angles, being adjacent, are rt. angles.
Hence ED, which bisects the chord AB at rt. angles, must
pass through the centre. ur, 1. Cor.
Similarly it may be shewn that FD passes through the
centre.
‘. D, which is the only point common to ED and FD,
must be the centre. Q.E.D,
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Prorosirion 9. TarorEM. [SecoNn Proor.]

If from a point within a circle more than two equal
straight lines can be drawn to the circumference, that poing
is the centre of the circle.

G

Let ABC be a circle, and D a point within it, from which
more than two equal st. lines are drawn to the O, namely
DA, DB, DC:

then D shall be the centre of the circle.

For, if not, suppose E to be the centre.
Join DE, and produce it to meet the O at F, G.

Then because D is a point within the circle, not the
centre, and because DF passes through the centre E;

.'. DA, which is nearer to DF, is greater than DB, which
is more remote : n. 7.

but this is impossible, since by hypothesis, DA, DB, are
equal.

.. E is not the centre of the circle.

* And wherever we suppose the centre E to be, other-
wise than at D, two at least of the st. lines DA, DB, DC
may be shewn to be unequal, which is contrary to hypo-
thesis.

. D is the centre of the ® ABC.
Q.E.D.

* Nore, For example, if the centre E were supposed to be within
the angle BDC, then DB would be greater than DA; if within the
angle ADB, then DB would be greater than DC; if on one of the three
straight lines, as DB, then DB would be greater than both DA and DC.
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Obs. Two proofs of Proposition 10, both indirect, were given by
Eueclid.

Prorosirion 10. TueoreMm. [Frwst Proor.]

One circle carnot cut another at more than two points.

D
E
F H
G
B C

If possible, let DABC, EABC be two circles, cutting one
another at more than two points, namely at A, B, C.
Join AB, BC.
Draw FH, bisecting AB at rt. angles; L 10, 11.
and draw GH bisecting BC at rt. angles.
Then because AB is a chord of doth circles, and FH
bisects it at rt. angles,
‘. the centre of both circles lies in FH. 111.1,Cor.
Again, because BC is a chord of both circles, and GH
bisects it at right angles,
*. the centre of both circles lies in GH. 111. 1.Cor.
Hence H, the only point common to FH and GH, is the
centre of both circles ;
which is impossible, for circles which cut one another

cannot have a common centre. uL 5.
.". one circle cannot cut another at more than two points.
QE.D,

CoroLLARIES. (i) Two circles cannot meet in three
points without coinciding entirely.

(i) Two circles cannot have a common arc without
coinciding entirely.

(iil) Only ome circle can be described through thres
points, whick are not in the same straight line.



-

BOOK III. PROP. 10. 187

Prorosirion 10. Trrorem. [Skconp Proow.]

One circle cannot cut another at mors than two points
D

8

If possible, let DABC, EABC be two circles, cutting one
another at more than two points, namely at A, B, C.

Find H, the centre of the © DABC, 1,
and join HA, HB, HC.
Then since H is the centre of the ® DABC,
. HA, HB, HC are all equal. L Def. 1.
And because H is a point within the ® EABC, from
which more than two equal st. lines, namely HA, HB, HC
are drawn to the O*,

.. H is the centre of the ® EABC: uL 9.
that is to say, the two circles have a common centre H ;
but this is impossible, since they cut one another. 111 5.

Therefore one circle cannot cut another in more than
two points. QE.D.

Nore, This proof is imperfect, because it assumes that the centre
of the circle DABC must fall within the circle EABC; whereas it
may be conceived to fall either without the circle EABC, or on its
eircumference. Henoce to make the proof complete, two additional
cases are required.
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ProrosiTioN 11. THEOREM.

If two circles touch one another imternally, the straight
line which joins their cemtres, being produced, shall pass
through the point of contact.

Let ABC and ADE be two circles which touch one
another internally at A; let F be the centre of the ® ABC,
and G the centre of the ©® ADE:

then shall FG produced pass through A,

If not, let it pass otherwise, as FGEH.
Join FA, GA.

Then in the A FGA, the two sides FG, GA are together

greater than FA: 1. 20.
but FA == FH, being radii of the ©® ABC: Hyp.

.. FG, GA are together greater than FH.

Take away the common part FG;
then GA is greater than GH.
But GA = GE, being radii of the ® ADE: Hyp.
.. GE 18 greater than GH,
the part greater than the whole ; which is impossible.
.. FG, when produced, must pass through A.

Q.E.D.

EXERCISES.

1. If the distance between the centres of two circles is equal to
the difference of their radii, then the circles must meet in one point,
but in no other; that is, they must touch one another.

9. If two circles whose centres are A and B touch one another
internally, and a straight line be drawn through their point of contact,
cutting the circumferences at P and Q; shew that the radii AP and BQ
are parallel, .
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ProrosiTioN 12. THEOREM.

. If two circles touch one another externally, the straight
line which joins their centres shall pass through the poing of
contact,

Let ABC and ADE be two circles which touch one
another externally at A; let F be the centre of the © ABC,
and G the centre of the ® ADE:

then shall FG pass through A.

If not, let FG pass otherwise, as FHKG.
Join FA, GA.

Then in the A FAG, the two sides FA, GA are together
greater than FG: 1. 20.
but FA = FH, being radii of the © ABC; Hyp.
and GA = GK, being radii of the ® ADE; Hyp.
.. FH and GK are together greater than FG;
which is impossible.
.. FG must pass through A,
Q.E.D,

EXERCISES.

1. Find the locus of the centres of all circles which touch a given
circle at a given point.

9. Find the locus of the centres of all circles of given radius, which
touch a given tircle,

3. Tf the distance between the centres of two circles is equal to
the sum of their radii, then the circles meet in one point, but in no
other; that is, they touch one another.

4. If two circles whose centres are A and B touch one another
externally, and a straight line be drawn through their point of contact
cutting the circumferences at P and Q; shew that the radii AP and BQ
are parallel.
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Prorosition 13. TaEOREM.

Two circles cannot toueh one another at more than one
point, whether internally or externally.

Fig. 1 Fig. 2
A
A B E

E

B)
G F G F
D)
C D [9)

If possible, let ABC, EDF be two circles which touch one
another at more than one point, namely at B and D,

Join BD;
and draw GF, bisecting BD at rt. angles. 1.10,11.

Then, whether the circles touch one another internally,
ag in Fig. 1, or externally as in Fig. 2,
because B and D are on the O3 of both circles,
.. BD is a chord of both circles :
. the centres of both circles lie in GF, which bisects BD

at rt. angles. ur 1. Cor.
Hence GF which joins the centres must pass through
a point of contact ; 1L 11, and 12.

which is impossible, since B and D are without GF.

.. two circles cannot touch one another at more than
one point.
Q.E.D,

-

Nore. It must be observed that the proof here given applies, by
virtue of Propositions 11 and 12, to both the above figures: we have
therefore omitted the separate discussion of Fig. 2, which finds & place
in most editions based on Simson’s text.
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EXERCISES ON PROPOSITIONS 1—13,

1. Deseribe & circle to pass through two given points and
its ceptre on a given straight line. When is this implz)';sible ?n have

2. All circles which pass through a fixed point, and have their
ceqtrtes on a given straight line, pass also through s second fixed
point,

.3 Deseribe a circle of given radius to fouch a given circleat a
given point. How many solutions will there be? When will there
be only one solution?

. 4. From a given point ag centre describe a circle to touch a given
circle. How many solutions will there be?

5. Deseribe a circle to pass through a given point, and touch &
given circle at a given point. [See Ex. 1, p. 169 and Ex. 5, p. 1566.]
When is this impossible?

6. Describe a circle of given radius to touch two given circles,
[See Ex, 2, p. 169.] How many solutions will there be ?

7. Two parsllel chords of a circle are six inches and eight inches
in length respectively, and the perpendicular distance between them
is one inch : find the radius.

8. If two circles touch one another externally, the straight lines,
which join the extremities of parallel diameters towards opposite
parts, must pass through the point of contact.

9. Find the greatest and least straight lines which have one
extremity on each of two given circles, which do not intersect,

10. In any segment of & circle, of all straight lines drawn at right
angles to the chord and intercepted between the chord and the are,
the greatest is that which passes through the middle point of the
chord: and of others that which is nearer the greatest is greater than
one more remote.

11. If from any point on the cireumference of & circle straight
lines be drawn to the circumference, the greatest i8 that which passes
through the centre; and of others, that which i§ nearer to the greatest
is greater than one more remote; and from thia point there can be
drawn to the circumference two, and only iwo, equal straight lines.
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ProposiTion 14, THEOREM.

Equal chords in a circle are equidistant from the centre:
and, conversely, chords which are equidistant from the
centre are equal.

A

D

Let ABC be a circle, and let AB and CD be chords,
of which the perp. distances from the centre are EF
and EG.

First, Let AB=CD:

then shall AB and CD be equidistant from the centre E.
Join EA, EC.

Then, because EF, which passes through the centre, is

perp. to the chord AB; Hyp.
.". EF bisects AB; 1 3.

that is, AB is double of FA.
For a similar reason, CD is double of GC.
But AB=CD, Lyp.
.. FA=GC.
Now EA=EC, being radii of the circle;
.". the sq. on EA =the sq. on EC.

But the sq. on EA =the sqq. on EF, FA;
for the . EFA is a rt. angle. L 47.

And the sq. on EC = the sqq. on EG, GC;

for the . EGC is a rt. angle.
.". the 8qq. on EF, FA=the sqq. on EG, GC.
Now of these, the sq. on FA =the sq. on GC; for FA=GC.
.. the sq. on EF =the sq. on EG,
.. EF=EG;

that is, the chords AB, CD are equidistant from the centre.
QE.D,
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Conversely. Let AB and CD be equidistant from the

centre E;
that is, let EF =EG:
then shall AB = CD.

For, the same construction being made, it may be
shewn as before that AB is double of FA, and CD double
of GC;

and that the sqq. on EF, FA=the sqq. on EG, GC.
Now of these, the sq. on EF =the sq. on EG,

for EF =EG: Hyp.
.. the 8q. on FA =the square on GC;
.. FA=GC;

and doubles of these equals are equal ;
that is, AB=CD.
Q.E.D.

EXERCIBES.,

1. Find the locus of the middle points of equal chords of a circle.

9. If two chords of a circle cut one another, and make equal
angles with the straight line which joins their point of intersection
to the centre, they are equal.

8. If two equal chords of a circle intersect, shew that the segments
of the one are equal respectively to the segments of the other,

4. In a given circle draw a chord which shall be equal to one
given straight line (not greater than the diameter) and parallel to
another.

5. PQisa fixed chord in a cucle, and AB is any diameter : shew
that the sum or difference of the perpendiculars let fall from Aand B
on PQ is constant, that is, the same tor all positions of AB.

12
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ProrosiTioN 15. THEOREM.

The diameter is the greatest chord in a circle ;
and of others, that which is nearer to the centre is greater
tham one more remote:

conversely, the greater chord is nearer fo the centre than
the less.

A B
F,

G
D

Let ABCD be a circle, of which AD is a diameter, and E
the centre; and let BC and FG be any two chords, whose
perp. distances from the centre are EH and EK:
then (i) AD shall be greater than BC:

(1) if EH is less than EK, BC shall be greater than FG:
(iii) if BC is greater than FG, EM shall be less than EK,

(i) Join EB, EC,
Then in the A BEG, the two sides BE, EC are together
greater than BC; 1. 20.
but BE = AE, 1uL Def, 1.

and EC=ED;

.. AE and ED together are greater than BC;
that is, AD is greater than BC.
Similarly AD may be shewn to be greater than any
other chord, not a diameter.

(ii) Let EH be less than EK;
then BC shall be greater than FG.
Join EF.
Since EH, passing through the centre, is perp. to the
chord BcC,
.. EH bisects BC; ut 3.
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that is, BG is double of HB.
For a similar reason FG is double of KF.
Now EB =EF, urL Def. 1,
.. the sq. on EB =the sq. on EF.
But the sq. on EB=the sqq. on EH, HB;
for the . EHB is a rt. angle; 1. 47,
also the sq. on EF = the sqq. on EK, KF H
for the L EKF is a rt. angle.
-". the sqq. on EH, HB =the sqq. on EX, KF.
But the sq. on EH is less than the sq. on EX,
for EH is less than EK; Hyp.
" the sq. on HB is greater than the sq. on KF |
.. HB is greater than KF:
hence BG 1s greater than FG,

(iii) Let BC be greater than FG ;

then EH shall be less than EK.
For since BC is greater than FG, Hyp.

.. HB is greater than KF:

.. the sq. on HB ig greater than the sq. on KF.
But the sqq. on EH, HB = the sqq. on EK, KF : Proved,
.. the sq. on EH is less than the sq. on EK;
. EH is less than EK.

QE.D.

EXERCISES.

1. Through a given point within a circle draw the least possible

chord.

2. AB is g fixed chord of a circle, and XY any other chord having

its middle point Z on AB: what is the greatest, and what the leas}
length that XY may have?

Bhew that XY inereases, as Z approaches the middle point of AB.
.3, In a given circle draw a chord of given length, having its

raiddle point on a given chord.

‘When is this problem impossible?
12.2
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Obs. Of the following proofs of Proposition 16, the second (by
reductio ad absurdum) is that given by Euclid; but the first is to be
preferred, as it is direct, and not less simple than the other.

ProrosiTION 16. THEOREM. [ALTERNATIVE PROOF.]

" The straight line drawn at right angles to a diameter of
a circle at one of its extremitics is a tangent to the circle:
and every other straight line drawn through this point
cuts the circle.

A

n

cC G B D

Let AKB be a circle, of which E is the centre, and AB
a diameter; and through B let the st. line CBD be drawn
at rt. angles to AB:
then (i) CBD shall be a tangent to the circle;
(il) any other st. line through B, as BF, shall cut
the circle.

(i) In oD take any point G, and join EG.
Then, in the AEBG, the L EBG is a rt. angle, Hyp.

.. the £ EGB is less than a rt. angle; L 17,
.. the £ EBG is greater than the L EGB;
.. EG is greater than EB: 1 19.

that is, EG is greater than a radius of the circle;
.. the point G is without the ecircle.
Similarly any other point in CD, except B, may be shewn
to be outside the circle :
hence CD meets the circle at B, but being produced,
does not cut it;
that is, CD is a tangent to the circle. 1. Def 10,
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(ii) Draw EH perp. to BF. 112
Then in the A EHB, because the - EHB is & rt. angle,
. the £ EBH is less than a rt. angle; L 17.
.. EB is greater than EH; 1. 19,
that is, EH is less than a radius of the circle:
-« H, a point in BF, is within the circle;
.. BF must cut the circle. Q.E.D.

Prorostrion 16. Turorem. [Evcuip’s Proor.)

The straight line drawn at right angles to a diamater of
@ circle at one of its extremities, is o tangent to the circle:

and no other straight line can be drawn through this
point 80 as not to cut the circle,

Let ABC be a circle, of which D is the centre, and AB
a diameter; let AE be drawn at rt. angles to BA, at its
extremity A:
(i) then shall AE be a tangent to the circle.
For, if not, let AE cut the circle at C.
Join DC,
Then in the A DAC, because DA = DC, 111 Def. 1.
.. the L DAC =the L DCA.
But the . DAC is a rt. angle; Hyp,
.. the £ DCA is a rt. angle;
that is, two angles of the A DAC are together equal to two
rt. angles; which is impossible. 1 17,
Hence AE meets the circle at A, but being produced,
does not cut it;
that is, AE is a tangent to the circle. 111 Def. 10.
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(ii) Also through A no other straight line but AE can
be drawn s0 as not to cut the circle.

F E

\_/

For, if possible, let AF be another st. line drawn through
A 50 as not to cut the circle.

From D draw DG perp. to AF; L 12,
and let DG meet the O at H.

Then in the A DAG, because the L DGA is a rt. angle,

A

.'. the . DAG is less than a rt. angle; . 17.
.'. DA is greater than DG. . 19.
But DA =DH, uL Def. 1.

.. DH is greater than DG,
the part greater than the whole, which is impossible.
*. no st. line can be drawn from the point A, so as not to
cut the circle, except AE.

CorouLaries, (i) 4 tangent touches o circle at one
point only.

(i) There can be but one tangent to a circle at a gwen
point,

v
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Prorosirion 17. Prosuim.

To draw a tangent to a circle from a given point either
on, or without the circumference.

Fig. 1 Flg. 2

Let BCD be the given circle, and A the given point:
it is required to draw from A a tangent to the © CDB.

Case 1. If the given point A is on the O,

Find E, the centre of the circle. L 1.
Join EA.
At A draw AK at rt. angles to EA. r 11,
Then AK being perp. to a diameter at one of its extremities,
is a tangent to the circle. 1. 16.
Case I1. If the given point A is without the O .
Find E, the centre of the circle; . 1,

and join AE, cutting the ®BCD at D.

From centre E, with radiug EA, describe the ©®AFG.
At D, draw GDF at rt. angles to EA, cutting the © AFG at
F and G. 1. 11

Join EF, EG, cutting the ®BCD at B and C.
Join AB, AC.
Then both AB and AC shall be tangents to the ®CDB.
For in the A% AEB, FED,
AE = FE, being radii of the © GAF;
Because {and EB = ED, being radii of the ® BDC;

and the included angle AEF is common;

.. the . ABE =the L FDE. I 4.
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G
A

AN

But the . FDE is a rt. angle, Constr.

.. the £ ABE is a rt. angle;
hence AB, being drawn at rt. angles to a diameter at one
of its extremities, is a tangent to the © BCD. ur 16.

Similarly it may be shewn that AC is a tangent. Q.E.F.

CorOLLARY. If two tangents are drawn to a circle from
an external point, then (1) they are equal ; (ii) they subtend
equal angles at the centre ; (ii1) they make equal angles with
the stratght line which joins the given point to the centre.

For, in the above figure,
Since ED is perp. to FG, a chord of the ® FAG,
..DF =DG. 1, 3,
Then in the A® DEF, DEG,

DE is common to both,
Because and EF = EG; ut Def. 1.
and DF =DG; Proved.
”. the . DEF=the . DEG. L 8.

Again in the A® AEB, AEC,
AE is common to both,
Because and EB=EC,

and the . AEB=the L AEC; Proved.

S AB=AC: 1. 4.

and the . EAB=the . EAC. Q.E.D.

Nore. If the given point A is within the circle, no solution is

possible,

Hence we see that this problem admits of two solutions, one solu-
tion, or no solution, according as the given point A is without, on, or
within the eircumference of a oircle.

For a simpler method of drawing a tangent to s circle from a given
point, see page 202.
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Proposirion 18. TrHEOREM.

. The strarght tine drawn from the centre of a circle to the
point of contact of @ tangent is perpendicular to the tangend.

<

A
F
B
D c G E

Let ABC be a circle, of which F is the centre;
and let the st. line DE touch the circle at G :
then shall FC be perp. to DE.
For, if not, suppose FG to be perp. to DE, . 12,
and let it meet the O“at B.
Then in the A FCG, because the ~ FGC is a rt. angle, yp.

.. the . FCG is less than a rt. angle: 1 17,
.. the . FGC is greater than the . FCG;
.. FC is greater than FG: 1. 19,
but FC=FB;

.. FB is greater than FG,
the part greater than the whole, which is impossible.

.'. FC cannot be otherwise than perp. to DE:
that is, FC is perp. to DE. QE.D.

EXERCISES.

1. Draw a tangent to a circle (i) parallel to, (i) at right angles to
a given straight line.

2. Tangents drawn to a cirele from the estremities of a diameter
are parallel,

8. Circles which touch one another internally or externally have a
common tangent at their point of contact.

4. In two concentric circles any chord of the outer circle which
touches the inner, is bisected at the point of contact.

5. In two concentric circles, all chords of the outer circle which
touch the inner, are equal.
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ProrosiTION 19. THEOREM.

The straight line drawn perpendicular to a tamgent to a
circle from the point of contact passes through the centre.

0 c g

Let ABC be a circle, and DE a tangent to it at the point C;
and let CA be drawn perp. to DE:
then shall CA pass through the centre.

For if not, suppose the centre to be outside CA, as at F.
Join CF.
Then because DE is a tangent to the circle, and FC
is drawn from the centre F to the point of contact,
.. the ¢ FCE is a rt. angle. uL 18.
But the . ACE is a rt. angle; Hyp.
.. the . FCE =the L ACE;
the part equal to the whole, which is impossible.
.". the centre cannot be otherwise than in CA;
that is, CA passes through the centre.
Q.ED.

EXERCISES ON THE TANGENT.

Prorosrrions 16, 17, 18, 19.

1. The centre of any circle which touches two intersecting straight
lines must lie on the bisector of the angle between them,

2. AB and AC are two fangents o 5 circle whose oentre is O
shew that AO bisects the chord of contact BC at right angles.
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8. If two circles are contentric all tangents drawn from points on
the circumference of the oufer to the inner circle are equal,

4, The diameter of a circle bisects all chords which are parallel
to the tangent at either extremity.

5. I"md the locus of the centres of all circles which touch a given
straight line at a given point.

6. Find the locus of the centres of all circles which touch each
of two parallel straight lines,

7. Find the locus of the centres of all circles which touch each of
two intersecting straight lines of unlimited length.

. 8. Describe a circle of given radius to touch two given straight
ines.

9. Through a given poinf, within or without a circle, draw a
chord equal to & given straight line.

In order that the problem may be possible, between what limits
must the given line lie, when the given point is (i) without the circle,
(i) within it?

10. Two parallel tangents 1o a circle intercept on any third tan.
gent a segment which subtends a right angle at the centre.

11. In any quadrilateral circumseribed about a curcle, the sum of
one pair of opposite sides is equal to the sum of the other pair.

12. Any parallelogram which can be circumscribed about & circle,
must be equilateral.

13. If a quadrilateral be described sbout a circle, the angles sub-
tended at the centre by any two opposite sides are together equal to
two right angles.

14, AB is any chord of a circle, AC the diameter through A, and
AD the perpendicular on the tangent at B: shew that AB bisects the
angle DAC.

15. Find the locus of the extremities of tangents of fixed length
drawn to & given circle.

16. In the diameter of a circle produced, determine & point su¢h
that the tangent drawn from it shall be of given length.

17. TIn the diameter of a circle produced, Qeternqine a point such
that the two tangents drawn from it may contain a given angle.

18. Deseribe & circle that shall pass through a given point, and
touch a given straight line at & given point. [See page 183. Ex, §.]

19. Describe a circle of given radius, having its centre on & given
straight line, and touching another given straight line.

20. Describe & oircle that sball have 8 given radius, and touch a
given circle and a given straight line. How many such ecircles can
be drawn ?
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ProrosiTioN 20. THEOREM.

The angle at the centre of a circle is double of an angle
at the circumference, standing on the same arc.

Fig. 1 Fig. 2
A

Let ABC be a circle, of which E is the centre; and let
BEC be an angle at the centre, and BAC an angle at the O,
standing on the same arc BC:

then shall the 2 BEC be double of the ~ BAC.

Join AE, and produce it to F.

Case 1. When the centre E is within the angle BAC.

Then in the A EAB, because EA=EB,
.. the ~ EAB=the L EBA; L 5.
.. the sum of the .* EAB, EBA = twice the . EAB.

But the ext. . BEF =the sum of the . % EAB, EBA; 1. 32.
.. the L BEF =twice the . EAB,
Similarly the - FEC=twice the . EAC.
.. the sum of the . ® BEF, FEC =twice the sum of
the . ® EAB, EAC;
that is, the . BEC=twice the . BAC.

Case II. When the centre E is without the ~ BAC.

Asbefore, it may be shewn that the . FEB = twice the . FAB;
also the L FEC =twice the . FAC;
.. the difference of the L® FEG, FEB = twice the difference
of the *® FAC, FAB:
that is, the L BEC = twice the . BAC.
Q.E.D.
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Now.m. If the arc BFC, on which the angles
stand, is greater than a semi-circumference, it g C
is clear that the angle BEC at the centre will be
reflex: but it may siill be shewn as, in Case 1.,
that the reflex . BEC is double of the - BAC
at the 0°*, standing on the same arc BFC.

ProrosiTion 21. TuEOREM.

Angles in the same segment of a circle are equal.

A £ .

c

Let ABCD be a circle, and let BAD, BED be angles in
the same segment BAED:
then shall the £ BAD = the £ BED.

Find F, the centre of the circle. uL i,

Case I. When the segment BAED is greater than a
semicircle.
Join BF, DF.

Then the . BFD at the centre = twice the . BAD at the
O, standing on the same arc BD: 1. 20,

and similarly the . BFD = twice the . BED. TL 20.
.. the . BAD = the . BED.

Case I When the segment BAED is not greater than
a semicircle.
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[

Join AF, and produce it to meet the O at C.
Join EC.

Then since AEDGC is a semicircle;
.'. the segment BAEC is greater than a semicircle:
.. the L BAC =the . BEGC, in this segment. Case 1.

Similarly the segment CAED is greater than a semicircle;
.. the . CAD =the . CED, in this segment.

.. the sum of the L® BAC, CAD = the sum of the . *® BEG,
CED:
that is, the £ BAD = the . BED. Q.E.D.

EXERCISES.

1. P is any point on the are of a segment of which AB is the
chord. Shew that the sum of the angles PAB, PBA is constant.

2. P@ and RS are two chords of a circle intersecting at X: prove
that the triangles PXS, RXQ are equiangular.

3. Two circles intersect at A and B; and through A any straight
line PAQ is drawn terminated by the circumferences: shew that PQ
subtends a constant angle at B.

4, Two circles intersect at A and B; and through A any two
straight lines PAQ, XAY are drawn terminated by the eircumferences:
shew that the arcs PX, QY subtend equal angles at B.

5. P is any point on the arc of & segment whose chord is AB: and
the angles PAB, PBA are bisected by straight lines which intersect at
©O. Find the locus of the point O.
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Nore. If the extension of Proposition 20, given in th
page 185, is adopted, a separate treatment of given Ae note on
the second case of the present proposition ‘is E
unnecessary.

For, ag in Case L., D

the reflex £ BFD=twice the £« BAD; 111.20.
also the reflex £ BFD =twice the 2 BED;
.. the £ BAD=the £ BED,

The converse of Proposition 21 is very important. For the con-
struction used in its proof, viz. To describe a circie about a given
triangle, the student is referred to Book rv. Proposition 5. [Or see
Theorems and Examples on Book 1.  Page 108, No. 1.

Coxverse oF ProposiTioN 21.

Equal angles standing on the same base, and on the same side of
it, have their vertices on an arc of a circle, of which the given base
s the chord.

Let BAG, BDC be two equal angles standing D
~n the same base BC: A E
then shall the vertices A and D lie upon a
segment; of a circle having BC as its chord.
Describe & circle abont the ABAC: 1v.5.
then this circle shall pass through D.
For, if not, it must cut BD, or BD produced, g C
at some other point E.
Join EC,
Then the 2 BAC=the £ BEGC, in the same segment: 11.21.
but the 2 BAC=the / BDC, by hypothesis;
. the 2 BEC=the £ BDC;
- that is, an ext. angle of a triangle =an int. opp. angle;
which is impossible. 1. 16,
- the cirele which passes through B, A, C, eannot pasg otherwise

than through D. ) .
That is, the vertices A and D are on an arc of a circle of which

the chord is BC. Q. E.D.
The following corollary is important. .
Al triangles drawn on the same base, and with equal vertical angles,
have their vertices on an arc of a circle, of which the given base is the

hord.
OR, The locus of the vertices of triangles drawn on the same base
with equal vertical angles s an arc of & circle.
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ProrosiTioNn 22, THEOREM.

The opposite angles of any quadrilateral inscribed in a
circle are together equal to two right angles.

A B

Let ABCD be a quadrilateral inscribed in the © ABG;
then shall, (i) the . * ADC, ABC together = two rt. angles;
(ii) the - * BAD, BCD together = two rt. angles.

Join AC, BD.

Then the 2 ADB = the . ACB, in the segment ADCB; 111, 21,
also the . CDB =the . CAB, in the segment CDAB.

.. the . ADC = the sum of the . * ACB, CAB.
To each of these equals add the . ABC:
then the two .® ADC, ABC together = the three .* ACB,
CAB, ABC.

But the .5 ACB, CAB, ABC, being the angles of a
triangle, together = two rt. angles. 1 32,
.. the £*® ADC, ABC together = two rt. angles.

Similarly it may be shewn that
the . ® BAD, BCD together = two rt. angles,
Q.E.D,

EXERCISES.

1. If a circle can be described about a parallelogram, the
parallelogram must be rectangular.

2. ABC is an isosceles triangle, and XY is drawn parallel to the
base BC: ghew that the four points B, C, X, Y lie on a circle.

8. If one side of a quadrilateral inscribed in a circle is produced,
the exterior angle is equal to the opposite interior angle of the quadri-
lateral.
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Prorosition 22, [Alternative Proof.)

Let ABCD be a quadrilateral inseribed in the ® ABC :
then shall the £* ADC, ABC together=two rt. angles.
Join FA, FC. D
Then the 2 AFC at the centre = twice the
£ ADC at the 0%, standing on the same arae
ABC. 1. 20, C
Also the reflex angle AFC at the centre
=twice the £ ABC at the O, standing on the

same arc ADC. 1. 20,
Hence the 2% ADC, ABC are together half A 8
the sum of the £ AFC and the reflex angle AFC;
but these make up four rt. angles: 1.15. Cor. 2,

», the £® ADC, ABC together=two rt. angles,  Q.E.D.

DeriNiTioN. Four or more points through which a circle
may be described are said to be concyelic.

CONVERSE OF PROPOSITION 22.

If a pair of opposite angles of a quadrilateral are together egual to
two right angles, its vertices are concyclic.
Let ABCD be a quadrilateral, in which the opposite angles at
B and D together=1wo rt. angles; A
then shall the four points A, B, C, D be
concyeclic. E b
Through the three points A, B, C describe
a circle: 1v. b,
then this circle must pass through D.
For, if not, it will cut AD, or AD produced, B
at some other point E.
Join EC.
Then since the quadrilateral ABCE is inseribed in a cirele,
- the 28 ABC, AEC together=two rt. angles, 1122
But the 25 ABC, ADC together=two rt. angles; Hyp.
hence the 28 ABC, AEC=the £ ABC, ADC.
Take from these equals the ¢ ABC:
then the £ AEC=the LADC;
that is, an ext. angle of & triangle=an int. opp. angle;

(4]

which is impossible, 1.16.
- the circle which passes through A, B, C cannot pass otherwise
than through D:

that is the four vertices A, B, C, D are concyclic. Q.®.p,
H. E 13 ..
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DerixiTioN. Similar segments of circles are those which
contain equal angles.

ProrosiTiON 23. THEOREM.

On the same chord amd on the swme side of it, there
cannot be two similar segments of circles, not coinciding with
one another.

D

A B

If possible, on the same chord AB, and on the same
side of it, let there be two similar segments of circles ACB,
ADB, not comcldmg with one another.

Then since the arcs ADB, ACB intersect at A and B,

‘. they cannot cut one another again; 11 10.
". one segment falls within the other.

In the outer arc take any point D;
join AD, cutting the inner arc at C:

join CB, DB.
Then because the segments are similar,
". the L ACB=the . ADB; 1r. Def.
that is, an ext. angle of a triangle=an int. opp. angle;
which is impossible, 1 16.

Hence the two similar segments ACB, ADB, on the same
chord AB and on the same side of it, must coincide,
Q.E.D,

EXERCISES ON PROPOSITION 22.

1. The straight lines which bisect any angle of a quadrilateral
figure inscribed in a circle and the opposite exterior angle, meet on
the circumference.

2. A triangle is ingeribed in a circle: shew that the sum of the
‘mgles m the three segments exterior to the triangle is equal o four
right anglea

8. Dwndo a cirele into two segments, so that the angle contained
by the one sball be double of the angle contained by the other.
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ProrosiTion 24, THEOREM.

Similar segments of circles on equal chords are equal {0
one another.

A B (o] D

Let AEB and CFD be similar segments on equal chords
AB, GD:
then shall the segment ABE = the segment CDF.

For if the segment ABE be applied to the segment CDF,
go that A falls on C, and AB falls along CD;

then since AB = CD,
.. B must coincide with D.

.'. the segment AEB must coincide with the segment CFD ;
for if not, on the same chord and on the same side of it
there would be two similar segments of circles, not co-
inciding with one another: which is impossible. ut, 23.

.. the segment AEB = the segment CFD. Q.E.D.

EXERCISES.

1. Of two segments standing on the same chord, the greater
segment containg the smaller angle.

2. A segwent of a circle stands on a chord AB, and P ig any
point on the same side of AB as the segment: shew that the angle
APB is greater or less than the angle in the segment, according a8 P
is within or without the segment.

3. P, Q R are the mddle points of the sides of a triangle,
and X iz the joot of the perpendicular let fall from ome vertez on the
opposite side : shew thai the four points P, @, R, X are concyclic.

[See page 96, Ex. 2: also page 100, Ex. 2.1

4. Use the preceding exercise to shew that the middle points of the
sides of a triangle and the feet of the perpendiculars let fall from the
vertices on the opposite sides, are concyelic.

13-2
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ProrosIiTioN 25. ProBLEM¥,

~ An arc of a circle being given, to describe the whole cir-
cumference of which the given arc is a part.

8 E_N\¢C

A

Let ABC be an arc of a circle:
it is required to describe the whole O of which the arc
ABC is a part.
In the given arc take any three points A, B, C.
Join AB, BC.
Draw DF bisecting AB at rt. angles, ~ 1. 10, 11.
and draw EF bisecting BC at rt. angles.

Then because DF bisects the chord AB at rt. angles,
.". the centre of the circle lies in DF. 111 1. Cor

Again, because EF bisects the chord BC at rt. angles,
.. the centre of the circle lies in EF, 111 1. Cor.

.'. the centre of the circle is F, the only point common to
DF, EF.

Hence the O° of a circle described from centre F, with
radius FA, is that of which the given arc is a part. Q.E.F.

* Nore. Enclid gave this proposition a somewhat different form,
as follows:

A segment of a circle being given, to describe the circle of which
it is g segment.

Let ABC be the given gegment standing on the chord AC.

Draw DB, bisecting AC at rf. angles. 1.10. B

Join AB.
At A, in BA, make the 2 BAE equal to the
LABD. 1. 23,
Let AE meet BD, or BD produced, at E.
Then E shall be the centre of the required circle. ‘
[Join EC; and prove (i) EA=EC; 1. 4. ‘
(i) EA=EB. 1.6] A v c
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Prorosition 26. Turorew.

In equal circles the arcs which subtend equal angles,
whether at the centres or at the circumferences, shall be equal.

D
K L

Let ABC, DEF be equal circles and let the .® BGG, ENF,
at the centres be equal, and consequently the . *BAG, EDF
at the O%* equal: 1. 20.

then shall the arc BKC = the arc ELF.
Join BC, EF,
Then because the ©* ABC, DEF are equal,
.'. their radii are equal.

Hence in the A®* BGC, EHF,

BG = EH,

Because { and GC = HF,
and the . BGC =the L EHF; Hyp.
S, BC=EF. 1.4

Again, because the L BAC = the . EDF, Hyp.
.". the segment BAC is similar to the segment EDF;
L Def. 15.
and they are on equal chords BC, EF;
.. the segment BAC = the segment EDF.  IIr. 24.
But the whole ©® ABC = the whole © DEF;
.'. the remaining segment BKG = the remaining segment ELF,
.'. the arc BKC = the arc ELF.
Q.R. D.

[For an Alternative Proof and Exercises see pp. 197, 198.]
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ProrosiTion 27. THEOREM.

In equal circles the angles, whether at the centres or the
circumyferences, which stand on equal arcs, shall be equal.

D

Let ABC, DEF be equal circles,
and let the arc BC =the arc EF :
then shall the L BGC = the L EHF, at the centres;
and also the . BAC =the 4 EDF, at the O,
If the .® BQC, EHF are not equal, one must be the
greater.
If possible, let the £ BGC be the greater.
At G, in BG, make the ~ BGK equal to the . EMF. 1. 23.
Then because in the equal ®* ABC, DEF,
the . BGK=the . EHF, at the centres;  Consir.
.. the arc BK= the arc EF. 1. 26.
But the arc BG = the arc EF, Hyp.
.. the arc BK =the arc BC,
a part equal to the whole, which is impossible.
.". the . BGC is not unequal to the £ EHF;
that is, the L BGC == the L EHF.
And since the . BAG at the O is half the . BGC at the
centre, L 20,
and likewise the « EDF is half the ~ EHF,
.. the L BAG =the . EDF. Q.E.D,

[For Exercises see pp. 197, 198.]
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ProrosrrioNn 28. THEOREM.

In egqual circles the arcs, which are cut off by equal
chords, shall be equal, the major arc equal to the major arc,
and the minor to the minor.

A D
8 C E F
G H

Let ABC, DEF be two equal circles,
and let the chord BC =the chord EF:
then shall the major arc BAG = the major arc EDF;
and the minor arc BGC = the minor arc EHF.

Fmd K and L the centres of the ©®* ABC, DEF: 11 1,
and join BK, KC, EL, LF.

Then because the ©* ABC, DEF are equal,
.. their radii are equal.

Hence in the A® BKG, ELF,

BK=EL,

Because % KC =LF,
and BC=EF; Hyp.
*. the . BKC =the . ELF; L 8
*, the arc BGC = the arc EHF; ur. 26.

and these are the minor arcs.

But the whole O® ABGC =the whole O DEHF;  Hyp.
‘. the remaining arc BAC = the remaining arc EDF:
and these are the major arcs. QED,

[For Exercises see pp. 197, 198.]
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ProrosiTion 29. THEOREM,

In equal circles the chords, which cut of equal arcs, shall
be equal.

A

E F

H
G

Let ABC, DEF be equal circles,
and let the arc BGC = the arc EHF:
then shall the chord BC = the chord EF.
Find K, L the centres of the circles. ur 1.
Join BK, KC, EL, LF.
Then in the equal ©*® ABC, DEF,
because the arc BGC = the arc EHF,
.. the L BKC = the . ELF. nr. 27.
Hence in the A® BKC, ELF,
BK =EL, being radii of equal circles;
Because KC =LF, for the same reason,
{and the L BKC=the . ELF; Proved.
.. BC=EF. L 4.
Q.E.D.

EXERCISES
ON PROPOSITIONS 26, 27.

1. If wo chords of a circle are parallel, they intercept equal arcs.

2. The straight lines, which join the extremities of two equal
ares of a circle fowards the same parts, are parallel.

8. Ia a circle, or in equal circles, sectors are equal if their angles
at the centres are equal.
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4. If two chords of a circle intersect at right angles, the opposite
arcs are fogether equal to a semicircumference.

8. If two chords intersect within a circle, they form an angle
equal to that subtended at the circumference by the sum of the arcs they
cut off.

6. If two chords intersect without a circle, they form an angle
equal to that subtended at the circumference by the difference of the arcs
they cut off.

7. If AB is a fized chord of a circle, and P any point on one
of the arcs cut off by it, then the bisector of the angle APB cuts the
congugate arc in the same point, whatever be the position of P.

8. Two circles intersect at A and B; and through these points
straight lines are drawn from any point P on the circumference of
one of the circles: shew that when produced they intercept on the
other circumference an arc which is constant for all positions of P.

9. A triangle ABC ig inscribed in a circle, and the bisectors of
the angles meet the circumference at X, Y, Z. Find each angle of
the triangle XYZ in terms of those of the original triangle.

ON PROPOSITIONS 28, 29.

10. Thestraight lines which join the extremities of parallel chords
in a circle (i) towards the same parts, (ii) towards opposite parts, are
equal.

11. Through A, a point of intersection of two equal circles two
straight lines PAQ, XAY are drawn: shew that the chord PX is equal
to the chord QY.

12. Through the points of intersection of two circles two parallel
straight lines are drawn terminated by the circumferences: shew that
the straight lines which join their extremities towards the same parts
are equal.

13. Two equal circles intersect at A and B; and through A any
straight line PAQ is drawn terminated by the circumferences: shew
that BP=BQ.

14. ABC is an isosceles triangle ingeribed in a circle, and the
bisectors of the base angles meet the circumference at X and Y. Shew
that the figure BXAYC must have four of its sides equal.

What relation must subsist among the angles of the triangle ABC,
in order that the figure BXAYC may be equilateral?
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Norz. We have given Euclid's demonstrations of Propositions
28, 27, 28, 29; but it should be noticed that all these propositions
also admit of direct proof by the method of superposition.

To illustrate this method we will apply it to Proposition 26,

ProrosiTron 26. [Alternative Proof.]

In equal circles, the arcs which subtend equal angles, whether at
the centres or circumferences, shall be equal.

A
K D

Let ABC, DEF be equal circles, and let the 28 BGC, EHF at the
centres be equal, and consequently the .* BAC, EDF at the o™
equal: 1z, 30,

then shall the arec BKC =the arc ELF,

For if the ® ABC be applied to the ® DEF, so that the centre G
may fall on the centre H,
then because the circles are equal, Hyp.
. their O** must coincide;
hence by revolving the upper circle about its eentre, the lower circle

remaining fixed,
B may be made to coincide with E,
and consequently GB with HE.
And because the £ BGC=the £ EHF,
*, GC must coincide with HF:
and since GC == HF, Hyp.
.~ C must fall on F.
Now B coinciding with E, and C with F,
and the 0 of the ® ABC with the ¢ of the @ DEF,
.. the are BKC must coincide with the are ELF,
.. the arc BKC=the arc ELF.
Q.E.D,



BOOK II. PROP. 30. 169
ProrosiTion 30. ProBLEM.

To bisect a given arc.

D

A [} 8

Let ADB be the given arc:
it is required to bisect it.

Join AB; and bisect it at C. 1. 10.
At C draw CD at rt. angles to AB, meeting the given
arc at D, L1l
Then shall the arc ADB be bisected at D.
Join AD, BD.
Then in the A® ACD, BCD,
AC = BC, Constr.
Because { and CD is common;
and the . ACD =the . BCD, being rt. angles:
s AD = BD. 14

And since in the ©® ADB, the chords AD, BD are equal,
.. the arcs cut off by them are equal, the minor arc equal
to the minor, and the major arc to the major: nr 28,

and the arcs AD, BD are both minor arcs,
for each is less than a semi-circumference, since DC, bisecting
the chord AB at rt. angles, must pass through the centre
of the circle. 11 1. Cor.
.. the arc AD = the arc BD:
that is, the arc ADB is bisected at D. Qe ¥,

EXERCISES.
1. If a tangent to a circle is parallel to a chord, the point of
eontact will bigect the are cut off by the chord.

2. Trisect & quadrant, or the fourth part of the circumference, of
8 circle.
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PropositioNn 31. THEOREM.

The angle in a semicircle is a right angle :

the angle in a segment greater tham a semicircle s less
tham a right angle :

and the angle in a segment less than a semacircle is

greater than a right angle.

Let ABCD be a circle, of which BC is a diameter, and

E the centre; and let AC be a chord dividing the circle into
the segments ABC, ADC, of which the segment ABC is
greater, and the segment is ADC less than a semicircle:
then (i) the angle in the semicircle BAC shall be a rt. angle;

(ii) the angle in the segment ABC shall be less than a
rt. angle ;

(ii1) the angle in the segment ADC shall be greater
than a rt. angle.

In the arc ADC take any point D;
Join BA, AD, DC, AE; and produce BA to F.

) Then because EA = EB, ur Def. 1.
.. the L EAB =the . EBA L. 5.
And because EA = EC,
.. the . EAC =the . ECA.

.. the whole . BAC =the sum of the . *® EBA, ECA:
but the ext. . FAC = the sum of the two int. L% CBA, BCA;
.. the 2 BAC =the L FAC;

.. these angles, being adjacent, are rt. angles.
.. the £ BAC, in the semicircle BAC, is & rt. angle.
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(ii) In the A ABC, because the two ,® ABC, BAC are

together less than two rt. angles; L 17,

and of these, the L BAG is a rt. angle;  Proved.

.. the 2 ABC, which is the angle in the segment ABC, is
less than a rt. angle.

(ili) Because ABCD is a quadrilateral inscribed in the
O ABC,
.. the L * ABC, ADG together = two rt. angles; 111 22.
and of these, the L ABC is less than a rt. angle: Proved.
.'. the ~ ADC, which is the angle in the segment ADC, is
greater than a rt. angle. QE.D.

EXERCISES.

1. 4 circle described on the hypotenuse of a right-angled triangle
as diameter, passes through the opposite angular pont.

2. A system of right-angled triangles is described upon a given
straight live as hypotenuse: find the locus of the opposite angular
points,

3. A straight rod of given length slides between two straight
rulers placed at right angles to one another: find the locus of its
middle point.

4. Two circles intersect at A and B; and through A two diameters
AP, AQ are drawn, one in each circle: shew that the points P, B, @
are collinear. [See Def. p. 102.]

5. A circle is described on one of the equal sides of an isosceles
triangle as diameter. Shew that it passes through the middle point
of the base.

6. Of two circles which have internal contact, the diameter of the
inner is equal to the radius of the outer. Shew that any chord of
the outer circle, drawn from the point of contact, is bisected by the
circumference of the inner circle.

7. Circles described on any two sides of a triangle as diameters
intersect on the third side, or the third side produced.

8. Find the locus of the middle points of chords of a circle drawn
through a fized point.

Distinguish between the cases when the given point is within, on,
or without the circumference,

9. Describe a square equal to the difference of two given squares.

10. Through one of the points of intersection of iwo circles draw
& chord of one circle which shall be bisected by the other.

11. On a given straight line a¢ base a system of equilateral four-
sided figures is described : find the locus of the intersection of their
diagonsls.
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Norx 1. The extension of Proposition 20 to straight and reflex
angles furnishes a simple alternative proof of
the first theorem contained in Proposition 31, A
viz,

The angle in a semicircle is a right angle.

For, in the adjoining figure, the angle at c
the centre, standing on the arc BHC, is
double the angle at the O*, standing on the
same &ro. H

Now the angle at the centre is the straight angle BEC;
.~ the £ BAC is half of the straight angle BEC:
and a straight angle=two rt. angles;
. the £ BAC=one half of two rt. angles,
= one rt. angle, Q.%.D,

Nore 2. From Proposition 31 we may derive a simple practical
solution of Proposition 17, namely,
To draw a tangent to a circle from a given external point,

Let BCD be the given
circle, and A the given exter-
nal point:

it is required to draw from
A & tangent to the @ BCD.

Find E, the centre of the
circle, and join AE.

On AE describe the semi-
circle ABE, to cut the given
eircle at B,

Join AB.
Then AB shall be a tangent
to the ® BCD.
For the £ ABE, being in a semieirele, is a rt. angle. 1, 31.
. AB is drawn at rt. angles to the radius EB, from its ex-
tremity B;
. ~. AB is a tangent to the circle. 1. 16.

Q.E¥,

Since the semiecircle might be described on either side of AE, it is

olear that there will be & second solution of the problem, as shewn by
the dotted lines of the figure.
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ProrosiTioN 32, THEOREM.

If a straight line towch a circle, and jrom the point of
contact a chord be drawn, the angles which this chord makes
with the tangent shall be equal to the angles in the alternate
segments of the circle.

A

E B F

Let EF touch the given ®ABC at B, and let BD be a
chord drawn from B, the point of contact:
then shall (i) the . DBF = the angle in the alternate
segment BAD:
(ii) the . DBE = the angle in the alternate
segment BCD.

From B draw BA perp. to EF. L 1L
Take any point C in the arc BD;
and join AD, DC, CB.

(i) Then because BA is drawn perp. to the tangent EF,
at its point of contact B,
.. BA passes through the centre of the circle: 111. 19,
.. the . ADB, being in a semicircle, is a rt. angle: 1. 31,
.. in the AABD, the other ».* ABD, BAD together=a rt.
angle; 1 32,
that is, the . * ABD, BAD together = the £ ABF.
From these equals take the common . ABD;
. the . DBF =the . BAD, which is in the alternate seg-
ment,
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A

E B F

(ii) Because ABCD is a quadrilateral inscribed in a
circle,
.. the . * BCD, BAD together =two rt. angles: 111 22,
but the L *® DBE, DBF together =two rt. angles; 1. 13.
.. the .® DBE, DBF together=the . ® BCD, BAD:
and of these the . DBF =the . BAD; Proved.
." the . DBE =the - DCB, which is in the alternate seg-
ment. Q.E.D.

EXERCISES.

1. State and prove the converse of this proposition,

2. Use this Proposition to shew that the tangents drawn to a
circle from an external point are equal,

8. If two circles touch one another, any straight line drawn
through the point of contact cuts off similar segments.

Prove this for (i) internal, (ii) external contact.

4. 1If two circles touch one another, and from A, the point of con-
taot, two chords APQ, AXY are drawn: then PX and QY are parallel.

Prove this for (i) internal, (ii) external contact.

5. Two circles intersect at the points A, B: and one of them
passes through O, the centre of the other: prove that OA bisects the
angle between the common chord and the tangent to the first circle
at A,

6. Two circles intersect at A and B; and through P, any point
on the circumnference of one of them, straight lines PAC, PBD are
drawn to cut the other circle at C and D: shew that CD is parallel
to the tangent at P.

7. If from the point of contact of a tangent to a ecircle, a chord
be drawn, the perpendiculars dropped on the tangent and chord from
the middle point of either arc cut off by the chord are equal.
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Prorositioxr 33. PropLEm.

On a given straight line to describe a segment of a circle
which shall contain an angle equal to a given angle.

H

H
Ame

/8 D

T

Let AB be the given st. line, and C the given angle:
it is required to describe on AB a segment of a circle which
shall contain an angle equal to C.

At A in BA, make the ~ BAD equal to the L C. 1. 23.
From A draw AE at rt. angles to AD. 1 1L
Bisect AB at F; 1. 10.
and from F draw FG at rt. angles to AB, cutting AE at G.
Join GB.
Then in the A® AFG, BFG.
AF = BF, Constr.

Because and FG is common,
and the . AFG =the . BFG, being rt. angles;
1 4,

S.GA=GB:
.. the circle described from centre G, with radius GA, will

pass through B.
Describe this circle, and call it ABH:
then the segment AHB shall contain an angle equal to C.
Because AD is drawn at rt. angles to the radius GA from

its extremity A,

.. AD is a tangent to the circle: 1 16.

and from A, its point of contact, a chord AB is drawn;
.'. the £ BAD = the angle in the alt. segment AHB. 111, 32,
But the L BAD=the L C: Constr

. the angle in the segment AHB =the . C.
.. AHB is the segment required. Q.E.F.
14
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Nors. In the particular case when the given angle C is a rt. angle,
the segment required will be the
semicircle described on the given

st. line AB; for the angle in & {C §
semicircle is a rt. angle, 1. 31,
A B8

EXERCISES.

[The following exercises depend on the corollary to Proposition 21
given on page 187, namely

The locus of the vertices of triangles which stand on the same base
and have a given vertical angle, is the arc of the segment standing on
this base, and containing an angle equal to the given angle.

Exercises 1 and 2 afford good illustrations of the method of find-
ing required points by the Intersection of Loci. See page 117.]

1. Describe a triangle on a given base, having a given vertical
angle, and having its vertex on a gwen straight line.

2. Construct a triangle, having given the base, the vertical angle
and (i) one other side.
(1t} the altitude.
(i) the length of the median which bisects the base.
(iv) the point at which the perpendicular from the vertex
meets the base.

8. Construct a triangle having given the base, the vertical angle,
and the point at which the base s cut by the bisector of the vertical
angle.

Lot AB be the base, X the given point in it, and K the given
angle, On AB describe a segment of a circle containing an angle
equal to K; complete the O by drawing the arc APB. Bisect the arc
APB at P: join PX, and produce 1t to meet the c** at C. Then ABC
shall be the required triangle.]

4. Construct a triangle having given the base, the vertical angle,
and the sum of the remaining sides.

[Liet AB be the given base, K the given angle, and H the given line
equal to the sum of the sides. On AB describe a segment containing
an angle equal to K, also another segment containing an angle equal
to half the /K. From centre A, with radius H, describe a circle
cutting the last drawn segment at X and Y. Join AX (or AY) cutting
the first segment at C. Then ABC shall be the required triangle.]

5. Construct a triangle having given the base, the vertical angle,
and the difference of the remaining sides,
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Prorosition 34, PROBLEM.

From a given circle to cut off a segment which shall
contain an angle equal to a given angle.

4

0

A

E B F

Let ABC be the given circle, and D the given angle:
it is required to cut off from the ® ABC a segment which
shall contain an angle equal to D.

Take any point B on the O°,
and at B draw the tangent EBF. . 17.
At B, in FB, make the . FBC equal to the » D. 1. 23.
Then the segment BAC shall contain an angle equal to D.

Because EF is a tangent to the circle, and from B, its
point of contact, a chord BC is drawn,
.. the . FBC = the angle in the alternate segment BAC.
1, 32,
But the » FBC =the L D; Conatr.
.'. the angle in the segment BAC =the . D.
Hence from the given ® ABC a segment BAC has been
cut off, containing an angle equal to D. Q.E.F.

EXERCISES,

1. 'The chord of a given segment of & circle is produced to & fixed
point: on this straight line so produced draw a segment of & circle
similar to the given segment.

2. Through a given point without & circle draw & straight line’
that will cut off & segment capable of containing an angle equal to &
given angle.

143
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ProrosiTioN 35. THEOREM.

If two chords of a circle cut one another, the rectangle
contained by the segments of one shall be equal to the rect-
angle contained by the segments of the other.

Let AB, CD, two chords of the ©® ACBD, cut one another
at E:

then shall the rect. AE, EB = the rect. CE, ED,

Find F the centre of the ®ACB: ur 1.
From F draw FG, FH perp. respectively to AB, CD. 1.12.
Join FA, FE, FD.
Then because FG is drawn from the centre F perp. to AB,
.. AB is bisected at G. 1L 3.
For a similar reason CD is bisected at H.

Again, because AB is divided equally at G, and unequally at E,
.'. the rect. AE, EB with the sq. on EG =the sq. on AG. 11.5.
To each of these equals add the sq. on GF;
then the rect. AE, EB with the sqq. on EG, GF = the sum of

the sqq. on AG, GF.
But the sqq. on EG, GF = the sq. on FE; L 47.
and the sqq. on AG, GF = the sq. on AF;
for the angles at G are rt. angles.
.. the rect. AE, EB with the sq. on FE =the sq. on AF.
Similarly it may be shewn that
the rect. OF, ED with the sq. on FE=the sq. on FD.
But the sq. on AF = the sq. on FD; for AF = FD.
.". the rect. AE, EB with the sq. on FE=the rect. CE, ED
with the sq. on FE.
From these equals take the sq. on FE:
then the rect. AE. EB =the rect. CE, ED. Q.ED.
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CoroLrarY. If through o fixed point within a circle
any number of chords are drawn, the rectangles contained
by their segments are all equal

Nore. The following special cases of this proposition deserve
notice.
(i) when the given chords both pass through the centre:
(ii) when one chord passes through the centre, and cuts the
other at right angles:
(i) when one chord passes through the centre, and cuts the
other obliquely.
In each of these cases the general proof requires some modifiea-
tion, which may be left as an exercise to the student.

EXERCISES.

1. Two straight lines AB, CD intersect at E, 50 that the rectangle
AE, EB 18 equal to the rectangle CE, ED: shew that the four points
A, B, C, D are concyclic.

2. The rectangle contained by the segments of any chord drawn
through a given point within a circle 18 equal to the square on half
the shortest chord which may be drawn through that point.

8. ABC is a triangle right-angled at C; and from C a perpen-
dicular CD is drawn to the hypotenuse: shew that the square on CD
is equal to the rectangle AD, DB,

4. ABC is a triangle, and AP, BQ the perpendiculars dropped
from A and B on the opposite sides, intersect at O: shew that the
rectangle AQ, OP is equal to the rectangle BO, OQ.

5. Two circles intersect at A and B, and through any point in AB
their common chord two chords are drawn, one in each circle; shew
that their four extremities are coneyclic,

6. A and B are two points within a circle such that the rectangle
contained by the segments of any chord drawn through A is equal to
the rectangle contained by the segments of any chord through B:
shew that A and B are equidistant from the centre.

7. If through E, a point without a circle, two secants EAB, ECD
are drawn; shew that the rectangle EA, EB is equal to the rectangle
EC, ED.

[Proceed as in 1. 85, using 1. 6.]

8. Through A, a point of intersection of two circles, two straight
lines CAE, DAF are drawn, each passing through a centre and termi-
nated by the circumferences; shew that the rectangle CA, AE is equul
to the rectangle DA, AF.
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ProrosrrioNn 36, THEOREM.

If from any point without a circle a tangent and a
secant be drawn, then the rectangle contained by the whola
secant and the part of it without the circle shall be equal to
the square on the tangend.

A

Let ABC be a circle; and from D a point without it, let
there be drawn the secant DCA, and the tangent D8:
then the rect. DA, DC shall be equal to the sq. on DB.
Find E, the centre of the © ABC: uL 1,
and from E, draw EF perp. to AD, 1. 12,
Join EB, EC, ED.
Then because EF, passing through the centre, is perp.
to the chord AC,
‘. AC is bisected at F. m. 3.
And since AC is bisected at F and produced to D,
.".the rect. DA, DC with the sq. on FC=the sq. on FD. 1. 6.
To eath of these equals add the sq. on EF:
then the rect. DA, DC with the sqq. on EF, FC = the sqq. on
EF, FD.
But the sqq. on EF, FC = the sq. on EC ; for EFC is a rt. angle;
=the sq. on EB
And the 5qq. on EF, FD = the sq. on ED; for EFD isa rt. angle;
=the sqq. on EB BD; for EBD is a
rt. angle. ur. 18,
.. the rect. DA, DC with the sq. on EB = the sqq. on EB, BD.
From these equals take the sq. on EB:
then the rect. DA, DC = the sq. on DB. Q.E.D.

Nore. This proof may easily be adapted to the case when the
goeant passca throngh the centre of the circle.
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CoroLLARY. [f from a given point without o circls
any number of secants are drawn, the rectangles contained
by the whole secants and the parts of them without the circls
are all equal ; for each of these rectangles is equal to the
square on the tangent drawn from the given point to the
cirele. P

For instance, in the adjoining figure,
each of the rectangles PB, PA and PD, PC
and PF, PE is equal to the square on the Q
tangent PQ:

.. the rect. PB, PA
= the rect. PD, PC B
= the rect. PF, PE. (5}

Nore. Remembering that the segments into which the chord AB
is divided at P, are the lines PA, PB, (see Part I. page 131) we are
enabled to include the corollaries of Propositions 35 and 36 in &
single enunciation.

If any number of chords of a circle are drawn through a given
point within or witheut a circle, the rectangles contained by the
segments of the chords are equal,

EXERCISES.

1. Use this proposition to shew that tangents drawn to a circle
from an external point are equal.

2. If two circles intersect, tangents drawn o them from any
point in their common chord produced are equal.

3. If two circles intersect at A and B, and PQ is a tangent to
both circles; shew that AB produced bisects PQ.

4. If Pis any point on the straight line AB produced, shew that
the tangents drawn from P to all circles which pass through A and B
are equal.

5. ABC is a triangle right-angled at C, and from any point P in
AC, a perpendicular PQ is drawn to the hypotenuse: shew that the
rectangle AC, AP is equal {o the reciangle AB, AQ.

6. ABC is a triangle right-angled st C, and from C a perpen-
dicular CD is drawn to the hypotenuse: shew that the rect. AB, AD
is equal to the square on AC.
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ProrosiTion 37. THEOREM.

If from a point without a circle there be drawn two
straight lines, one of which cuts the circle, and the other
meets it, and of the rectangle contained by the whole line
which cuts the circle and the part of it without the circle be
equal to the square on the line which meets the circle, then
the line which meets the circle shall be a tangent to it.

B

Let ABC be a circle; and from D, a point without it,
let there be drawn two st lines DCA and DB, of which
DCA cuts the circle at ¢ and A, and DB meets it; and let
the rect. DA, DG = the sq. on DB:

then shall DB be a tangent to the circle.

From D draw DE to touch the © ABC: urly,
let E be the point of contact.
Find the centre F, and join FB, FD, FE. ar 1.

Then since DCA is a secant, and DE a tangent to the circle,
.". the rect. DA, DC = the 8q. on DE, 111. 36.
But, by hypothesis, the rect. DA, DC = the sq. on DB;
.". the sq. on DE = the sq. on DB,

.. DE = DB.
Hence in the A® DBF, DEF.
DB = DE, Proved.
Because { and BF = EF; 1 Def. 1.
and DF is common;
.. the . DBF = the . DEF. 1L 8
But DEF is a rt. angle; m. 18,

.. DBF is also a rt. angle;
and since BF is a radius,
.". DB touches the ©ABC at the point B.
Q.E.D,



NOTE ON THE METHOD OF LIMITS AS APPLIED TO TANGENCY.

Euclid defines a tangent to a circle as a straight line which meets
the circumference, but being produced, does not cut it: and from this
definition he deduces the fundamental theorem that a tangent is per-
pendicular to the radius drawn to the point of contact, Prop. 16.

But this result may also be established by the Method of Limits,
which regards the tangent as the ultimate position of a secant when its
two pownts of intersection with the circumference are brought into coin-
cidence [See Note on page 151]: and 1t may be shewn that every
theorem relating to the tangent may be derived from some more
general proposition relating to the secant, by considering the ultimate
case when the two points of intersection coincide.

1. To prove by the Method of Limits that a tangent to a circle
is at right angles to the radwus drawn to the point of contact.

Let ABD be a circle, whose centre
is C; and PABQ a secant cutting the
c* in A and B; and let PAQ’ be the
limiting position of PQ when the point
B is brought into coincidence with A:
then ghall CA be perp. to P'@’.

Bisect AB at E and join CE:

then CE is perp. to PQ. 1. 3.

Now let the secant PABQ change
its position in such a way that while the
point A remains fixed, the point B con-
tinually approaches A, and ultimately
coincides with it;

then, however near B approaches to A, the st. line CE is always
perp. to PQ, since it joins the centre to the middle point of the chord
AB.

But in the limiting position, when B coincides with A, and the
secant PQ becomes the tangent P'Q/, it is clear that the point E will
also coincide with A; and she perpendicular CE becomes the radius
CA. Hence CA is perp. to the tangent P'Q’ at its point of contact
A. Q.E.D,

Nore. It follows from Proposition 2 that a straight line cannot
cut the circumference of a circle at more than two pownts. Now when
the two points in which a secant cuts a circle move towards coinci-
dence, the secant ultimately becomes s tangent to the circle: we
infer therefore that a tangent cannot meet a circle otherwise than
at its point of contact. Thus Enclid’s definition of a tangent may be
deduced from that given by the Method of Limits.
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2, By this Method Proposition 32 may be derived as a special case
Jfrom Proposition 21.

For let A and B be two points on the 0
of the ®ABC;
and let BCA, BPA be any two angles in
the segment BCPA : .
then the 2 BPA=the 2 BCA, . 21,

Produce PA to Q.

Now let the point P continually approach
the fixed point A, and ultimately coincide
with it;

then, however near P may approach to A,
the £ BPQ=the £ BCA. 1. 21.
But in the limiting position when Qf Q
P coincides with A,
and the secant PAQ becomes the tangent AQ/,
it i8 clear that BP will coincide with BA,
and the / BPQ becomes the 2/ BAQ'.
Hence the £ BAQ'=the £ BCA, in the alternate segment. q.E.D.

The contaot of circles may be treated in a similar manner by
adopting the following defimtion.

Dermvrrion,  If one or other of two intersecting circles alters its
position in such a way that the two points of intersection continually
approach one another, and ultimately coincide; in the limiting posi-
tion they are said to touch one another, and the point in which the
two points of intersection ultimately coincide is called the point of
contact.

EXAMPLES ON LIMITS.

1. Deduce Proposition 19 from the Corollary of Proposition 1
and Proposition 3.

2. Deduce Propositions 11 and 12 from Ex. 1, page 156.

8. Deduce Proposition 6 from Proposition 3.

4. Deduce Proposition 13 from Proposition 10.

5. Shew that a straight line outs a circle in two different points,
wwo coincident points, or not at all, according as its distance from the
centre is less than, equal to, or greater than a radius.

6. Deduce Proposition 32 from Ex. 3, page 188.

7. Deduce Proposition 86 from Ex. 7, page 209.

8. The angle in a semi-circle is a right angle.

To what Theorem is this statement reduced, when the vertex of
%e rxgtl;: ?sngle is brought into coincidence with an extremity of the

ame

9. From Ex. 1, page 190, deduce the corresponding property of a
triangle inseribed in & circle,
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THEOREMS AND EXAMPLES ON BOOK IIIL

I. ON THE CENTRE AND CHORDS OF A CIRCLE.
See Propositions 1, 3, 14, 15, 25.

1. Al ecircles which pass through a fized point, and have their
centres on a given straight lyne, pass also through a second fixed point,

Let AB be the given st. line, and P the given point.
Pl

A

From P draw PR perp. to AB;
and produce PR to P, making RP’ equal to PR.
Then all circles which pnss through P, and have their centres on
AB, shall pass also through P
For let C be the centre of any one of these circles,
’ Join CP, CP'.
Then in the A* CRP, CRP’
CR is common,
Becauss and RP=RP, Constr.
and the L CRP==the £ CRP, being rt. angles;
s~ CP= P'; a
. the circle whose centre is C, and which passes through P, must
pass also through P,
But C is the centre of any circle of the system ;
. all circles, which pass through P, and have their centres in AB,
psss also through P, Q. E.D.

2. Describe a circle that shall pass through three given points not
in the same straight line,
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8. Describe a circle that shall pass through two given points and
have its centre in & given siraight Jine. When is this impossible?

4. Describe a circle of given radius to pass through two given
points. When is this impossible?

5. ABC is an isosceles triangle; and from the vertex A, as centre,
a circle is described cutting the base, or the base produced, at X and Y.
Shew that BX=CY.

6. If two circles which intersect are cut by a straight line
parallel to the common chord, shew that the parts of it intercepted
between the circumferences are equal.

7. If two circles cut one another, any two straight lines drawn
through a point of section, making equal angles with the common
chord, and terminated by the circumferences, are equal. [Ex. 12,
p. 156.]

8. If two circles cut one another, of all straight lines drawn
through a point of section and terminated by the circumferences, the
greatest 18 that which is parallel to the line joining the centres.

9. Two circles, whose centres are C and D, intersect at A, B;
and through A a straight line PAQ is drawn terminated by the
circumferences: if PC, QD intersect at X, shew that the angle PXQ
is equal to the angle CAD.

10. Through a point of section of two circles which cut one
another draw a straight line terminated by the eircumferences and
bisected at the point of section,

11. AB is s fixed diameter of a ciicle, whose centre is C; and
from P, any point on the crrcumference, PQ is drawn perpendicular
to AB; shew that the bisector of the angle CPQ always intersects the
circle in one or other of two fized points.

12, Circles are described on the sides of a quadrilateral as
dismeters: shew that the common chord of any two consecutive
circles is parallel to the common chord of the other two. [Ex. 9,
p. 97.]

13. Two equal cireles touch one another externally, and through
the point of contact two chords are drawn, one in each circle, at
right angles to each other: shew that the straight line joining their
other extremities is equal to the diameter of either circle.

14. Straight lines are drawn from a given external point to the
circumference of a circle: find the locus of their middle points.
[Ex. 3, p. 97.]

15. Two equal segments of circles are described on opposite sides
of the same chord AB; and through O, the middle point of AB, any
straight line POQ is drawn, intersecting the arcs of the segments at
P and Q: shew that OP=0Q.
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IL ON THE TANGENT AND THE CONTACT OF CIRCLES.
See Propositions 11, 12, 16, 17, 18, 19.

1. All equal chords placed in a given circle touch a fixed concen-
trie circle.

2. If from an external point two tangents are drawn to a circle,
the angle contained by them is double the angle contained by the
chord of contact and the diameter drawn through one of the points of
contact.

8. Two circles touch one another externally, and through the
point of contact & straight line is drawn terminated by the circum-
ferences: shew that the tangents at its extremities are parallel.

4, Two circles intersect, and through one point of section any
straight line is drawn terminated by the circumferences: shew that
the angle between the tangents at its extremities is equal to the angle
between the tangents at the point of section.

5. Shew that two parallel tangents to a circle intercept on any
third tangent a segment which subtends a right angle at the centre.

6. Two tangents are drawn to a given cirele from a fixed external
point A, and any third tangent cuts them produced at P and @: shew
that PQ subtends a constant angle at the centre of the circle.

7. In any quadrilateral circumscribed about a circle, the sum of
one pair of opposite sides is equal to the sum of the other pair.

8. If the sum of one pawr of opposite sides of a quadrilateral s
equal to the sum of the other pair, shew that a circle may be inscribed
an the figure.

[Bisect two adjacent angles of the figure, and so describe a circle to
touch three of its sides. Then prove indirectly by means of the last
exercise that this circle must also touch the fourth side.]

9. Two circles touch one another internally, the centre of the
outer being within the mner circle : shew that of all chords of the
outer eircle which touch the inner, the greatest is that which is per-
pendicuiar to the straight line joining the centres.

10. 1In any triangle, if a circle is described from the middle point
of one side as centre and with a radius equal to half the sum of the
other two sides, it will touch the circles described on these sides as
diameters.

11. Through & given point, draw a straight line to cut a circle, so
that the part intercepted by the circumference may be equal to a given
straight line,

In order that the problem may be possible, between what limits
must the given line lie, when the given point is (i) without the circle,
(i) within it ?
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¥
12. A series of circles touch a given siraight lineat a given point:
shew that the tangents to them ai the points where they cut a given
parallel straight line all touch a fixed circle, whose centre is the given
point.

13. 1If two circles touch one another internally, and any third
circle be described tonching both; then the sum of the distances of
the centre of this third circle from the centres of the two given circles
is constant.

14. Find the locus of points such that the pairs of tangents
drawn from them to a given circle contain a constant angle,

15. Find a point such that the tangents drawn from it to two
given circles may be equal to two given straight lines. When is this
impossible?

16. If three circles touch one another two and two; prove that
the tangents drawn to them at the three points of contact are con-
current and equal.

Tue Common Taxeexts 1o Two Cincres,

17. T'o draw a common tangent to two circles.

First, if the given circles are exiernal to one another, or if they
intersect.

Let A be the centre of the
grealer circle, and B the centre
of the less.

From A, with radius equal
to the diff** of the radii of the
given circles, deseribe a circle:
and from B draw BC to touch
the last drawn circle. Join AC,
and produce it to meet the
greater of the given circles at D.

Throngh B draw the radius BE par! to AD, and in the same
direction.

Join DE;
then DE ghall be & common tangent to the $wo given eircles.
For gince AC ==the diff* between AD and BE, Constr.
. CD=BE:
and CD is par! to BE; Constr.
.. DE is equal and par' to CB, 1. 83,
But since BC is a tangent to the circle at C,
. the £ ACB is a rt. angle; 1. 18,
henee cach of the angles at D and E is a rt. angle: 1. 29.
.. DE is a tangent to both eircles. QBT
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It follows from hypothesis that the point B is outside the circls
nsed in the construction:

-, two tangents such as BC may always be drawn to it from B
hence two common tangents may always be drawn to the given
cireles by the above method. These are called the direct common
tangents.

When the given circles are externsl to one another and do not
intersect, two more common tangents may be drawn.

For, from centre A, with a radius equal to the sum of the radii of
the given circles, describe a circle.
From B draw a tangent to this circle;
and proceed es before, but draw BE 1n the direction opposite to AD.
1t follows from hypothesis that B is external to the circle used in
the construction ;
. two tangents may be drawn to it from B.

Henee fwo more common tangents may be drawn to the given
circles: these will be found to pass between the given circles, and are
called the transverse common tangents.

Thus, in general, four common tangents may be drawn to two
given circles.

The student should investigate for himself the number of common
tangents which may be drawn in the following special cases, noting
in each case where the general construction fails, or 1s modified 1

(i) When the given circles intersect:

(ii) When the given circles have external contact:

(i) When the given circles have internal contact:

(iv) When one of the given circles is wholly within the other.

18. Draw the durect common tangents to two equal circles,

19, If the two direct, or the two transverse, common tangents
are drawn to two circles, the parts of the tangents intercepted be-
tween the points of contact are equal,

20. If four common tangents are drawn to two circles external to
one anotber; shew that the two direct, and also the two transverse,
tangents intersect on the straight line which joins the centres of the
circles,

21. Two given circles have external contset at A, and a direct
common tangent is drawn to touch them at P and Q: shew that PQ
subtends a right angle at the point A,

22. Two circles have external contact at A, and a direct common
tangent is drawn to touch them at P and Q: shew that a circle
deseribed on PQ ss diameter is touched at A by the straight line
which joins the centres of the circles.
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28. Two cireles whose centres are C and C’ have external contact
at A, and a direct common tangent is drawn to touch them at P
and @: shew that the bisectors of the angles PCA, QC’A moet at
right angles in PQ. And if R is the point of intersection of the
bisectors, shew that RA is also a common tangent to the circles.

24. Two circles have external contact at A, and a direct common
tangent is drawn to touch them at P and Q: shew that the square
on PQ is equal to the rectangle contained by the diameters of the
circles.

25. Draw a tangent fo a given cirele, so that the part of it
intercepted by another given circle may be equal to a given straight
line. When is this impossible?

26, Draw a secant to two given circles, so that the parts of it

intercepted by the eircumferences may be equal to two given straight
lines.

Proprremy oX TANGENCY.

The following esercises are solved by the Method of Inter-
section of Loci, ex}glained on page 117,

The student should begin by making himself familiar with
the following loci.

(i) The locus of the centres of circles which pass through two given
points.

(ii) The locus of the centres of circles which touch a given straight
lLine at a given point.

(iii) The locus of the centres of circles which touch a given circle at
a given point.

(iv) The locus of the centres of circles which touch a given straight
line, and have a given radius.

(v) The locus of the centres of circles which touch a given circle,
and have a given radius.

(vi) The locus of the centres of circles which touch two given
straight lines.

In each exercise the student should investigate the limits
and relations among the data, in order that the problem may be
possible.

27. Deseribe a circle to touch three given straight lines.

28. Describe a circle to pass through a given point and touch a
given straight line at & given point.

29. Describe a circle to pass through a given point, and touch a
given circle at a given point.
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80, Describe a circle of given radius to pass through & given
point, and touch a given straight line.

31. Describe a circle of given radius to touch $wo given circles.

32. Describe a circle of given radius to touch two given straight
lines.

83, Describe a circle of given radius to touch a given circle and a
given straight line.

84, Describe two circles of given radii to touch one another and
a given straight line, on the same side of it.

85. If a circle touches a given oircle and a given straight line,
shew that the points of contact and an extremity of the diameter of
the given circle at nght angles to the given line are collinear,

88. To describe a circle to touch a given circle, and also to touch a
gtven straight line at a given point.

Let DEB be the given circle, PQ
the given st. line, and A the given
point in it:
it i8 required to describe a circle to
touch the ® DEB, and also to touch
PQat A,

At A draw AF perp. to PQ: 1. 11.
then the centre of the required circle
must lie in AF. 1z 19.

Find C, the centre of the © DEB,

I 1,
and draw a diameter BD perp. to
PQ: P
join A to ome extremity D, cutting
the o at E.

Join CE, and produce: it to cut AF at F.
Then F is the centre, and FA the radius of the required eircle.
[Supply the proof: and shew that a second solution is obtained by
joining AB, and producing it to meet the o**:
also distinguish between the nature of the contact of the circles, when
PQ cuts, touches, or ig without the given circle.]

87. Describe a circle to touch a given straight line, and to touch
a given circle at & given point.

38, Describe a circle to touch a given circle, have its centre in a
-given straight line, and pass through a given point in t1at straight
Jine.

[For other problems of the same class see page 235.]
H. & 16
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OrTHOGONAL CImCLES.

Derinirion.  Circles which intersect at a point, so that the

two tangents at that point are at right angles to one another,

g to be orthogonal, or to cut one another ortho-
sona.lly.

89. In two intersecting circles the angle between the tangents
at one point of intersection 18 equal to the angle between the tangents
at the other,

40, If two circles cut one another orthogonally, the tangent to
each circle at a pownt of wntersection will pass through the centre of
the other circle.

41, If two circles cut one another orthogonally, the square on the
distance between thewr centres is equal to the sum of the squares on
their radii.

42. Find the locus of the centres of all circles which cut a given
circle orthogonally at a given point.

438. Describe a circle to pass through a given point and cut a
given circle orthogonsally at a given point.

III. ON ANGLES IN SEGMENTS, AND ANGLES AT THE
CENTRES AND CIRCUMFERENCES OF CIRCLES.

See Propositions 20, 21, 22; 26, 27, 28, 29; 31, 32, 33, 34.

1. If two chords intersect within a circle, they form an angle equal
to that at the centre, subtended by half the sum of the arcs they cut off.

Let AB and CD be two chords, intersecting
at E within the given ®ADBC:
then shall the £ AEC be equal to the angle at C
the centre, subtended by half the sum of the
arcs AC, BD.

Join AD. B
Then the ext. £ AEC=the sum of the int.
opp. L*EDA, EAD;
that is, the sum of the £*CDA, BAD. A D
But the £*CDA, BAD are the angles at
the o™ subtended by 'the ares AC, BD;
+. their sum =half the sum of the sngles at the centre subtended by
the same arcs;
or, the £ AEC=the angle at the centre subtended by half the sum of
the axes AC, BD. Q. E. D,
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2. If twochords when produced intersect outside a circle, they form
an angle equal to that at the centre subtended by half the difference of
the arcs they cut off .

8. The sum of the ares cut off by two chords of a circle at right
angles to one another 1s equal to the semi-circumference.

4. AB, AC are any two chords of a circle; and P, Q are the
middle points of the minor arcs eut off by them: if PQ is joined,
cutting AB and AC at X, Y, shew that AX =AY.

5. If one side of a quadrilateral inscribed in a circle is produced,
the exterior angle is equal to the opposite interior angle.

6. If two circles intersect, and any straight lines are drawn, one
through each point of section, terminated by the circumferences;
shew that the chords which join their extremities towards the same
parts are parallel.

7. ABCD is a quadrilateral inseribed in a eircle; and the opposite
sides AB, DC are produced to meet at P, and CB, DA to meet at Q:
if the circles circumsenibed about the triangles PBC, QAB intersect
at R, shew that the points P, R, Q are collinear.

8. If a circle iz described on one of the sides of a right-angled
triangle, then the tangent drawn to it at the point where it cuts the
hypotenuse bisects the other side.

9. Given three peints not in the same straight line: shew how
to find any number of points on the circle which passes through them,
without finding the centre.

10. Through any one of three given points not in the same
straight line, draw a tangent to the circle which passes through them,
without finding the centre.

11. Of two circles which intersect at A and B, the circumference
of one es through the centre of the other: from A any straight
line is drawn to cut the first at C, the second at D ; shew that CB=CD,

12. Two tangents AP, AQ are drawn to & circle, and B is the
middle point of the arc PQ, convex to A, Shew that PB bisects the
angle APQ.

13. Two circles intersect at A and B; and at A tangents are
drawn, one to each circle, to meet the circumferences at G and D : if
CB, BD are joined, shew that the triangles ABC, DBA are equiangular
te one another.

14. Two segments of circles are described on the same chord and
on the same side of it ; the extremities of the common chord are joined
to any point on the arc of the exterior segment: shew that the arc
intercepted on the interior segment is constant.

16-2
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15. If a series of triangles are drawn standing on a fixed base,
and huving a given vertical angle, shew that the bisectors of the verti-
cal angles all pass throngh a fixed point.

16. ABC is a friangle inscribed in a circle, and E the middle
point of the arc subtended by BC on the side remote from A: if
throngh E a diameter ED is drawn, shew that the angle DEA is half
the difference of the angles at B and C. [See Ex. 7, p. 101.]

17. If two circles fouch each other internally at a point A, any
chord of the exterior circle which touches the interior is divided at its
point of contact into segments which subtend equal angles at A.

18. If two circles touch one another internally, and a straight
line is drawn to cut them, the segments of it intercepted between the
circumferences subtend equal angles at the point of contact.

TEE ORTBOCENTRE OF A TRIANGLE.

19. The perpendiculars drawn from the vertices of a triangle to
the opposite #ides are concurrent.

In the AABGC, let AD, BE be the
perp* drawn from A and B to the oppo- A
gite sides; and let them intersect at O. E
Join CO; and produce it to meet AB
at F.

It is required to shew that CF is perp. ©
to AB,
Join DE.

Then, beeause the £*OEC, ODC are B D C
rt. angles, Hyp.
.. the points O, E, C, D are concyelic :
~ the £ DEC=the £ DOC, in the same segment;
=the vert. opp. £ FOA.

Again, because the £° AEB, ADB are rt. angles, Hyp.
. the poinis A, E, D, B are concyelic:
.. the 2 DEB=the £ DAB, in the same segment.
-. the sum of the 2°® FOA, FAO=the sum of the 2* DEC, DEB
=a rt. angle: Hyp.
. the remaining £ AFO=a rt. angle: 1. 32.
that is, CF is perp. to AB,
Hence the three perp' AD, BE, CF meet at the point 0.  q.xz.D.

(For an Alternative Proof see page 106.]
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DerrNiTIoNs,

(i) The intersection of the perpendiculars drawn from the
vertices of a triangle to the opposite sides is called its ortho-
centre.

(if) The triangle formed by joining the feet of the perpendi-
culars is called the pedal or orthocentric triangle.

20. In an acute-angled triangle the perpendiculars drawn from
the vertices to the opposite sides bisect the angles of the pedal triangle
through which they pass.

In the acute-angled A ABC, let AD,
BE, CF be the perp* drawn from the A
vertices to the opposite sides, meeting £
at the orthocentre O; and let DEF be
the pedal triangle : E
then shall AD, BE, CF bisect respect-

ively the ¢/* FDE, DEF, EFD.

For, as in the last theorem, it may g D C
be shewn that the points O, D, C, E are
concyclie;
* the £ ODE=the £ OCE, in the same segment,.
Similarly the points O, D, B, F are coneyelic;
. the £ ODF =the £ OBF, in the same segment.
But the £ OCE=the £ OBF, each being the comp* of the 2 BAC.
., the £ ODE=the £ ODF.
Similarly it may be shewn that the £*DEF, EFD are bisected by
BE and CF. Q.E.D.
CororLrary. (i) Ewvery two sides of the pedal triangle are equally
inclined to that side of the original triangle in which they meet.
. For the £ EDC =the comp* of the ~ ODE
=the comp* of the - OCE
=the £ BAC,
Similarly it may be shewn that the £ FDB=the £ BAC,
- the £ EDC=the £ FDB=the £ A.
In like manner it may be proved that
the £ DEC=the £ FEA=the £ B,
and the £ DFB=the £+ EFA=the £ C.
CosorLArY. (ii) The triangles DEC, AEF, DBF are equiangular
to one another and to the triangle ABC.
Nore. If the angle BAC is obtuse, then the perpendiculars BE, CF
bisect ezternally the corresponding angles of the pedal triangle.

®
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21. In eny triangle, if the perpendiculars drawn from the vertices
on the opposite sides are produced to meet the circumscribed circle,
then each side bisects that portion of the line perpendicular to it which
Lies between the orthocentre and the circumference.

Let ABC be a triangle in which the perpen-

diculars AD, BE are drawn, intersecting at O the A

orthocentre; and let AD be produced to meet

the o of the circamsceribing circle at G: \
then shall DO =DG.

Join BG. /0| \

Then in the two a* OEA, ODB, B ww
the £ OEA=the £ ODB, being rt. angles; G
and the £ EOA=the vert. opp. £ DOB;

.. the remaining £ EAO=the remaining ¢ DBO, 1. 82,

But the £ CAG=the £ CBG, in the same segment;
.. the - DBO=the z DBG.

Then in the A*DBO, DBG,

Sthe ¢ DBO=the £ DBG, Proved.
Because {the £ BDO=the £ BDG,
l and BD is common;
-~ DO=DG. 1. 26,
Q.E.D.

22, In an acute-angled triangle the three sides are the external
bisectors of the angles of the pedal triangle: and in an obtuse-angled
triangle the sides containing the obtuse angle are the internal bisectors
of the corresponding angles of the pedal triangle.

28. If O is the orthocentre of the triangle ABG, shew that the
angles BOC, BAC are supplemeniary.

24, If O is the orthocentre of the triangle ABC, then any one of
the four points O, A, B, C is the orthocentre of the triangle whese

vertices are the other three. .

25. The three circles which pass through two vertices of a triangle
and its orthocentre are each equal to the circle circumscribed about the
triangle.

26, D, E are taken on the circumference of & semicircle deseribed
on a given straight line AB: the chords AD, BE and AE, BD
intersect (produced if necessary) at F and G: shew that FG is per-
pendioular to AB.

27. ABCD ig a parallelogram; AE and CE are drawn at right
angles to AB, and OB respectively: shew that ED, if produced, will
bsyerpmdiculg;tokc.
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98. ABC is a triangle, O is its orthooentre, and AK a diameter
of the circumseribed cirele: shew that BOCK is a parallelogram,

29. The orthoeentre of a triangle is joined to the middle point of
the base, and the joining line is produced to meet the circumsoribed
circle : prove that it will meet it at the same point as the diameter
which passes through the vertex.

80. 'The perpendicular from the vertex of a triangle on the base,
and the straight line joining the orthocentre to the middle point of
the base, are produced to meet the circumseribed circle at P and Q3
shew that PQ is parallel to the base.

81. The distance of each vertex of a triangle from the orthocentrs
is double of the perpendicular drawn from the centre of the circum-
scribed circle on the opposite side,

32. Three circles are described each passing through the ortho.
centre of a triangle and two of its vertices: shew that the triangle
formet} by joining their centres is equal 1n all respects to the original
triangle.

83. ABC isatriangle ingeribed in a circle, and the bisectors of its
angles which intersect at O are produced to meet the circumference in
PQR: shew that O is the orthocentre of the triangle PQR.

34. Construct s triangle, having given a vertex. the orthocentre,
and the centre of the circumscribed eircle,

Locr.

85. Given the base and vertical angle of a triangle, find the locus
of its orthocentre.

Let BC be the given base, and X the A
given angle; and let BAC be any tniangle
on the base BC, having its vertical £ A X
equal to the 2 X. /\

Draw the perp* BE, CF, intersecting
at the orthocentre O.

It is required fo find the locus of O.

Since the £* OFA, OEA are rt. angles,
.. the points O, F, A, E are concyelic; B [+
.~the £ FOE is the supplement of the ¢ A: 1, 22.

.. the vert. opp. £ BOC is the supplement of the £ A,

But the £ A is constant, being always equal to the £ X;
... its supplement is constant;
that is, the A BOC has a fixed base, and constant vertical tH
hence the locus of its vertex O is the arc of a segment of which BC is
the chord. [Bee p. 187.)
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86. Given the base and vertical angle of a triangle, find the locus
of the intersection of the bisectors of its angles.
Let BAC be any triavgle on the given A
base BC, having its vertical angle equal to X
the given 2 X; and let Al, Bl, Cl be the
bisectors of its angles: [see Ex. 2, p. 103.] /\
it is required to find the locus of the
point L.
Denote the angles of the A ABC by
A, B, C; and let the £ BIC be denoted by i.
Then from the a BIC, 8 C
1+ 4B +4-3C=two rt. angles, 1. 32,

(i)
and from the A ABC,
A+ B+ C=two rt. angles; 1. 32,
(ii) so that 3A+3B+3C=ons rt. angle,
.., taking the differences of the equals in (i) and (ii),
| - 3A =one rt. angle:
or, I=one rt. angle + 3A.
But A is constant, being always equal to the £ X;
I ig constant :
.., since the base BC is fixed, the locus of | is the arc of a segment
of which BC is the chord.

87. Given the base and vertical angle of a triangle, find the locus
of the centroid, that is, the intersection of the medians.

Let BAC be any triangle on the given
base BC, having its vertical angle equal A
to the given angle S; let the medians AX,
BY, CZ interseet at the centroid G [see
Ex. 4, p.

105): v
itis required to find the loeus of the point G.
Through G draw GP, GQ par' to AB /‘
and AC respectively. A
Then ZQ@ is & third part of ZC; B P X Q C
Ez. 4, p. 105.
and since GP is par! to ZB,
.. BP is a third part of BC. Ez. 19, p. 99.
Similarly QC is a third part of BC;
. P and @ are fixed points.
Now since PG, GQ are par! respectively to BA, AC, Constr.
.. the £ PGQ=the £ BAC, 1. 29.
=the £ §,
that is, the 2 PGQ is constant;
and since the base PQ is fixed,

= the locus of G is the arc of a segment of whieh PQ is the cbord.
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Obs. In this problem the points A and G move on the ares of
similar segments.

88. Given the base and the vertical angle of a triangle; find the
locus of the intersection of the bisectors of the exterior base angles.

89, Through the exiremities of a given straight line AB any two
parallel straight lines AP, BQ are drawn ; find the locus of the inter-
section of the bisectors of the angles PAB, QBA.

40, TFind the locus of the middle points of chords of a circle drawn
through a fixed point.

Distinguish between the cases when the given point is within,
on, or without the circumference.

41. TFind the locus of the points of contact of tangents drawn
from a fixed point to a system of concentric circles,

42. Find the locus of the intersection of straight lines which pass
through two fixed points on a circle and intercepton its circumference
an arc of constant length.

43. A and B are two fixed points on the ciroumference of a circle,
and PQ is any diameter: find the locus of the intersection of PA and
QB.

44. BAC is any triangle described on the fixed base BC and
having a constant vertical angle; and BA is produced to P, so that
BR is equal to the sum of the sides containing the vertical angle: find
the locus of P.

45. ABig a fixed chord of a circle, and AC is a moveable chord
passing through A: if the parallelogram CB is completed, find the
locus of the intersection of its diagonals.

46. A straight rod PQ slides between two rulers placed at right
angles to one another, and from its extremities PX, QX are drawn
perpendicular to the rulers: find the locus of X.

47. Two circles whose centres are C and D, intersect at A and B:
through A, any straight line PAQ is drawn terminated by the circum-
ferences ; and PC, QD intersect at X: find the locus of X, and shew
that it passes through B. [Ex. 9, p. 216.]

48. Two circles intersect at A and B, and through P, any point
on the circumference of one of them, two straight lines PA, PB
are drawn, and produced if necessary, to ecut the other circle st X
and Y: find the locus of the intersection of AY and BX.

49. Two circles intersect at A and B; HAK is a fixed straight
ling drawn through A and terminated by the circumferences, and
PAQ is any other straight line similarly drawn: find the locus of the
intersection of HP and QK.
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50. Two segments of circles ars on the same chord AB and on
the same side of it; and P and Q are any poinis one on each arc:
find the locus of the interseotion of the bisectors of the angles PAQ,
PBQ.

51. Two circles intersect at A and B; and through A any straight
line PAQ is drawn terminated by the circumferences: find thelocus of
the middle point of P@.

MigcrrraNeovs ExaMrLes oN ANOLES 1N A CIRcLE.

52. ABC isa triangls, and circles are drawn through B, C, cutting
the sides in P, Q, P, Q/, ...: shew that PQ, P'Q’, . are parallel to one
another and to the tangent drawn at A to the cirole circumscribed
about the triangle.

53, Two circlea intersect at B and C, and from any point A, on
the circumference of one of them, AB, AC are drawn, and produced if
necessary, to meet the other at D and E: shew that DE is parallel to
the tangent at A.

54, A gecant PAB and a tangent PT are drawn to a circle from
an external point P; and the bisector of the angle ATB meets AB at
C: shew that PC is equal to PT.

55. From s point A on the circumference of a circle iwo ehords
AB, AC are drawn, and also the diameter AF: if AB, AC are produced
to meet the tangent at F in D and E, shew that the triangles ABC,
AED are equiangular to one another.

56. O is any point within a triangle ABC, and OD, OE, OF are
drawn perpendicular to BC, CA, AB respectively - shew that the
angle BOC is equal to the sum of the angles BAC, EDF.

57. If two tangents are drawn to a circle from an external point,
shew that they contain an angle equal to the difference of the angles
in the segments cut off by the chord of contact,

58. Two circles intersect, and through a point of section a straight
line is drawn bisecting the angle between the diameters through that
point: slhew that this straight line cuts off similar segments from the
$wo circles,

59. Two equal circles intersect at A and B; and from cenire
A, with any radius less than AB a third circle is described cutting the
given circles on the same side of AB at C and D: shew that the points
8, C, D are collinear.

60. ABG and A’B'C’are two triangles inscribed in a eircle, so that
AB, AC are respectively parallel 0 A’8', A'C’: shew that BC' is
paraliel to B'C,
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61. Two circles intersect at A and B, and through A two straight
lines HAK, PAQ are drawn terminated by the circumferences: if
HP and KQ intersect at X, shew that the points H, B, K, X are
concyelie,

62. Describe a circle fouching a given straight line at a given
point, Bo that tangents drawn to it from two fixed points in the given
line may be parallel, [See Ex. 10, p. 183.]

63. C is the centre of a circle, and CA, CB two fixed radii: if
from any point P on the arc AB perpendiculars PX, PY are drawn to
CA snd CB, shew that the distance XY is constant.

64. AB is a chord of & circle, and P any point in its circum-
ference; PM is drawn perpendicular to AB, and AN is drawn perpen-
dicular to the tangent at P : shew that MN is parallel to PB.

65. P isany point on the circumference of a ecircle of which AB is
a fixed diameter, and PN is drawn perpendicular to AB; on AN and
BN as diameters circles are described, which are cut by AP, BP
at X and Y: shew that XY is a common tangent to these circles.

66. Upon the same chord and on the same side of it three seg-
ments of circles are described containing respectively a given angle,
its supplement and a right angle: shew that the intercept made by the
two former segments upon any straight line drawn through an ex-
tremity of the given chord is bisected by the latter segment.

67. Two straight lines of indefinite length touch a given circle,
and any chord 18 drawn so a8 to be bisected by the chord of contact:
if the former chord is produced, shew that the intercepts between the
circumference and the tangents are equal.

68. Two circles intersect one another: throngh one of the points
of contact draw a straight line of given length terminated by the cir-
cumferences.

69. On the three sides of any triangle equilateral triangles are

described remote from the given triangle: shew that the circles de-
scribed about them intersect at a point.

70. On BC, CA, AB the sides of a triangle ABC, any points
P, Q, R are taken; shew that the circles described about the triangles
AQR, BRP, CPQ meet in a point,

71. Find a point within a triangle at which the sides subtend
equal angles.

72. Describe an equilateral triangle so that its sides may pass
through three given points.

73. Describe s triangle equal in all respects to a given triangle,
and having its sides passing through three given points,
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Siuson’s Line,

74. If from any point on the circumference of the circle circum-
scribed about a triangle, perpendiculars are drawn to the three sides, the
feet of these perpendiculars are collinear.

Let P be any point on the O of the
circle circumscribed about the A ABC;
and let PD, PE, PF be the perp® drawn
from P to the three sides.

It is required to prove that the points
D, E, F are collinear.

Join FD and DE.:
then FD and DE shall be in the same

st. line.
Join PB, PC.

Because the ¢2* PDB, PFB are rt, angles, Hyp.
.. the points P, D, B, F are concylic:
.. the £ PDF=the £ PBF, in the same segment. 1. 21,
But since BACP is a quad! inscribed in a circle, having one of its
sides AB produced to F,
.. the ext. ¢ PBF =the opp. int. £ ACP. Euz. 3, p. 188,
.. the £ PDF=the £ ACP.
To each add the £ PDE:
then the 2*PDF, PDE=the 2 *ECP, PDE.
But since the £* PDC, PEC are rt. angles,
. the points P, D, E, C are concylic;
. the £® ECP, PDE together=two rt. angles:
. the £*PDF, PDE together =two rf. angles;
.. FD and DE are in the same st. line; 1. 14,
that is, the points D, E, F are collinear. Q.E.D.

e line FDE is called the Pedal or Bimson's Line of the triangle
ABC for the point P ; though the tradition attributing the theorem to
Robert Simson has been recently shaken by the researches of Dr. J. S.
Mackay.]

75. ABGC is 2 triangle inscribed in a circle ; and from any point P
on the circumference PD, PF are drawn perpendicular to BC and AB :
if Fg, or FD produced, cuts AC at E, shew that PE is perpendicular
to AC,

76. Find the locus of a point which moves so that if perpendicu-
hﬁ_m drawn from it to the sides of a given iriangle, their feet are
collinear.

¢7. ABC and AB'C’ are two triangles having a common vertical
angle, and the circles circumscribed about them meet again at P : shew
that the feet of diculars drawn from P to the four lines AB, AC,
BC, B'C’ are collinear,
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78. A4 triangle is inscribed in a circle, and any point P on the cir-
cumference is joined to the orthocentre of the trangle: shew that this
Jowning line 13 bisected by the pedal of the point P,

IV. ON THE CIRCLE IN CONNECTION WITH RECTANGLES,
See Propositions 35, 36, 37.

1. If from any external point P two tangents are drawn to a
given circle whose centre 18 O, and if OP meets the chord of contact
at Q; then the rectangle OP, OQ s equal to the square on the radius.

Let PH, PK be tangents, drawn from
the external point P to the ¢ HAK, whose
centre i8 O; and let OP meet HK the
chord of contact at @, and the o™ at A:
then shall the rect. OP, OQ=the 8g. on
OA.

On HP as diameter describe a circle :
this circle must pass through Q, since the
£ HQP is a rt. angle, 111, 31,

Join OH. |
Then since PH is a tangent to the ® HAK,
.", the £ OHP is a rt. angle.,
And since HP is a diameter of the ® HQP,

.". OH touches the © HQP at H. 11, 16,
.. the rect. OP, OQ=the 8q. on OH, 1. 36.
=the 8q. on OA. Q. E. D,

2. ABQC is a triangle, and AD, BE, CF the perpendiculars drawn
from the vertices to the opposite sides, meeting in the orthocentre O:
shew that the rect. AO, OD:==the rect. BO, OE =the rect. CO, OF.

3. ABC is a triangie, and AD, BE the perpendiculars drawn
from A and B on the opposite sides : shew that the rectangle CA, CE
is equal to the rectangle CB, CD.

4. ABC is a triangle right-angled at C, and from D, any point in
the hypotenuse AB, a straight line DE is drawn perpendicular to AB
and meeting BC at E: shew that the square on DE is equal to
the difference of the rectangles AD, OB and CE, EB.

5. From san external point P two tangents are drawn {o a
given circle whose centre is O, and OP meets the chord of contact
at Q: shew that any circle which passes through the points P, Q
will eut the given circle orthogonally. [See Def. p. 222.]
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6. A series of circles pass through two given points, and from a
Jfized point in the common chord produced tangents are drawn to all the
circles : shew that the points of contact lie on a circle which culs
all the given circles orthogonally.

7. Al circles which pass through a fized point, and cut a given
circle orthogonally, pass also through a second fized point.

8. Find the locus of the centres of all circles which pass through
a given point and cut a given circle orthogonally.

9. Describe a circle to pass through $wo given points and cut a
given circle orthogonally.

10. A, B, C, D are four points taken in order on a given straight
line: find a g:int O between B and C such that the rectangle
OA, OB msy be equal to the rectangle OC, OD,

11. AB is a fixed diameter of a circle, and CD a fized straight
tine of indefinite length cutting AB or AB produced at right angles ;
any straight line is drawn through A to cut CD at P and the circle ar
Q: shew that the rectangle AP, AQ is constant.

12. AB is a fixed diameter of a circle, and CD a fixed chord
at right angles to AB; any straight line is drawn through A to
cut CD at P and the circle at Q: shew that the rectangle AP, A@
is equal to the square on AC, .

13. A is a fized point and CD a fized straight line of indefinite
length; AP is any straght lne drawn through A to meet CD at P;
and in AP a pont Q 1s taken such that the rectamgle AP, AQ is
constant: find the locus of Q.

14, Two circles intersect orthogonally, and tangents are drawn
from any point on the circumference of one to touch the other: prove
that the fPu?st cirele passes through the middle point of the chord of
contact of the tangents. [Ex. 1, p. 233.]

15. A semicircle is described on AB as diameter, and any two
chords AC, BD are drawn intersecting at P : shew that

AB*=AC . AP+BD. BP,

16. Two circles intersect at B and C, and the two direct common
tangents AE and DF are drawn - if the common chord is produced to
meet the tangents at G and H, shew that GH?*=AE*+BC™

17. If from a point P, without a circle, PM is drawn perpendicnlar
to a diameter AB, and also a secant PCD, shew that

PM:=PC . PD+AM . MB,
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18. Three circles intersect at D, and their other points of inter-
section are A, B, C; AD cuts the circle BDC at E, and EB, EC cut |
the circles ADB, ADC respectively at F and G : shew that the points
F, A, G are collinear, and ¥, B, C, G concyclic.

19. A semicircle is described on a given diameter BC, and from
B and C any two chords BE, CF are drawn intersecting within
the semicircle at O; BF and CE are produced to meet at A: shew
that the sum of the squares on AB, AC 18 equal to twice the square on
the tangent from A together with the square on BC,

20. X and Y are two fixed points in the diameter of a circle
equdistant from the centre C: through X any chord PXQ is drawn,
and its extremities are joined to Y; shew tnat tho sum of the
;gnares on the smdes of the triangle PYQ is constant. [See p. 147,

x. 24.]

Proprems oN TaxeENcy.

21, To describe a circle to pass through two given points and to
touch a gren strarght line.

Let A and B be the given points,
and CD the given st. line:
1t is required to describe a circle to
pasd through A and B and to touch
CD.

Join BA, and produce it to meet
CDat P. “
Describe a square equal to the C P
rect. PA, PB; ¢ 1, 14,

and from PD (or PC) cut off P& egual to a side of this square,

Through A, B and Q describe a circle. Ex. 4, p. 156.
Then since the rect. PA, PB=the sq. on PQ,

.*.the @ ABQ touches CD at Q. r. 87.
Q. E. .

Nore. (i) Bince PQ msy be taken on either side of P, it is
clear that there are in general two solutions of the problem.

(ii) When AB is parallel to the given line CD, the above method
is not applicable. In this case a simple construction follows from
mr. 1, Cor. and 11 16 and it will be found that only ome selution
exista
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22. To describe a circle to pass through iwo given points and
to touch a given circle.

Let A and B be the given
points, and CRP the given
circle:
it is required to describe a
eircle to pass through A and
8, and to touch the ® CRP,

Through A and B de-
gcribe any circle to cut the
given circle at P and Q.

Jomn AB, PQ, and pro-
duce them to meet at D.

From D draw DC to touch the given circle, and let C be the point
of contact.

Then the circle described through A, B, C will touch the given
oircle.

For, from the ® ABQP, the rect. DA, DB=the rect. DP, DQ:

and from the ® PQC, the rect. DP, DQ=the 8q. on DC; 1. 36,
.. the rect. DA, DB=the 8q. on DC:

.. DC touches the ® ABC at C. . 87.

But DC touches the & PQC at C; Constr.

.. the ® ABC touches the given circle, and it passes through the

given points A and B. Q.E.F.

Nere, (i) Since two tangents may be drawn from D to the
given cirele, it follows that there will be two solutions of the problem.

(ii) The general construction fails when the straight line bigect-
ing AB at right angles passes through the centre of the given circle:
the problem then becomes symmetrical, and the solution is obvious.

23, To describe a circle to pass through a given point and to
touch two given straight lines.

Let P be the given point, and
AB, AC the given straight lines:
it is required to describe & circle
to pass through P and to touch
AB, AC

Now the centre of every circle
which touches AB and AC must
lie on the bisector of the £ BAC,

Ezx, 7, p. 183,

Hence draw AE biseoting the A B
4 BAC,

From P draw PK perp. to AE, and produce it to P/,
making KP’ equal to PK,
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Then every circle which haa its centre in AE, and passes through
P, must also pass through P'. Ez. 1, p. 215.
Hence the problem is now reduced o drawing a circle through
P and P’ to touch erther AC or AB, Ex. 21, p. 285.
Produce PP to meet AC at S.
Describe a square equal to the rect. SP, SP’; In. 14,
and cut off SR equal to a side of the square.
Describe a circle through the points P’, P, R,

then since the rect. SP, SP'=the sq. on SR, Constr.
.*. the circle touches AC at R ; nn 37.

and since its centre is in AE, the bisector of the £ BAC,
it may be shewn also to touch AB, Q. E. F.

Nore. (i) Since SR may be taken on either side of 8, it follows
that there will be two solutions of the problem.

(ii) If the given straight lines are parallel, the centre lies on the
parallel straight line mid-way between them, and the construetion
proceeds as before.

24. To describe a circle to touch two given straight lines and a
given circle.

Let AB, AC be the two given H.
st. lines, and D the centre of the e
given cirole :
it is required to describe a circle .
to touch AB, AC and the circle G-~
whose centre is D.

Draw EF, GH par' to AB

and AC respectively, on the sides A \\ P / B
remote from D, and at distances - -
from them equal to the radius of E M F

the given circle.
Describe the @ MND to touch EF and GH at M and N, and
to pass through D. Ex, 23, p. 236.
Let O be the centre of this circle.
:'I;in OM, ON, OD meeting AB, AC and the given circle at P, @
anG R.
Then a circle described from centre O with radiug OP will touch
AB, AC and the given circle.
For since O is the centre of the ® MND,
.. OM=0ON=0D.
But PM=QN=RD; Constr.
.+ OP=0Q=0R.
KO airclt:l &;sctibed from centre O, with radins OP, will pass through
and R.
And since the £*at M and N are rt. angles, ur 18.
o the £*at P and Q are rt. angles; 1. 29.
.~. the ©@ PQR touches AB and AC. ,
H E. 16



238 EUCLID'S ELEMENTS,

And sinos R, the point in which the circles meet, is on the line of
centres OD,
.*. the @ PQR touches the given circle. Q. E. F.

Nore. There will be two solutions of this problem, since two
circles may be drawn to touch EF, GH and to pass through D.

25. To describe a circle to pass through a given point and touch a
given straight line and a given circle.

Let P be the given point, AB the D
given st. line, and DHE the given
eircle, of which C is the centre:
it is required to describe a circle to
pass through P, and to touch AB
and the @ DHE.

Throngh C draw DCEF perp. to
AB, cutting the circle at the points p
D and E, of which E is between C
and AB.

K/
7

o’

Join DP; A G
and by deseribing a circle through F B
F, E, and P, find a point K in DP (or DP produnced) such that the
rect. DE, DF =the rect. DK, DP.

Describe a circle to pass through P, K and touch AB : Ex. 21, p. 235.
This eircle shall also touch the given © DHE.

For let G be the point at which this circle touches AB.
Join DG, cutting the given circle DHE at H.

Join HE.
Then the z DHE is a rt. angle, being in a semicircle. 1. 81,
also the angle at F is a rt. angle; Constr.
.. the points E, F, G, H are concyclic:
.~. the rect. DE, DF =the rect. DH, DG: 11, 36.
but the rect. DE, DF =the rect. DK, DP: Constr.

.. the rect. DH, DQ =the rect. DK, DP:
.. the point H is on the @ PKG.

Let O be the centre of the © PHG.
Join OG, OH, CH.
Then OG and DF are par!, since they are both perp. to AB;
and DG meets them.
., the 2 OGD =the , GDC. 1. 29.
But since OG =OH, and CD==CH,
.. the £ OGH =the £ OHG ; and the , CDH=the £ CHD :
.. the £ OHG =the £ CHD;
. OH and CH are in one st, line.
.. the ® PHG touches the given @ DHE. Q. E ¥.
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Nore. (i) BSince two circles may be drawn to pass through
P, K and to touch AB, it follows that there will be two solutions
of the present problem.

(i) Two more solutions may be obtained by joining PE, snd
proceeding as before.

The student should examine the nature of the sontact between the
circles in each case.

26, Describe & circle to pass through a given point, to touch
a given straight line, and to have its centre on another given straight
line,

27. Describe a circle to pass through a given goint, to touch
a given circle, and to have its centre on a given straight line,

28. Describe a circle to pass through two given points, and to
intercept an arc of given length on a given circle.

29, Deseribe a circle to touch a given circle and a given straight
line at a given point.

80. Describe a circle to touch two given circles and a given
straight line.

V. ON MAXIMA AND MINIMA,

We gather from the Theory of Loci that the position of an
angle, line or figure is capable under suitable conditions of
gradual change ; and it is usually found that change of position
1nvolves a corresponding and gradual change of magnitude.

Under these circumstances we may be required to note if
any situations exist at which the magnitude in question, after
increasing, begins to decrease; or after decreasing, to increase:
in such situations the Magnitude is said to bave reached a
Maximom or a Minimam value; for in the former case it is
greater, and in the latter case less than in adjacent situations
on either side. In the geometry of the circle and straight line
we only meet with such cases of continuous change as admit of
one transition from an increasing to a decreasing state—or vice
versi—so that in all the problems with which we have to deal
(where a single circle is involved) there can be only one Maximum
and one Minimum—the Maximum being the feabest, and the
Minimum being the least value that the variable magnitude is
capable of taking.

16-2
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Thus & variable geometrical magnitude reaches its maximum
or miniroum value at a turning point, towards which the magni-
tude may mount or descend from either side: it is natural there-
fore to expect a maximum or minimum value to occur when, in
the course of its change, the magnitude assumes a symmetrical
form or position ; and this is usually found to be the case.

This general connection between a symmetrical form or posi-
tion and a maximum or minimum value is not exact enough to
constitute a proof in any particular problem; but by means of
it a situation is suggested, which on further examination may be
shewn to give the maximum or minimum value sought for,

For example, suppose it is required
to determine the greatest straight line that may be drawn perpen-
dicular to the chord of a segment of a circle and intercepted
between the chord and the arc:

we immediately anticipate that the greatest perpendicular is
that which occupies a symmetrical position in the figure, namely
the perpendicuiar which passes through the middle point of the
chord; and on further examination this may be proved to be the
case by means of 1. 19, and 1. 34.

Again we are able to find at what point a geometrical magni-
tude, varying under certain conditions, assumes its Maximum or
Minimum value, if we can discover a construction for drawing
the magnitude so that it may have an assigned value: for we
may then examine between what limits the assigned value must
lie in order that the construction may be possible; and the
higher or lower limit will give the Maximum or Minimum
sought for.

It was pointed out in the chapter on the Intersection of Loci,
[see page 119] that if under certain conditions existing among
the data, two solutions of a problem are possible,and under other
conditions, no solution exists, there will always be some inter-
mediate condition under which one and only one distinct solution
is possible.

Under these circumstances this single or limiting solution
will always be found to correspond to the maximum or minimum
value of the magnitude to be constructed.

1. For example, suppose it is required
to divide a given straight line so that the rectangle contained by the
two segments may be a maximum.

Wa may first sttemFt to divide the given straight line 8o that the
restangle contained by its segments may have a given avea—that is,
oe equal to the square on a given straight line, ’
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Let AB be the given straight line, and K the side of the given
square ;

Ve D 2z
Y P A

J A M C L]

it is required to divide the st. line AB at a point M, so that
the rect. AM, MB may be equal to the sq. on K.

Adopting a construction suggested by 1. 14,

describe 8 semicircle on AB; and at any point X in AB, or AB
produced, draw XY perp. to AB, and equal to K.

":l‘hrough Y draw YZ par' to AB, to meet the arc of the semicircle
at P.

Then if the perp. PM is drawn to AB, it may be shewn after the
manner of 1. 14, or by 111. 35 that

the rect. AM, MB =the 8g. on PM.
=the 8q. on K.

So that the rectangle AM, MB increases as K increases.

Now if K is less than the radius CD, then YZ will meet the are
of the semicircle in two points P, P’; and it follows that AB may be
divided at two points, so that the rectangle contained by its segments
may be equal to the square on K, If K increases, the st. line YZ
will recede from AB, and the points of intersection P, P’ will con-
tinually approach one another; until, when K is equal to the radius
CD, the st. line YZ (now in the position Y’Z’) will meet the arc in
two coincident points, that 1s, will touch the semicircle at D; and
there will be only one solution of the problem.

If K is greater than CD, the straight line YZ will not meet the
gemicircle, and the problem is impossible.

Hence the greatest length that K may have, in order that the con-
struction may be possible, is the radius CD.

.~ the rect. AM, MB is & maximum, when it is equal to the square
on CD;

that is, when PM coincides with DC, and consequently when M
ia the middle point of AB.

Obs. The special feature to be noticed in this problem is that the
maximum is found at the transitional point between two solutions
and no solution; that is, when the two solutions coincide and become
identical.
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The following example illustrates the same point.

2. To find at what point in a given straight line the angle subtended
by the line joining two given points, which are on the same side of the
gwen straight line, is @ marwmum.

Let CD be the given st. line, and A, B the given points on the
same gide of CD:
it is required to find at what point in CD the angle subtended by the

st. line AB is a maximum.

First determine at what point in CD, the st. line AB subtends a
given angle,

This is done as follows:—
On. AB describe a segment of a circle containing an angle equal to
the given angle. L. 33.

If the arc of this segment intersects CD, two points in CD are
found at which AB subtends the given angle: but if the arc does not
meet CD, no solution is given.

In accordance with the principles explained above, we expect that
a maximum angle is determined at the limiting position, that is,
when the arc touches CD; or meets it at two coincident points.
[See page 213.]
This we may prove to be the case.
Describe & circle to pass through A and
B, and to touch tbe st. line CD.
[Ex, 21, p. 235.]
Let P be the point of contact.
Then shall the £ APB be greater than
any other angle subtended by AB at & point
in CD on the same side of AB as P.

For take Q, any other point in CD, on
the same side of AB as P;

and join AQ, QB.

Since Q is & point in the tangent other
than the point of contact, it must be with-
out the circle,

..-either BQ or AQ must meet the arc of the segment APB,
Let BQ meet the arc at K: join AK.
Then the £-APB=the £ AKB, in the same segment:
but the ext. £ AKB is greater than the int. opp. £ AQB.
.~ the £ APB is greater than AQB.

Similarly the £ APB may be shewn to be greater than any other

angle subtended by AB at a point in CD on the same side of AB:
that is, the £ APB is the greatest of all such angles. . E.D.

Norx. Two circles may be described to pass through A and B,
and to touch CD, the points of contact being on opposite sides of AB:
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hence two points in CD may be found such that the angle subtended
by AB at each of them is greater than the angle subiended at any
other point in CD on the same side of AB.

‘We add two more examples of considerable importance.

8. In a straight line of indefinite length find a point such that the
sum of its distances from two gwen pownts, on the same side of the given
line, shall be ¢ mintmum.

Let CD be the given st. line of
indefinite length, and A, B the given
points on the same side of CD:
it is required fo find & point P in
CD such that the sum of AP, PB is
a minimum.

Draw AF perp. to CD;
and produce AF to E, making FE
equal to AF. C
Join EB, cutting CD at P.
Join AP, PB.
Then of all lines drawn from A
and B to a point in CD,
the sum of AP, PB shall be the least.
For, let Q be any other point in CD.
Join AQ, BQ, EQ.

Now in the A® AFP, EFP,
AF=EF, Conatr.
Beecause 4and FP is common,
and the 2 AFP=the £ EFP, being rt. angles,
.. AP=EP. 1. 4.

Similarly it may be shewn that
AQ=

NoEw in the A EQB, the two sides EQ, QB are together greater
B.
’ hence, AQ, @B sre together greater than EB,
that is, greater than AP, PB.

Bimilarly the sum of the st. lines drawn from A and B fo any other
point in CD may be shewn to be greater than AP, PB.
.. the sum of AP, PB is a minimum.

Q. E. D,
Norz. It follows from the above proof that

the £ APF=the £ EPF 14

=the £ BPD. 1. 15,

Thus the sum of AP, PB is a minimum, when these lines are
equally inclined to GD.
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4. Given two wntersecting straight lines AB, AC, and a point P
between them; shew that of all straight lines which pass through P
and are termanaied by AB, AC, that which 1 bisected at P cuts of the
triangle of minsmum arca.

Let EF be the st. line, terminated
by AB, AC, which is bisected at P:
then the A FAE shall be of mini-
mum area,

For let HK be any other st, line
passing through P:
through E draw EM par! to AC.

Then in the A* HPF, MPE, A E K B
5 the £ HPF:=the £ MPE, 1. 15.
Because /and the £ HFP=the £ MEP, 1. 29.
and FP=EP, Hyp.
+ the A HPF =the A MPE. 1. 26, Cor,

But the oA MPE ig less than the o KPE,
. the A HPF is less than the A KPE:
to each add the fig. AHPE;
then the A FAE is less than the o HAK.

Similarly it may be shewn that the A FAE is less than any other
triangle formed by drawing a st. line through P:
that is, the A FAE 1s & minimum,

ExAMPLES.

1. Two sides of a triangle are given in length; how must they
be placed in order that the area of the triangle may be a maximum ?

2 Of all trangles of given base and area, the isosceles is that
which has the least perumeter.

3. Given the base and veitieal angle of a triangle, consfructit
gso that its area moay be a maximum.

4. Tind & point in a given straight Line such that the taugents
drawn from it to a given circle contamn the greatesi angle possible.

5. A straight rod slips between two straight rulers placed at
right angles to ope another; in whai position is the frasgle
intercepted between the rulers and rod & maximum ?



THEOREMS AND EXAMPLES ON BOOK IiL 245

6. Divide a given straight line into two parts, so that the sum of
the squaies on the segments may

(1) be equal to a given square,
(1) may be a minunum.

7. Through a point of intersection of two circles draw 2 straight
live terminated by the circumferences,

(i) so that 1t may be of given length,
(ii) so that it may be a maximum,

8. Two tangents to a circle cut one another at nght angles;
find the point on the intercepted arc such that the sum of the
perpendiculats drawn from 1t to the tangents may be a minimum.

9 Straight hines aze diawn fiom two given pomts to meet one
another on ths convex circumference of a gmven «rcle {uove that
thewr sum 15 a minmmum when they make equal angles with the tangent
at the point of intersection.

10. Of all triangles of given vertical! angle and altitude, the
isosceles is that wlieh has the least area.

11. Two straight Lines CA, CB of mndefinite length are drawn
from the centre of a circle to meet the circumferencs at A and B
then of all tangents that may be diawn to the ecle at points on the
arc AB, that whose mtereept as bisected at the pomnt of contact cuts
off the triangle of mimmumn area.

12. Gaven two intersecting tangents to a circle, draw a tangent to
the convex arc 8o that the timangle formed by it and the given tan.
gents may be of masimum area.

13, Of all triangles of given base and ares, the iroseeles is that
which has the greatest vertical angle.

14, Find a point on the circumference of a circle at which the
rtraight line joinmg two given pants (of which both are within,
or both without the cirele) subtends the greatest angle.

15. A bridge consists of three arches, whose gpans are 49 f1.,
32 ft. and 49 ft. respectively: shew that the pomnt on ecither bank
of the river at wineh the middle arch subtends the greatest angle
18 63 feet distant from the bridge.

16. From a given point P withont a circle whose centre is C,
draw a straight ine to cut the circumference at A and 8, so that the
triangle ACB may be of maximum ares.

17. Shew that the greatest reetangle which can be inseribed
in @ circle i3 a square.

18. A and B are two fixed points without a circle: find a point
P on the circumference such that the sum of the squares on AP, PB
may be 8 minimum. [See p. 147, Ex. 24.]
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19, A segment of a circle is described on the chord AB: find a
point C on its arc so that the sum of AC, BC may be a maximum.

20. Of all triangles that can be inscribed in a circle that which
has the greatest perimeter is equilateral.

21. Of all triangles that can be inscribed in a given circle that
which has the greatest arca is equilateral.

22. Of all triangles that can be inscribed in a given triangle that
which has the least perimeter is the triangle formed by joining the feet
of the perpendiculars drawn from the vertices on opposite sides.

23, Of all rectangles of given ares, the square has the least pari-
meter.

24. Describe the triangle of maximum area, having its angles
equal to those of a given triangle, and its sides passing through three
given points,

Vi. HARDER MISCELLANEOUS EXAMPLES.

1. AB is & diameter of a given circle; and AC, BD, two chords
on the same side of AB, intersect at E: shew that the cirele which
passes through D, E, C cuts the given circle orthogonally.

2. Two circles whose centres are C and D intersect at A and B,
and a straight line PAQ is drawn through A and terminated by the
circumferences : prove that

(i) the angle PBQ=the angle CAD
(ii) the angle BPC=the angle BQD.

3. Two chords AB, CD of a circle whose centre is O intersect at
right angles at P: shew that
(i) PAI+PB24+PC? 4 PD2=4 (rading).
(i) AB24+CD2440P? =8 (radius)?.

4. Two parallel tangents to a circle intercept on any third
tangent & portion which 18 so divided af its point of contact that the
rectangle contained by its two parts is equsl to the square on the
radius.

5. Two equal circlez move between two straight lines placed
at right angles, 80 that each straight line is touched by one circle,
and the two circles touch one another : find the locus of the point
of contact.

€. AB is a given diameter of 8 circle, and CD is any parallel
chord: if any point X in AB is joined to the extremities of CD,

ghew thet
XC 4 XD3== XA+ XB2,
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7. PQ is a fixed chord in a circle, and PX, QY any two parallel
chords through P and Q: shew that XY touches s fized concentric

8. Two equal circles intersect at A and B; and from G any point
on the circumference of one of them & perpendicular is drawn to AB,
meeting the other circle at O and O’: shew that either O or O’ is the
orthocentre of the triangle ABC. Distinguish between the two cases,

9. Three equal circles pass through the same point A, and their
other points of intersection are B, C, D: shew that of the four
points A, B, C, D, each is the orthocentre of the triangle formed
by joining the other three.

10. From a given point without a circle draw a straight line
to the concave circumference so as to be bisected by the convex
circumference, When is this problem impossible ?

11. Draw a siraight line cutting two concentric circles so that
the chord intercepted by the circumference of the greater circle may
be double of the chord intercepted by the less.

12. ABC is a triangle inscribed in a circle, and A’, B’, C’ are the
middle points of the arcs subtended by the sides (remote from the
opposite vertices): find the relation between the angles of the two
triangles ABC, A'B’C’; and prove that the pedal triangle of A'B’C’ is
equiangular to the triangle ABC.

13. The opposite sides of & quadrilateral inscribed in a circle are
produced to meet: shew that the bisectors of the two angles so
formed are perpendicular to one another,

14. If a quadrilateral can have one circle inscribed in it, and
another circumscribed about it ; shew that the straight lines joining
the opposite points of contact of the inscribed circle are perpendicular
to one another.

15. Given the base of a triangle and the sum of the remaining
sides; find the locus of the foot of the perpendicular from one
extremity of the base on the bisector of the exterior vertical angle,

16. Two circles touch each other at C, and straight lines are
drawn through G at right angles to one another, meeting the
circles at P, P’ and Q, Q' respectively: if the straight line which
joins the centres is texminated by the circumferences at A and A,
shew that ‘

PP+ QQI=A'A%,

17. Two circles cut one another orthogonally at A and B; P
is any point on the arc of one circle intercepted by the other, and
PA, PB are produced to meet the circumference of the second circle
at C and D: shew that CD is a diameter.
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18. ABC is a triangle, and from any point P perpendiculars
PD, PE, PF are drawn to the sides: if S, é: S, are the centres of
the circles circumscribed about the triangles EPF, FPD, DPE,
shew that the triangle S,S,S; is equiangular to the triangle ABC,
an}i‘i that the sides of the one are respectively half of the sides of the
other.

19. Two tangents PA, PB are drawn from an external point P to
a given circle, and C is the middle point of the chord of contact
;\(% : if XY is any chord through P, shew that AB bisects the angle
Y.

20. Given the sum of two straight lines and the rectangle con-
tained by them (equal to & given square) : find the lines.

21. Given the sum of the squares on two straight lines and the
rectangle contained by them : find the lines.

22. Given the sum of two straight lines and the sum of the
squares on them : find the lines.

23. Given the difference between two straight lines, and the rect-
angle contained by them: find the lines.

24. Given the sum or differcnce of two straight lines and the
difference of their squares : find the lines,

25. ABC is a triangle, and the internal and external bisectors of
the angle A meet BC, and BC produced, at P and P': if O is the
middle point of PP, shew that OA is a tangent to the circle circum-
seribed about the triangle ABC.

26. ABC is a triangle, and from P, any point on the circum-
ference of the circle circumseribed about it, perpendiculars are drawn
to the sides BC, CA, AB meeting the circle again in A’, B, C';
prove that

(i) the triangle A’B'C’ is identically equal to the triangle ABC.
(i) AA’, BB', CC’ are parallel.

27. Two equal circles intersect at fixed poinis A and B, and from
any point in AB a perpendicular is drawn to meet the circumferences
on the same side of AB at P and Q: shew that PQ is of constant
length.

28. The straight lines which join the vertices of a triangle to the
centre of its circumscribed circle, are perpendicular respectively to the
sides of the pedal triangle.

29. P is any point on the circumference of a circle circumscribed
about a triangle ABC; and perpendiculars PD, PE are drawn from P
to the gides BC, CA. Find the locus of the centre of the circle circum-
seribed about the triangle PDE.
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30. P is any point on the circumference of a circle circumscribed
about a triangle ABC : shew that the angle between Simson’s Line for
the point P and the side BC, is equal to the angle between AP and
the diameter of the circamscribed circle through A.

31. Shew that the circles circumscribed about the four triangles
formed by two pairs of intersecting straight lines meet in a pownt.

82. Shew that the orthocentres of the four triangles formed by two
pairs of intersecting straight lines are collinear.

Ox THE CONSTRUCTION OF TRIANGLES.

83. Given the vertical angle, one of the sides containing it, and
the length of the perpendicular from the vertex on the base: construct
the triangle.

84. Given the feet of the perpendiculars drawn from the vertices
on the opposite sides : construet the triangle.

35. Given the base, the altitude, and the radius of the circum-
geribed circle: construet the triangle.

36. Given the base, the vertical angle, and the sum of the squares
on the sides containing the vertical angle: construct the triangle.

37. Given the bage, the saltitude and the sum of the squares on
the gides containing the vertical angle: construct the triangle,

38. Given the base, the vertical angle, and the difference of the
squares on the sides containing the vertical angle: construct the tri-
angle.

89. Given the vertical angle, and the lengths of the two medians
drawn from the extremities of the base: construct the triangle.

40. Given the base, the vertical angle, and the difference of the
angles at the base: construct the triangle.

41. Gaven the base, and the position of the bisector of the vertical
angle: construct the friangle.

42. Qiven the base, the vertical angle. and the length of the
bisector of the vertical angle: construct the triangle.

43, Given the perpendicular from the vertex on the base, the
bisector of the vertical angle, and the median which bisects the base:
construct the triangle.

44, Given the bisector of the vertical angle, the median bisect-
ing the base, and the difference of the angles at the base: construct the
triangle.

‘



BOOK 1V.

Book IV. consists entirely of problems, dealing with
various rectilineal figures in relation to the circles which
pass through their angular points, or are touched by their
sides.

DzriNiTIONS.

1. A Polygon is a rectilineal figure bounded by more
than four sides.

A Polygon of five sides is called a Pentagon,

» siz sides ’ Hexagon,

" seven sides " Heptagon,
’ eight sides ' Octagon,

" ten sides " Decagon,

» twelve sides ’ Dodecagon,

» Jifteen sides . Quindecagon.

2. A Polygon is Regular when all its sides are equal,
and all its angles are equal.

3. A rectilineal figure is said to be
inscribed in a circle, when all its angular
points are on the circumference of the circle:
and a circle is said to be circumscribed
about a rectilineal figure, when the circum-
ference of the circle passes through all the
angular points of the figure.

4. A rectilineal figure is said to be
circumscribed about a circle, when each side
of the figure is a tangent to the circle:
and a circle is said to be inseribed in a recti-
lineal figure, when the circumference of the
circle is touched by each side of the figure.

B. A straight line is said to be placed in a circle, when
its extremities are on the circumference of the circle.
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Prorosition 1. ProsrEm,

In a given circle to place a chord equal to u given
straight line, which is not greater than the diameter of the
circle.

F

Let ABGC be the given circle, and D the given straight
line not greater than the diameter of the circle :
it is required to place in the ®ABC a chord equal to D.

Draw CB, a diameter of the ®ABC,
Then if CB = D, the thing required is done.
But if not, CB must be greater than D. Hyp.
From CB cut off GE equal to D : L 3.
and from centre C, with radius CE, describe the © AEF,
cutting the given circle at A.
Join CA.
Then CA shall be the chord required.

For CA = CE, being radii of the ©AEF:

and CE=D: Constr.
LS. CA=D.
Q.E.F.
EXERCISES.

1. In a given circle place a chord of given length 8o as to pass
through a given point (i} without, (ii) within the circle.
‘When is this problem impossible ?

2. In a given circle place a chord of given length so that it may
be parallel to a given straight line,
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ProrosiTion 2. ProBLEM.

In a given ctrcle to inscribe a triungle equiangular to a
given triangle.

Let ABC be the given circle, and DEF the given triangle:
it is required to inscribe in the © ABC a triangle equiangular
to the A DEF.

At any point A, on the (O°® of the ®ABC, draw the
tangent GAH. m. 17,

At A make the . GAB equal to the L DFE; 1 23.
and make the . HAC equal to the L DEF. 1. 23,
Join BC.
Then ABC shall be the triangle required.

Because GH is a tangent to the ®ABG, and from A its
point of contact the chord AB is drawn,
.. the L GAB = the . ACB in the alt. segment: nr. 32.

.. the ~ ACB =the . DFE. Constr.
Similarly the - HAC = the . ABG, in the alt. segment:
.'. the . ABC=the . DEF. Constr.

Hence the third . BAC = the third . EDF,
for the three angles in each triangle are together equal to
two rt. angles. 1 32
*. the AABC is equiangular to the ADEF, and it is
inscribed in the ©® ABC.
QEF,
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ProrosiTioN 3. PrOBLEM.

About a given circle to circumscribe a triangle equi
angular to a given triangle.

L

L B N

Let ABC be the given circle, and DEF the given A:
it is required to circumscribe about the ©® ABC a triangle
equiangular to the A DEF.

Produce EF both ways to G and H.
Find K the centre of the © ABC, s, 1,
and draw any radius KB.
At K make the - BKA equal to the . DEG; 1 23,
and make the . BKC equal to the . DFH.
Through A, B, C draw LM, MN, NL perp. to KA, KB, KC.
Then LMN shall be the triangle required.

Because LM, MN, NL are drawn perp. to radii at their
extremities,

.. LM, MN, NL are tangents to the circle. 111. 16.

And because the four angles of the quadrilateral AKBM
together = four rt. angles; 1. 32. Cor.

and of these, the . * KAM, KBM, are rt. angles; Constr.

.. the .°® AKB, AMB, together = two rt. angles.
But the . *® DEG, DEF together =two rt. angles; 1. 13,
. the L*® AKB, AMB =the ' DEG, DEF;
and of these, the L AKB =the . DEG; Constr,
.". the . AMB =the . DEF.
Similarly it may be shewn that the . LNM =the L DFE.

.. the third 2 MLN =the third . EDF. 1. 32.
.. the ALMN is equiangular to the A DEF, and it is
circumscribed about the © ABC. QE¥,

H K 17
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Prorosrrion 4. PrOBLEM.
Z'o inscribe a circle in a given triangle.

A

E

B F c

Let ABC be the given triangle:
it is required to inscribe a circle in the A ABC.

Bisect the . * ABC, ACB by the st. lines BI, Cl, which
intersect at |, .9
From 1 draw IE, IF, IG perp. to AB, BC, CA. 1 12,

Then in the A® EIB, FIB,
the L EBI=the L FBI; Constr,
Because {and the . BEl =the . BFl, being rt. angles;
and Bl is common ;
JoAE=1F 1. 26.
Bimilarly it may be shewn that IF = 1G.
*. IE, IF, 1G are all equal.

From centre I, with radius }E, describe a circle:
- this circle must pass through the points E, F, G;
and it will be inscribed in the A ABC,

For since 1E, IF, IG are radii of the ©EFG;
and since the . * at E, F, G are rt. angles;
.. the ©EFG is touched at these points by AB, BC, CA:
1z 16.
.. the @ EFG is inscribed in the A ABC,
Q.E.F.

Nore. From page 103 it is seen that if Al be joined, then Al
bisects the angle BAG.
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Hence it follows that the bisectors of the angles of a triangle are
cqnc;:rrem, the point of intersection being the centre of the inscribed
circle.

The centre of the circle inscribed in a triangle is sometimes ocalled
its in-centre.

DEFINITION.

A circle which touches one side of a triangle and the
other two sides produced is said to be an escribed circle of
the triangle.

To draw an escribed circle of a given triangle.

Let ABC be the given triangle, of which
the two sides AB, AC are produced to E
and F:
it is required io describe a circle touching

BC, and AB, AC produced.

Bisect the £ * CBE, BCF by the st. lines
Bl,, Cl,, which intersect at |,. L9,

From |, draw 1,G, ;H, ;K perp. to AE,
BC, AF. 1 12.

Then in the A*},BG, |,BH,
the £ IlBGztf)e L llkH, Constr.
and the ¢ 1;GB=the ¢« LHB,
being rt. angles;
also |,B is common ;

Because

Similarly it may be shewn that I,H=1,K;
- 4G, I1H, LK are alll equal.
From centre |, with radius 1,G, describe a circle:
this circi‘e must pass t’h:ough the points G, H, K:

and it will be an escribed circle of the A ABC.

For since I,H, 1,G, I,K are radii of the @ HGK,

and since the angles at H, G, K are rt. angles,
~. the ® GHK is touched at these points by BC, and by AB, AC
produced:
.. the ® GHK is an escribed circle of the A ABC, QE.¥,

It is clear that every triangle has three escribed circles.

Nore. From page 104 it is seen that if Al, be joined, then Aly
bisects the angle BAC: hence it follows that

The bisectors of two exterior angles of a triangle and the bisector of
the third angle are concurrent, the point of intersection being the centre
of an escribed circle.
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ProrosiTiON 5. PROBLEM.

To circumseribe a circle about a given triangle.

SN

Let ABC be the given triangle:
it is required to circumscribe a circle about the AABC.
Draw DS bisecting AB at rt. angles; 1L
and draw ES bisecting AC at rt. angles;
then since AB, AC are neither par', nor in the same st. line,
. DS and ES must meet at some point S.
Join SA;
and if § be not in BC, join SB, SC.
Then in the A® ADS, BDS,
AD = BD
Because {and DS is common to both ;
and the £ ADS = the . BDS, being rt. angles;
.. SA=8B.
Similarly it may be shewn that SC=SA,
', SA, $B, SC are all equal.
From centre §, with radius SA, describe a circle:
this circle must pass through the points A, B, C, and is
therefore circumscribed about the AABC. Q.E.F.

It follows that

(i) when the centre of the circumscribed circle falls
within the triangle, each of its angles must be acute, for
each angle is then in a segment greater than a semicircle :

(i) when the centre falls on one of the sides of the
tiiangle, the angle opposite to this side must be a right
angle, for it is the angle in & semicircle:
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(iii) when the centre falls without the triangle, the
angle opposite to the side beyond which the centre falls,
must be obtuse, for it is the angle in a segment less than a
semicircle.

Therefore, conversely, if the given triangls be acute-angled,
the centre of the circumscribed circle falls within it if it be
a right-angled triangle, the centre falls on the hypotenuse :
1f it be an obtuse-angled triangle, the centre falls without the
triangle.

Nore. From page 103 it is seen that if S be joined to the middle
point of BC, then the joining line is perpendicular to BC,

Hence the perpendiculars drawn to the sides of a triangle from their
middle points are concurrent, the point of intersection being the centre
of the circle circumscribed about the triangle.

The centre of the circle circumseribed about a triangle is some-
times called its eircum-centre.

EXERCISES.

Ox toR Inscripep, Circumscrieep, AND Escriexp CircLus oF a
TRIANGLE.

1. An equilateral triangle is inscribed in a circle, and tangenis
&re drawn at its vertices, prove that
(i) the resulting figure is an equilateral friangle:
(ii) its area is four times that of the given triangle.
2. Describe a circle to touch two parallel straight lines and &

third straight line which meets them. Shew that two such circles
can be drawn, and that they are equal.

8. Triangles which have equal bases and equal vertical angles
have equal circumseribed circles.

4. 1 is the centre of the circle inscribed in the triangle ABC, and
1, is the centre of the circle which touches BC and AB, AC produced:
shew that A, 1, |, are collinear.

5. If the inscribed and circumscribed circles of a triangle are con-
centric, shew that the triangle is equilateral ; and that the diameter of
the circumscribed circle is double that of the inscribed circle.

6. ABC is a triangle; and 1, S are the centres of the inscribed
and eircumscribed eircles; if A, 1, S are collinear, shew that AB=AC.
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7. 'The sum of the diameters of the inseribed and circumseribed
circles of a right-angled triangle is equal to the sum of the sides
containing the right angle.

8. 1f the circle inscribed in s triangle ABC touches the sides at
D, E, F, shew that the triangle DEF is acute-angled; and express its
angles in terms of the angles at A, B, C.

. 9. If 1is the centre of the circle insecribed in the triangle ABC,
and |; the centre of the escribed circle which touches BC; shew that
1, 8, 1;, C are concyclic,

10. In any triangle the difference of two sides is equal to the dif-
ference of the segments into which the third side is divided gt the
point of contact of the inscribed circle.

11, In the triangle ABC the bisector of the angle BAC meets the
base at D, and from | the centre of the inscribed circle a perpendicular
IE is drawn to BC: shew that the angle BID is equal to the angle CIE.

12. In the triangle ABC, | and S are the rontres of the inscribed
and circumscribed circles: shew that IS subtends at A an angle equal
to half the difference of the angles at the base of the triangle.

13. In a triangle ABC, | and S are the centres of the inscribed
and circumsenbed circles, and AD is drawn perpendicular to BC:
shew that Al ig the bisector of the angle DAS.

14. Shew that the area of a triangle is equal to the rectangle
contained by its semi-perimeter and the radius of the inscribed eircle.

15. The diagonals of a quadrilateral ABCD intersect at O: shew
that the centres of the circles circumscribed about the four triangles
AOB, BOC, COD, DOA are at the angular points of a parallelogram,

16. In any triangle ABC, if | is the centre of the inscribed circle,
and if Al is produced to meet the circumsecribed circle at O ; shew that
O is the centre of the circle circumscribed about the triangle BiC.

17. Given the base, altitude, and the radius of the circumseribed
circle; construct the triangle.

18. Describe a cirele to intercept equal chords of given length on
three given straight lines.

19. In an equilateral triangle the radii of the circumseribed and
escribed oircles are respectively double and treble of the radius of the
inseribed cirole. .

20. Three circles whose centres are A, B, C touch one another

externally two bg twosat D, E, F: shew that the inscribed circle of
the triangle ABC is the circamseribed circle of the triangle DEF,
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ProrosiTion 6. ProBLEM.

T'o tnscribe a square in a given circle.

A

c

Let ABCD be the given circle:
it is required to inscribe a square in the G ABCD.

Find E the centre of the circle: ns 1,
and draw two diameters AC, BD perp. to one another, 1. 11,
Join AB, BC, CD, DA.

Then the fig. ABCD shall be the square required.
For in the A® BEA, DEA,

BE = DE,
Because and EA is common ;
and the . BEA =the . DEA, being rt. angles ;
.. BA=DA. L4

Similarly it may be shewn that CD = DA, and that BC = CD,
.. the fig. ABCD is equilateral.
And since BD is a diameter of the ©® ABCD,
*. BAD is a semicircle;
.. the . BAD is a rt. angle, 1z 31,
Similarly the other angles of the fig. ABCD are rt. angles.
.. the fig. ABCD is a square,
and it is inscribed in the given circle.
. QRF.

{For Exercises see page 263.]
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ProrosiTION 7. PROBLEM.
To circumscribe a square about a given circle.

G A F

L)
N/

H C K
Let ABCD be the given circle :
it is required to circumscribe a square about it.

Find E the centre of the © ABCD : s 1.
and draw two diameters AC, BD perp. to one another. 1. 11.
Through A, B, C, D draw FG, GH, HK, KF perp. to EA, EB,
EC, ED.
Then the fig. GK shall be the square required.

Because FG, GH, HK, KF are drawn perp. to radii at their
extremities,
.. FG, GH, HK, KF are tangents to the circle. 111 16.

And because the L * AEB, EBG are both rt. angles, Constr.
.. GH is par' to AC, L 28
Similarly FK is par' to AC:
and in like manner GF, BD, HK are par’,

Hence the figs. GK, GC, AK, GD, BK, GE are par™.
.. GF and HK each =BD;
also GH and FK each =AC:
but AC =BD;
.. GF, FK, KH, HG are all equal :
that is, the fig. GK is equilateral.
And since the fig. GE is a par™,
.. the L BGA =the L BEA; 1. 34,
but the . BEA is a rt. angle; Constr.
.. the 2 at G is a rt. angle.
Similarly the . ® at F, K, H are rt. angles.
.. the fig. GK is a square, and it has been circumscribed
about the © ABCD. Q. E.F.
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ProrositioN 8. PROBLEM.

To inseribe a circle in a given square.

A £ D

on)
[

Let ABCD be the given square:
it is required to inscribe a circle in the sq. ABCD.

Bisect the sides AB, AD at F and E. L 10.
Through E draw EH par' to AB or DC: 1 31
and through F draw FK par' to AD or BC, meeting EH at G.

Now AB = AD, being the sides of a square;

and their halves are equal ; Constr,
. AF = AE Aw. 7.
But the fig. AG is a par™; Constr,
.. AF = GE, and AE = GF;
.. GE =GF.

Similarly it may be shewn that GE = GK, and GK =GH :
.. GF, GE, GK, GH are all equal.
From centre G, with radius GE, describe a circle ;
this circle must pass through the points F, E, K, H:
and it will be touched by BA, AD, DC, CB; 1L 16.
for GF, GE, GK, GH are radii;
and the angles at F, E, K, H are rt. angles. 1. 29,
Hence the ® FEKH is inseribed in the sq. ABCD.
Q E.F

[For Exercises see p. 263.]
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ProrosiTiON 9. PROBLEM.

To circumscribe a circle about a given square.

A D
E

B (o}
Let ABCD be the given square :
it is required to cireumscribe a circle about the sq. ABCD.

Join AcC, BD, intersecting at E.
Then in the A® BAC, DAC,

BA = DA, 1. Def. 28,

Because %and AC is common ;
and BC=DC; 1. Def. 28.
.. the 2 BAC =the L DAC: I 8.

that is, the diagonal AC bisects the L BAD.

Similarly the remaining angles of the square are bisected
by the diagonals AC or BD.

Hence each of the . EAD, EDA is half a rt. angle;

.. the £ EAD=the L EDA:
S EA=ED. L 6,
Similarly it may be shewn that ED = EC, and EC = EB.
.. EA, EB, EC, ED are all equal.

From centre E, with radius EA, describe a circle:
this circle must pass through the points A, B, C, D, and is
therefore circumscribed about the sq. ABCD. " QE
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DrriNiTIoN. A rectilineal figure about which a circle
may be described is said to be Cyclic.

EXERCISES ON PROPOSITIONS 6—9.

1. If a circle can be inscribed in a quadrilateral, shew that the
sum of one pair of opposite sides is equal to the sum of the other pair.

2. If the sum of one pair of opposite sides of a quadrilateral is
equal to the sum of the other pair, shew that a circle may be inscribed
in the figure,

[Bisect two adjacent angles of the figure, and so describe a circle to
touch three of its sides. Then prove indirectly by means of the
last exercise that this circle must also touch the fourth side.]

8. Prove that a rhombus and a square are the only parallelograms
in which a circle can be inscribed.

4, Al cyclic parallelograms are rectangular.

5. The greatest rectangle which can be inscribed in a given circle
i8 @ square.

6. Circumscribe a rhombus about a given circle,
7. All squares circumscribed about a given circle are equal.

8. The area of a square circumscribed about a circle is double of
the area of the inscribed square,

9. ABCD is a square inscribed in a cirele, and P is any point on
the arc AD: shew that the side AD subtends at P an angle three times
as great as that subtended at P by any one of the other sides.

10. Inscribe a square in & given square ABCD so that one of its
angular points should be at a given point X in AB.

11. In a given square inscribe the square of minimum area.
12. Describe (i) a circle, (ii) a square abont a given rectangle.
13. TInscribe (i) a circle, (ii) a square in a given quadrant.

14. ABCD is a square inscribed in a circle, and P is any point on
the circumference ; shew that the sum of the squares on PA, PB, PC,
+ PD is double the square on the diameter. [See Ex. 24, p, 147.]
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Proposition 10. ProBLEM,

To describe an isosceles triangle having each of the angles
at the base double of the third angle.

C

B D

Take any straight line AB.
Divide AB at C, so that the rect. BA, BC =the sq. on AC.
m 1L
From centre A, with radius AB, describe the ® BDE ;
and in it place the chord BD equal to AC.  1v. 1.
Join DA.
Then ABD shall be the triangle required.
Join CD;
and about the AACD circumscribe a circle,  1v. 5.
Then the rect. BA, BC =the sq. on AC  Constr.
=the sq. on BD. Constr.
Hence BD is a tangent to the ®ACD: L 37,
and from the point of contact D a chord DC is drawn
‘. the . BDC =the  CAD in the alt. segment. 11 32

To each of these equals add the  CDA:
‘then the whole . BDA = the sum of the . * CAD, CDA.

But the ext. . BCD =the sum of the L* CAD, CDA; 1. 32,
*. the L BCD =the . BDA.
And since AB = AD, being rad.. of the © BDE,
*. the . DBA =the L BDA: 1. 5.
*, the £ DBC =the L DCB;
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S.DC=DB; - 1 6.
that is, DC=CA: Constr,
.. the . CAD=the . CDA; 15,

.. the sum of the .® CAD, CDA = twice the angle at A.
But the . ADB =the sum of the ~® CAD, CDA; Proved.
.. each of the % ABD, ADB = twice the angle at A.
QEF.

EXERCISES ON PROPOSITION 10.

1. In an isosceles triangle in which each of the angles at the
base is double of the vertical angle, shew that the vertical angle is
one-fifth of two right angles.

2. Divide a right angle into five equal parts.

8. Describe an isosceles triangle whose vertical angle shall be
three times either angle at the base. Point out a triangle of this kind
in the figure of Proposition 10.

4. In the figure of Proposition 10, if the two circles intersect at F,
shew that BD=DF.

B. In the figure of Proposition 10, shew that the circle ACD is
equal to the circle circumscribed about the triangle ABD.

6. In the figure of Proposition 10, if the two circles intersect at F,
shew that

(i) BD, DF are sides of a regular decagon inscribed in the
circle EBD.

(i) AC, CD, DF are sides of a regular pentagon inscribed
in the eircle ACD.

7. In the figure of Proposition 10, shew that the centre of the
circle circumscribed about the triangle DBC is the middle point of
the are CD.

8, In the figure of Proposition 10, if | is the centre of fhe circle
inseribed in the triangle ABD, and V', §’ the centres of the inscribed
and circumsecribed circles of the triangle DBC, shew that 8l =81,
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PropostTioNn 11. PrOBLEM.
To inscribe a regular pentagon in & given circle.

Let ABC be a given circle:
it is required to inscribe a regular pentagon in the ©®ABC.
Describe an isosceles A FGH, having each of the angles
at G and H double of the angle at F. w. 10.
In the ®ABC inscribe the AACD equiangular to the
AFGH, . 2.
so that each of the . % ACD, ADC is double of the < CAD.
Bisect the ~ * ACD, ADG by CE and DB, which meet the
Q¢ at E and B. L 9.
Join AB, BC, AE, ED.
Then ABCDE shall be the required regular pentagon.
Because each of the . ¢ ACD, ADC =twice the . CAD;
and because the .® ACD, ADC are bisected by CE, DB,
. the five . * ADB, BDC, CAD, DCE, ECA are all equal.

.". the five arcs AB, BC, CD, DE, EA are all equal. 11 26.
.. the five chords AB, BC, CD, DE, EA are all equal. 111. 29,
.". the pentagon ABCDE is equilateral.

Again the arc AB=the arc DE; Proved.
to each of these equals add the arc BCD;
.. the whole arc ABCD = the whole arc BCDE:
hence the angles at the O° which stand upon these
equal arcs are equal ; uL 27,
that is, the L AED = the 4 BAE.
In like manner the remaining angles of the pentagon
may be shewn to be equal ;
.". the pentagon is equiangular.
Hence the pentagon, being both equilateral and equi-
angular, is regular ; and it is inscribed in the ©ABC. Q E.F.
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ProrosiTion 12. ProbBrem.

T'o circumscribe a regular pentagon about a given circle.

K C L

Let ABCD be the given circle:
it is required to circumscribe a regular pentagon about it.

Inscribe a regular pentagon in the @ ABCD, 1v. 11,
and let A, B, C, D, E be its angular points.
At the points A, B, G, D, E draw GH, HK, KL, LM, MG,

tangents to the circle. L 17.
Then shall GHKLM be the required regular pentagon.
Find F the centre of the ®©ABCD; ur 1.

and join FB, FK, FC, FL, FD,
Then in the two A*® BFK, CFK,
BF = CF, being radii of the circle,
and FK is common :

US€ Y and KB = KC, being tangents to the circle from
the same point K. 11 17. Cor.

.. the 2 BFK=the L CFK, 1. 8

also the . BKF =the . CKF. 1. 8. Cor.

Hence the . BFC = twice the L CFK,
and the . BKC =twice the . CKF.
Similarly it may be shewn
that the . CFD = twice the L CFL,
and that the L CLD = twice the . CLF.
But since the arc BC = the arc CD, . 11,
;. the L BFC = the L CFD; 1 27,
and the halves of these angles are equal,
that is, the L CFK =the . CFL.
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Then in the A% CFK, GFL,

the . CFK =the L CFL, Proved,
Because { and the . FCK = the L FCL,beingrt.angles, 111.18,
and FC is common ;
s CK=cCL, 1. 26.
and the . FKC =the . FLC.

Hence KL is double of KG; similarly HK is double of KB.

And since KC = KB, 11 17. Cor.
. KL = HK.

In the same way it may be shewn that every two con-
secutive sides are equal ;

.'. the pentagon GHKLM is equilateral.

Again, it has been proved that the L FKC=the L FLC,
and that the .* HKL, KLM are respectively double of these
angles :

. the L HKL =the . KLM.
In the same way it may be shewn that every two con-
secutive angles of the figure are equal ;
.. the pentagon GHKLM is equianguiar.
.". the pentagon is regular, and it is circumseribed about
the @ABCD. Q.E.F.

‘CoroLLARY. Simalarly it may be proved that if tangents
are drawn af the vertices of any regular polygon inscribed in
a circle, they will form another regular polygon of the same
species circumscribed about the circle.

{For Exercises see p. 376.]
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ProrosiTioN 13. PROBLEM,

To inscribe a circle in a given regular pentagon.

¢ K o]

Let ABCDE be the given regular pentagon :
it is required to inscribe a circle within it.

Bisect two consecutive .*® BCD, CDE by CF and DF

which intersect at F. L 9.
Join FB;
and draw FH, FK perp. to BC, CD. 1 12,
Then in the A* BCF, DCF,
BG = DC, Hyp.

Because { and CF is common to both;
and the . BCF =the . DCF;  Constr.
.. the . CBF =the . CDF, 1L 4.
But the £ CDF is half an angle of the regular pentagon :
.". also the . CBF is half an angle of the regular pentagon :
that is, FB bisects the . ABC.
So it may be shewn that if FA, FE were joined, these
lines would bisect the . *® at A and E.
Again, in the A* FCH, FCK,
the . FCH=the L FCK, Constr,
Because {and the £ FHC =the . FKC being rt. angles ;
also FC is common ;
.. FH=FK. L 28,
Similarly if FG, FM, FL be drawn perp. to BA, AE, ED,
it may be shewn that the five perpendiculars drawn from F
to the sides of the pentagon are all equal.

H E 18
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¢ K D

From centre F, with radius FH, describe a circle;
this circle must pass through the points H, K, L, M, G ;
and it will be touched at these points Ly the sides of the
pentagon, for the L* at H, K, L, M, G arert. .5  Constr,
.'. the ©® HKLMG is inscribed in the given pentagon. Q.E.F,

CoroLLARY. The bisectors of the angles of a regular
pentagon meet at a point.

In the same way it may be shewn “hat the bisectors of the angles
of any regular polygon meet at a poit .. [See Ex. 1, p. 274.]

[For Exercises on Negular Polygons see p. 276 ]

MISCELLANILOUS LXERCISES.

1. Two tangents AB, AC are drawn from an external point A to
8 given circle: describe a circle to touch AB, AC and the convex are
intercepted by them on the given circle.

2. ABC is an isosceles triangle, and from the vertex A a straight
line is drawn to meet the base at D and the circumference of the cir-
cumscribed circle at E: shew that AB is a tangent to the circle
eircumscribed about the triangle BDE.

8. An equilateral triangle is inscribed in & given circle: shew
that twice the square on one of its siles is equal to three times the
area of the square inscribed in the same circle.

4. ABC is an isosceles triangle in which each of the angles at B
and C is double of the angle at A: shew that the square on AB is
equal to the rectangle AB, BG with the square on BG,
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Prorositiox 14, ProbLEM.

To circumseribe a circle about a given regular pentagon.

A

C D

Let ABCDE be the given regular pentagon :
it is required to circumscribe a circle about it.

Bisect the . ® BCD, CDE by CF, DF intersecting at F. 1. 9.
Join FB, FA, FE,
Then in the A® BCF, DCF,
‘ BC = DC, Hyp,
Because < and CF is common to both ;
’ l and the L BCF =the . DCF;  Constr.
.. the . CBF =the . CDF. 1L 4.
But the . CDF is half an angle of the regular pentagon :
.. also the £ CBF is half an angle of the regular pentagon :
that is, FB bisects the - ABC.
So it may be shewn that FA, FE bisect the . *at A and E.
Now the * FCD, FDC are each half an angle of the
given regular pentagon ;
.. the L FCD =the L FDG, 1v. Def.
S FC=FD. 1 6.
Similarly it may be shewn that FA, FB, FC, FD, FE are
all equal.
From centre F, with radius FA describe a circle :
this circle must pass through the points A, B, C, D, E,
and therefore is circumscribed about the given pentagon.
QEF

In the same way a circle may be circumseribed about any regular
polygon,

18-2
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ProrosiTion 15. ProsLEM.

To inscribe a regular hexagon in a given circle,

Let ABDF be the given circle:
it is required to inscribe a regular hezagon in it.
Find G the centre of the ® ABDF; u 1.
and draw a diameter AGD.
From centre D, with radius DG, describe the ® EGCH.
Join CG, EG, and produce them to cut the O of the
given circle at F and B,
Join AB, BC, CD, DE, EF, FA.
Then ABCDEF shall be the required regular hexagon.
Now GE = GD, being radii of the ®©ACE;
and DG = DE, being radii of the ©EHC:

*. GE, ED, DG are all equal, and the AEGD is equilateral.
Hence the . EGD = one-third of two rt. angles. 1. 32.
Similarly the . DGC = one-third of two rt. angles.

But the 4 *® EGD, DGC, CGB together = two rt. angles ; 1. 13,
.’. the remaining . CGB =one-third of two rt. angles.

.". the three .* EGD, DGC, CGB are equal to one another.
And to these angles the vert. opp. »*® BGA, AGF, FGE

are respectively equal :

.. the L*EGD, DGC, CGB, BGA, AGF, FGE are all equal ;
.. the arcs ED, DC, CB, BA, AF, FE are all equal; 11 26,
.. the chords ED, DC, CB, BA, AF, FE are all equai: mr. 29.

*. the hexagon is equilateral.
Again the arc FA = the arc DE: Proved.
to each of these equals add the arc ABCD;
then the whole arc FABCD = the whole arc ABCDE :
hence the angles at the O which stand on these equal arcs
are equal,
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that is, the . FED =the L AFE. mL 27,
In like manner the remaining angles of the hexagon
may be shewn to be equal.
.". the hexagon is equiangular:
.". the hexagon is regular, and it is inscribed in the  ABDF,
Q.E.F.

CoroLLarY. Te side of a regular hexagon inscribed in
_a circle is equal to the radius of the circle.

ProrosiTioN 16. ProsLEM.

To inceribe a regular quindecagon in a given cirele.

Let ABCD be the given circle ;
it is required to inscribe a regular quindecagon in it.
In the © ABCD inscribe an equilateral triangle, 1v, 2.
and let AC be one of its sides.
In the same circle inscribe a regular pentagon, 1v. 11,
and let AB be one of its sides.

Then of such equal parts as the whole O® contains fifteen,
the arc AC, which is one-third of the O, contains five;
and the arc AB, which is one-fifth of the O, contains three;
.". their difference, the ar¢ BC, contains two.

Bisect the arc BC at E: 1. 30.

then each of the arcs BE, EC is onefifteenth of the O,
.. if BE, EC be joined, and st. lines equal to them be
placed successively round the eircle, a regular quindecagon
will be inscribed in it. QR
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NOTE ON REGULAR POLYGONS,

The following propositions, proved by Euclid for a regular penta-
gon, hold good for all regular polygons.

1. The bisectors of the angles of any regular polygon are con-
current.

Let D, E, A, B, C be consecutive angular p o
p%ints of a regular polygon of any number of
gides
Bisect the «*EAB, ABC by AO, BO, which  E c
intersect at O. A B
Join EO.

I4 is required to prove that EO bisects the £ DEA.
For in the A® EAO, BAO,

EA=BA, being sides of a regular polygon;
Becanse and AO is common;
and the £ EAO=the £z BAO; Constr.
.. the £ OEA=the £ OBA. 1. 4.
But the £ OBA is half the £ ABC; Constr.

also the £ ABC=the £ DEA, since the polygon is regular;
*. the . OEA is half the 2 DEA:
that is, EO bisects the 2 DEA.

Similarly if O be joined to the remaining angular points of the
polygon, it may be proved that each joining line bisects the angle
to whose vertex it is drawn.

That is to say, the bisectors of the angles of the polygon meet at
the point O. Q.E.D.

ConorrariES. Since the £ EAB=the £ ABC;
and sinte the £ "OAB, OBA are respectively half of the £*EAB, ABC
' the £ OAB=the 2 OBA.
- OA=0B. L 6.
Similarly OE=0A.
Hence T'he bisectors of the angles of a regular polygon are all equal:
and a circle described from the centre O, with radius OA, will be
circumscribed about the polygon.

Also it may be shewn, as in Proposition 13, that perpendiculars
drawn from O to the sides of the polygon are all equal ; therefore a
circle deseribed from centre O with any one of these perpendwnlara a8
radius will be inscribed in the polygon.
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2. If a polygon inscribed in a circle is equilateral, it {5 also
equiangular,

Let AB, BC, CD be consecutive sides of an
equilateral polygon inseribed in the ® ADK; S
then shall this polygon be equiangular.
Because the chord AB=the chord DC, Hyp.
.. the minor arc AB =the minor arec DC, 1. 28.
To each of these equals add the arc AKD:
then the arc BAKD =the arc AKDC;
~. the angles at the O°¢, which stand on these
equal arcs, are equal; 9 D
that is, the £ BCD=the £ ABC, 11 27.
Similarly the remaining angles of the polygon may be shewn to be
equal:
.. the polygon is equiangular, Q.E.D.

8. If a polygon inscribed in a ecircle is equiangular, it is also
equilateral, provided that the number of its sides 1s odd.

[Observe that Theorems 2 and 3 are only true of polygons inscribed
in a circle.

The accompanying figures are sufficient to shew that otherwise a
polygon may be equilateral without being equiangular, Fig. 1; or
equiangular without being equilateral, Fig. 2.]

Nore. The following extensions of Euclid’s constructions for
Regular Polygons should be noticed.

By continual bisection of arcs, we are enabled to divide the
circumference of a circle,
by means of Proposition 6, into 4, 8,16,..., 2.2%,.., equal paris;
by means of Proposition 15, into 8, 6,12, .., 3.2%,, , equal parts;
by means of Proposition 11, into 5, 10, 20,.., 5.2%,... equal parts;
by means of Proposition 16, into 15, 30, 60,..., 15 .27, ., equal parts,

Hence we can inscribe in a circle a regular polygon the number of
whose sides is included in any one of the formuls 2. 2%, 3.2%, 5. 2%,
15. 2%, n being any positive integer. In addition to these, it has been
shewn that a regular polygon of 2*4-1 sides, provided 2"+1 is a
prime number, may be inscribed in a circle.
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EXERCISES ON PROPOSITIONS 1116,

1. Express in terms of a right angle the magnitude of an angle of
the following regular polygons:

(i) & pentagon, (ii) a hexagon, (iii) an octagon,
(iv) a decagon, (v) a quindecagon.

2. The angle of a regular pentagon is trisected by the straight
lines which join it to the opposite vertices.

8. In a polygon of n sides the straight lines which join any
angular point to the vertices not adjacent to it, divide the angle into
n~ 2 equal parts.

4. Shew how fo construct on a given straight line
(i) a regular pentagon, (ii) a regular hexagon, (iix) a regular octagon.

5. An equilateral triangle and & regular hexagon are inscribed in
8 given circle; shew that

(i) the area of the triangle is half that of the hexagon;

(ii) the square on the side of the triangle is three times the
square on the side of the hexagon.

6. ABCDE is a regular pentagon, and AC, BE intersect at H:
ghew that
(i) AB=CH=EH.
(ii) AB is a tangent to the circle circumscribed about the
triangle BHC.
(ki) AC and BE cut one another in medial section.

7. The straight lines which join alternate vertices of a regular
pentagon intersect so as to form another regular pentagon.

8. The straight lines which join slternate vertices of a regular
polygon of n sides, intersect so as to form another regular polygon of
n sides.

If n=6, shew that the area of the resulting hexagon is one-third of
the given hexagon.

9. By means of 1v. 16, inseribe in a circle a triangle whose
angles are as the nambers 2, 5, 8.

10. Shew that the ares of a regular hexagon inscribed in a circle
is three-fourths of that of the corresponding circumseribed hexagon.
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I. ON THE TRIANGLE AND ITS CIRCLES.

1. D, E, F are the pounts of contact of the inscribed circle of the
triangle ABC, and D,, E,, F, the points of contact of the escribed
circle, which touches BC and the other sides produced: a, b, ¢ denote
the lengths of the sides BC, CA, AB; 8 the semi-perimeter of the
triangle, and r, r; the radii of the inscribed and escribed circles.

Prove the following equalities :—
(i) AE=AF=s-a,
BD = BF:s - b,
CD=CE=3s—c.
(ii) AE,=AF,=s.

(ii) CD,=CE,=s-10,
BD,;=BF;=s-c.

(ivv CD=BD, and BD=CD,.
(v) EE,=FF,=a.

(vi) The area of the AABC
=re=r; (8- a).
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2. In the triangle ABGC, | is the centre of the inscribed circle, and
1, by, Iy the centres of the escribed circles touching respectively the
sides Bé, CA, AB and the other sides produced.

Prove the following properties :—

() The points A, 1,1, are collinear; 50 ure B, 1, 1,; and C, |, 1.

(i) The points l,, A, l; are collinear ; so are 1, B, |,; and
I, G 1,

(ili) The triangles BL,C, Cl,A, AlB are equiangular to one
another.

{iv) The triangle 11,1, is equiangular to the triangle formed by
Joining the points of contact of the inscribed circle.

(v} Of the four points 1, 1,, |y, |5 each is the orthocentre of the
triangle whose vertices are the other three.

(vi) The four circles, each of which passes through three of the
points |, 4, 1, Y5, are all equal.

.
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3. With the notation of page 277, shew that in a triangle ABC,
if the angle at C is a right angle,

r=8-c¢; 1T=8-b; ry=s-a; rg=s

4. With the figure given on page 278, shew that if the circles
whose centres are |, I, I, I; touch BC at D, D, D,, Dy, then

(i) DD,=D,Dy=b. (i) DDy=D,D,=c.
iii) D,Dy=b+ec, iv) DD,=b~c¢.
Pl 1

5. Shew that the orthocentre and vertices of a triangle are the
centres of the inscribed and escribed circles of the pedal triangle.
[See Ex. 20, p. 225.]

6. Given the base and vertical angle of a triangle, find the locus of
the centre of the inscribed circle. [See Ex. 36, p. 228.]

7. Given the base and vertical angle of a triangle, find the locus of
the centre of the escribed circle which touches the base.

8. Given the base and vertical angle of a triangle, shew that the
centre of the circumscribed circle is fized.

9. Given the base BC, and the vertical angle A of a triangle, find
the locus of the centre of the escribed circle which touches AC,

10. Given the base, the vertical angle, and the radius of the
inseribed circle; construct the triangle.

11. Given the base, the vertical angle, and the radius of the
escribed circle, (i) which touches the base, (ii) which touches one
of the sides containing the given angle; construct the triangle.

12. Given the base, the vertical angle, and the point of contact
with the base of the inscribed circle; construct the triangle.

13. Given the base, the vertical angle, and the point of contact
with t{xe base, or base produced, of an eseribed circle; construct the
triangle.

14, From an external point A two tangents AB, AC are drawn to
a given circle ; and the angle BAC is bisected by a straight line which
meets the circumference in | and |,: shew that | is the centre of the
circle inscribed in the triangle ABC, and |, the centre of one of the
escribed circles.

15. 11is the centre of the circle inscribed in a triangle, and \; 1,, I
the centres of the escribed circles; shew that 1y, 11y, Hg are bisected by
the circumference of the circumscribed circle,

16. ABC is a triangle, and l,, I; the centres of the escribed
circles which toueh AC, and AB respectively : shew that the points
B, C, I, 1, lie upon a circle whose centre is on the circumference of
the circle circumseribed about ABC,
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17. With three given pointe as centres describe three circles
touching one another two by two. How many solutions will there be?

18. Two tangents AB, AC are drawn fo & given circle from an
external point A; and in AB, AC two poinis D and E are taken
so that DE is equal to the sum of DB and EC: shew that DE touches
the circle,

19. Given the perimeter of a triangle, and one angle in magnitude
and position : shew that the opposite side always touches a fixed circle.

20. Given the centres of the three escribed circles; construct the
triangle.

21, Given the centre of the inseribed circle, and the centres of
two escribed circles ; construct the triangle.

22, Given the vertical angle, perimeter, and the length of the
bisector of the vertical angle; construct the triangle.

28. Given the vertical angle, perimeter, and altitude; construct
the triangle.

24. Given the vertical angle, perimeter, and radius of the in-
scribed circle; construct the triangle.

25. Given the vertical angle, the radius of the ingeribed circle,
and the length of the perpendicular from the vertex to the base;
construct the triangle.

26. Q(iven the base, the difference of the sides containing the
vertical angle, and the radius of the inscribed circle; construct the
triangle. [See Ex. 10, p. 258.]

27. Given a vertex, the centre of the circumscribed circle, and the
centre of the inscribed circle, construct the triangle.

28. In a triangle ABC, | is the centre of the inscribed circle ; shew
that the centres of the circles circumseribed about the triangles BIC,
CIA, AIB lie on the circumference of the circle circumscribed about
the given triangle.

29. In a triangle ABC, the inscribed circle touches the base BC at
D; and 7, r, are the radii of the inscribed circle and of the escribed
circle which touches BC : shew that r . r;=BD , DC.

80. ABCisa trinntﬁla, D, E, F the points of contact of its inscribed
circle; and D’E'F’ is the al triangle of the triangle DEF : shew
that the sides of the triangle D'E'F’ are parallel to those of ABC.

81. In a triangle ABC the inscribed circle touches BC at D.
Shew that the circles inscribed in the triangles ABD, ACD touch one
another.
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Ox THE NINE-PoryTs CIRCLE,

82, Inany triangle the middle points of the sides, the feet of the
perpendiculars drawn from the vertices to the opposite sides, and the
middle points of the lines joining the orthocentre to the vertices are
concyclic.

In the AABC, let X, Y, Z be the
middle points of the sides BC, CA,
AB; let D, E, F be the feet of the
perp® drawn to these sides from A,
B, C; let O be the orthocentre, and
a, 8, v the middle points of QA,
0B, OC:
then shall the nine points X, Y, Z,

D, E, F, g, f, ¥ be concyclic.

Join XY, XZ, Xa, Ya, Za.

Nowfrom the A ABO, sinceAZ =28,

and I\:,v.:c:p('::",rl BO. E Hyp. 4
- Za is par! to BO, Ex. 2, p.96.
And from the A ABC, since BZ = ZA, B X b ¢
and BX=XC, Huyp.
» ZX is part to AC,
But BO makes a rt. angle with AC; Hyp.
- the £ XZa is a rt. angle.
Similarly, the £ XYa is a rt. angle. 1. 29,

.. the points X, Z, a, Y are concyche:
that is, a lies on the o of the circle, which passes through X, Y, Z;
and Xq is a diameter of this circle.

Similarly it may be shewn that 8 and v lie on the 0% of the circle
which passes through X, Y, Z.

Again, since aDX is a rt. angle, Hyp.
.. the circle on Xa as diameter passes through D.
Similarly it may be shewn that E and F lie on the cirenmference
of the same circle.
. the points X, Y, Z, D, E, F, q, 8, y are coneyelic, Q.2.Dp.

From this property the circle which passes through the middle
points of the sides of & triangle is called the Nine-Points Circle ; many
n;fitapmﬂiumybederived from the fact of ifs being the circle
sircumseribed about the pedal triangle.
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33. To prove that
(i) the centre of the nine-poinis circle is the middle point of
the straight line which joins the orthocentre to the circumscribed centre :
(i)  the radius of the nine-points circle is half the radius of the
circumscribed circle:
(iii) the centroid is collinear with the circumseribed centre, the
nine-points centre, and the orthocentre.

In the AABC, let X, Y, Z be the A
middle points of the sides; D, E, F
the feet of the perp'; O the ortho-
centre; § and N the centres of the
circumscribed and nine-points circles
respectively.

(i) To prove that N is the
middle point of SO.

It may be shewn that the perp.
to XD from its middle point bisects
$0; Ex. 14, p. 98.

Similarly the perp. to EY at its
middle point bisects SO:

that is, these perp® intersect at the middle point of SO:

And since XD and EY are chords of the nine-points cirele,

.. the intersection of the lnes which bisect XD and EY at rt. angles
is its centre: . 1.
.. the centre N ig the middle point of SO.

(iij To prove that the radius of the nine-points circle is half
the radius of the circumseribed circle.

By the last Proposition, Xa is a diameter of the nine-points circle.
». the middle point of Xa is its centre:
but the middle point of SO is also the centre of the nine-points circle.

{(Proved.)
Hence Xa and SO bisect one another at N.
Then from the a* SNX, ONa
SN=0N,
Because and NX =Na,
and the £ SNX =the £ ONa; 1. 15,
s SX=0a 1. 4.
= Aa.
And S$X is also par! to Aaq,
. SA=Xa, 1. 33,

But SA is & radius of the circumsecribed circle;
and Xa is a diameter of the nine-points cirele;
. the radius of the nine-points circle is half the radius of the circume
seribed circle,
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(ili) To prove that the centroid is collinear with points S, N, O.
Join AX and draw ag par! to SO.
Let AX meet SO at G.
Then from the AAGO, since Aa=aO and ag is par! to OG,

.~ Ag=gG Ex. 13, p. 98.
And from the A Xag, since aN=NX, and NG is par! {o ag,
5 gG=GX, Ex. 18, p. 98.
- AG =% of AX;

- G is the centroid of the triangle ABC,
That is, the centroid is collinear with the po:nts S, N, O. Q.E.D.

84. Given the base and vertical angle of a triangle, Jind the locus
of the centre of the nine-points circle.

35. The nine-points circle of any triangle ABC, whose orthocentre
is O, is also the nine-points circle of each of the triangles AOB, BOC,
COA.

36. If I, 1, 1, I, are the centres of the inscribed and escribed
circles of a triangle ABC, then the cirele cireumscribed about ABC is
the nine-points circle of each of the four triangles formed by joining
three of the points |, I, I,, I,

37. Al triangles which have the same orthocentre and the same
circumscribed circle, have also the same nine points circle.

38. Given the base and vertical angle of a triangle, shew that one
angle and one side of the pedal triangle are constant.

39. Given the base and vertical angle of a triangle, find the
locus of the centre of the circle which passes thiough the three
escribed centres.

Notz. For another important property of the Nine-points Circle
sec Ex. 60, p. 382,

II. MISCELLANEOUS EXAMPLES.

1. If four circles are described to touch evcry three sides of a
quadrilateral, shew that their centres are concyclie.

2. If the straight lines which bisect the angles of a rectilineal
figure are concurrent, a circle may be inscribed in the figure.

8. Within a given circle describe three equal circles touching one
another and the given circle.

4. The perpendiculars drawn from the centres of the three
escribed circles of a triangle to the sides which they touch, are con-
current,
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5. Given an angle and the radii of the inscribed and circumscribed
circles; construet the triangle.

6. Given the base, an angle at the base, and the distance between
the centre of the inscribed circle and the centre of the eseribed circle
which touches the base; construct the triangle.

7. In a given circle inscribe a triangle such that two of its sides
may pass through two given points, and the third side be of given
length,

8. In any triangle ABC, |, 1, |,, I; are the centres of the in-
scribed and eseribed circles, and 'S, S,, S are the centres of the
cireles eircumscribed about the triangles BIC, CIA, AIB: shew that
the triangle S,8,8, has its sides parallel to those of the triangle I, 1,1,
and is one-fourtzh of it in area: also that the triangles ABC and
8,8,S; have the same circumsoribed circle.

9. O is the orthocentre of a triangle ABC: shew that
AO?4 BC2=BO?+ CA=CO?+AB2=d?,
where d is the diameter of the circumseribed circle.

10. If from any point within a regular polygon of » sides perpen-
diculars are drawn to the sides the sum of the perpendiculars is equal
to n times the radius of the inseribed circle.

11. The sum of the perpendiculars drawn from the vertices of a
regular polygon of = sides on any straight line is equal to n times the
perpendicular drawn from the centre of the inscribed cirele.

12. The area of a cyclic quadrilateral is independent of the order
in which the sides are placed in the circle,

18. Given the orthocentre, the centre of the nine-points circle, and
the middle point of the base ; construct the triangle.

14. Of all polygons of & given number of sides, which may be
inscribed in & given circle, that which is regular has the maximum
area and the maximum perimeter.

15, Of all polygons of a given number of sides circumscribed
about a given circle, that which is regular has the minimum area and
the minimum perimeter,

16. Given the vertical angle of a triengle in position and magni-
tude, and the sum of the sides containing it: ﬁgglm the locus of the
centre of the circumseribed circle,

17. P is any point on the circumference of a circle circumscribed
about an equilateral triangle ABG: shew that PA’+PB?+PC2 is
constant,



BOOK V.

Book V. treats of Ratio and Proportion.

INTRODUCTORY.

The first four books of Euclid deal with the absolute equalit,
or inequality of Geometrical magnitudes. In the Fifth Boo
magnitudes are compared by considering their ratio, or relative
greatness.

The meaning of the words ratio and proportion in their
simplest arithmetical sense, as contained in the following defini-
tions, is probably familiar to the student:

The ratio _;‘Jif one number to another is the multiple, part, or
parts that the first number @8 of the second; and it may therefore be
measured by the fraction of whick the first number s the numerator
and the second the denominator.

Four numbers are in proportion when the ratio of the first to
the second 1s equal to that of the third to the fourth.

But it will be seen that these definitions are inapplicable to
Geometrical magnitudes for the following reasons:

(1) Pure Geometry deals only with concrete magnitudes, re-
presented by diagrams, but not referred to any common unit in
terms of which they are measured: in other words, it makes
no use of number for the purpose of comparison between different

magnitudes,

(2) It commonly happens that Geometrical magnitudes of
the same kind are incommensurable, that is, they are such that
it is impossible to express them exactly in terms of some common
unit.

For example, we can make comparison between the side and
diagonal of a square, and we may form an ides of their relative great-
ness, but it can be shewn that it is impossible to divide either of them
into equal parts of which the other contamns an exact number. And
a3 the magnitudes we meet with in Geometry are more often incom-
mensurable than not, it is clear that it would not always be possible
1o exactly represent such magnitudes by numbers, even 1f referance to
& common unit were not foreign to the prineiples of Euclid.

1t in therefore necessary to establish the Geometrical Theory
of Proportion on & basis quite independent of Arithmetical
principles. This is the aim of Euclid’s Fifth Book.

H K 19
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‘We shall employ the following notation.

Capital letters, A, B, C,... will be used o denofe the magnitndes
themselves, not any numerical or algebraical measures of them, and
amall letters, m, n, p,... will be used to denote whole numbers. Also
it will be assumed that mmultiplication, in the sense of repeated
addition, can be applied to any magnitude, so that m.A or mA will
denote the magnitude A taken m times,

The symbol > will be used for the words greater than, and < for
less than.

DrriNiTIONS.

1. A greater magnitude is said to be a multiple of a
less, when the greater contains the less an exact number of
times.

2. A less magnitude is said to be a submultiple of a
greater, when the less is contained an ewxact number of
times in the greater.

The following properties of multiples will be assumed as self-evident.

{1) mA > = or < mB according 88 A > = or < B; and
conversely.

©2) mA+mB+..=m(A+B+..).

{8) If A>B, then mA -mB=m(A-B).

#) mA+nA+. .=m+in+. )A

(5) Ifm>n, then mA —nA=(m-n)A.

{6) m.nA=mn.A=nm.A=n.mA.

3. The Ratio of one magnitude to another of the same
kind is the relation which the first bears to the second in
respect of quantuplicity.

The ratio of A to B is denoted thus, A :B; and A is
called the antecedent, B the consequent of the ratio.

The term quantuplicity denotes the capacity of the first magnitude
to contain the second with or without remainder. If the magnitudes
are commensurable, their quantuplicity may be expressed numerically
by obasrving what multiples of the two magnitudes are equal to one
another.

Thus if A=ma, and B=1na, it follows that nA=mB. In this case

=’-38, and the quantuplicity of A with respect to B is the arith-
metical fraction =
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But if the magnitudes are incommensurable, no multiple of the
first can be equal to any multiple of the second, and therefore the
quantuplicity of one with respect to the other cannot exactly be
expressed numerically: in this case it is determined by examini
how the multiples of one magnitude are distributed among the
multiples of the other.

Thus, let all the multiples of A be formed, the scale extending ad
infinitum; also let all the multiples of B be formed and placed in their
proper order of magnitude among the multiples of A, This forms the
relative scale of the two magnitudes, and the quantuplicity of A with
respect to B is estimated by examining how the multiples of A are
distributed among those of B in their relative scale.

In other words, the ratio of A to B is known, if for all integral
values of m we know the multiples 2B and (n+1) B between which
mA lies.

In the case of two given magnitudes A and B, the relative scale of
multiples is definite, and is different from that of A to C, if C differs
from B by any magnitude however small.

For let D be the difference between B and C; then however small
D may be, it will be possible to find a number m such that mD> A.
In this case, mB and mC would differ by a magnitude greater than A,
and therefore could not lie between the same two multiples of A; so
that after a certain point the relative scale of A and B would differ
from that of A and C.

[It is worthy of notice that we can always estimate the arithmetical
ratio of two incommensurable magnitudes within any required degree
of accuracy.

For suppose that A and B are incommensurable; divide B into m
equal parts each equal fo 8, so that B=mg, where m is an integer.
Also suppose g8 is contained in A more than n times and less than
(r+1) times; then
A > "8 and <

n+1)B
B~ mB mg

that is, A lies between — and 1—‘—1"—1;

B m m
so that § differs from ;—: by a quantity less than %. And since we
can choose B (our unit of measurement) as small as we pleass, m can
be made as great ag we please. Hence 1 can be made as small as we

m
please, and two integers n and m can be found whose ratio will express
that of @ and b to any required degree of accuracy.]

19-2
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4. The ratio of one magnitude to another is equal to
that of a third magnitude to a fourth, when if any equi-
multiples whatever of the antecedents of the ratios are
taken, and also any equimultiples whatever of the con-
sequents, the multiple of one antecedent is greater than,
equal to, or less than that of its consequent, according as
the multiple of the other antecedent is greater than, equal
to, or less than that of its consequent.

Thus the ratio A to B is equal to that of G to D when
mC > = or < nD according as mA > = or < nB, whatever whole
numbers m and » may be.

Again, let m be any whole number whatever, and n another whole
number determined in such a way that either mA i equal to nB, or
mA lies between nB and (n+1) B; then the definition asserts that the
ratio of A to B is equal to that of C to D if mC=nD when mA=nB;
or if mC lies between nD and (n-+1) D when mA lies between nB and
(n+1)B.

In other words, the ratio of A to B is equal to that of C to D when
the multiples of A are distributed among those of B in the same
manner a8 the multiples of C are distributed among those of D.

5. When the ratio of A to B is equal to that of C to D
the four magnitudes are called proportionals. This is ex-
pressed by saying “ A 4s fo B as C is fo D”, and the proportion
is written

A:B:u:C:D,
or A:B=C:D.

A and D are called the extremes, B and C the means; also
D is said to be a fourth proportional to A, B, and C.

Two terms in a proportion are said to be homologous
Wwhen they are both antecedents, or both consequents of the
ratios.

[Xt will be useful here to compare the algebraical and geometrical
definitions of proportion, and to shew that each may be deduced from
the other.

According to the geometrical definition A, B, C, D are in propor-
tion, when mC > = <nD according as mA> = <nB m and n being
any positive integers whatever.

Aecordmg to the algebraical definition A, B, C, D are in proportion

A

when -—..5
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(i) To deduce the geometrical definition of proportion from
the algebraical definition.

Since -g = g » by multiplying both sides by %" , We obtain
mA_mC_
2B D’

hence from the nature of fractions,
mC > = <nD according as mA> = <nB,
which is the geometrical test of proportion.

(ii) To deduce the algebraical definition of proportion from
the geometrical definition.

Given that mC> = <nD according as mA > = <nB, to prove

A_C
B~ D
Ir g is not equal tog , one of them must be the greater.

Suppose —g >%; then it will be possible to find some fraction %

which lies between them, n and m being positive integers.

A n
Hence BT e A ¢ §
C n
and B<m" .. . (2.
From (1), mA>nB;
from (2), mC<nD;
and these contradict the hypothesis.
A ] . A C :
Therefore B and p &re not unequal; that ig, B=D’ which proves
the proposition.]

6. The ratio of one magnitude to another is greater
than that of a third magnitude to a fourth, when it is
possible to find equimultiples of the antecedents and equi-
multiples of the consequents such that while the multiple
of the antecedent of the first ratio is greater than, or equal
to, that of its consequent, the multiple of the antecedent
of the second is not greater, or is less, than that of its
consequent,
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This definition asserts that if whole numbers m and n can be found
such that while mA is greater than nB, mC is not greater than nD,
or while mA=nB, mC is less than nD, then the ratio of A to B is
greater than that of C to D.

7. If A is equal to B, the ratio of A to B is called a
ratio of equality.

If A is greater than B, the ratio of A to B is called a
ratio of greater inequality.

If A is less than B, the ratio of A to B is called a ratio
of less inequality.

8. Two ratios are said to be reciprocal when the ante-
cedent and consequent of one are the consequent and ante-
cedent of the other respectively; thus B: A is the reciprocal
of A:B.

9. Three magnitudes of the same kind are said to be
proportionals, when the ratio of the first to the second is
equal to that of the second to the third.

Thus A, B, C are proportionals if
A:B::B:C.
B is called a mean proportional to A and C, and C is
called a third proportional to A and B.

10. Three or more magnitudes are said to be in con-
tinued proportion when the ratio of the first to the second
is equal to that of the second to the third, and the ratio of
the second to the third is equal to that of the third to the
fourth, and so on.

11. 'When there are any number of magnitudes of the
same kind, the first is said to have to the last the ratio
compounded of the ratios of the first to the second, of the
second to the third, and so on up to the ratio of the last
but one to the last magnitude.

For example, if A, B, C, D, E be magnitudes of the same
kind, A : E is the ratio compounded of the ratios A : B,
B:C,C:D,and D: E
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This i gometimes expressed by the following notation:

A:B
.p_J)B:C

D:E.

12, If there are any number of ratios, and a set of
magnitudes is taken such that the ratio of the first to the
second is equal to the first ratio, and the ratio of the second
to the third is equal to the second ratio, and so on, then
the first of the set of magnitudes is said to have to the
last the ratio compounded of the given ratios.

Thus, if A: B, C: D, E : F be given ratios, and if P, Q,
R, S be magnitudes taken so that

P:@::A:B,

Q:R::C:D,

R:8S L E:F;

A:B

then P:Sz%C:D
E:F.

13. 'When three magnitudes are proportionals, the first
is said to have to the third the duplicate ratio of that
which it has to the second.

Thus if A:B::B:C,
then A is said to have to C the duplicate ratio of that which
it has to B.

Since A:C= Q (B;
it is olear that the ratio compounded of two equal ratios is the dapli-
cate ratio of either of them.

14. When four magnitudes are in continued proportion,
the first is said to have to the fourth the triplicate ratio of
that which it has to the second.

It may be shewn as above that the ratio compounded of three equal
ratios is the triplicate ratio of any one of them.
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Although an algebraical treatment of ratio and proportion when
applied to geometrical magnitudes cannot be considered exact, it will
perhaps be useful here to summarise in algebraical form the principal
theorems of proportion contained in Book V. The student will then
perceive that its leading propositions do not introduce new ideas, but
merely supply rigorous proofs, based on the geometrical definition of
proportion, of results already familiar in the study of Algebra.

‘We shall only here give those propositions which are afterwards
referred to in Book VI. It will be seen that in their algebraical form
many of them are so simple that they hardly require proof.

SumMARY oF PrincipanL TaroreEMs orF Boox V.

ProrosiTioN 1.

Ratios which are equal to the same ratio are equal to one another,
That is, if A:B=X:Yand C:D=X:Y;
then A:B=C:D.

ProrosiTION 3.

If four magnitudes are proportionals, they are also proportionals
when taken inversely.

That is, if A:B=C:D,
then B:A=D:C.

This inference is referred to as invertendo or inversely.

ProrosiTioN 4.

(@) Equal magnitudes have the same ratio to the same magnitude.

For if A=B,

then A:C=B:C.
(i) The same magnitude has the same ratio to equal magnitudes,
For if A=B,

then C:A=C:B,
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ProrosirTIOoN 6.

() Magnitudes which have the same ratio to the same magnitude
are equal to one another.

That is, if A:C=B:C,
then A=B

(i) Those magnitudes to which the same magnitude has the same
ratio are equal to one another.

That is, if C:A=C:B,
then A=B,

ProrosITioN 8.

Magnitudes have the same ratio to one another which their equi-
multiples have.

That is, A:B=mA:mB,
where m is any whole number.

Prorosrrion 11.

If four magnitudes of the same kind are proportionals, they are also
proportionals when taken alternately.

If A:B=C:D,
then ghall A:C=B:D.
; A_C
For since E=DB’
A B C B
.. multiplying by-Bé, we have B'6-b o
. A_B
thﬂ.tlﬂ, E—D'
or A:C=B:D.

This inference is referred to as alternando or alternately.
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ProrosrTioN 12.

If any number of magnitudes of the same kind are proportionals,
then as one of the antecedents is to its consequent, so is the sum of the
antecedents to the sum of the consequents.

Let A:B=C:D=E:F=.;
then shall A:B=A+C+E+..:B+D+F+..

For put each of the equal ratios g, g—, % , . equal to k;

then A::Bk, C:Dk, E:Fk,. .
. A+C+E+..‘_Bk+Dk+Fk+..._k_é_9_E_ .
“B+D+F+.. BiD+F+.. ~ B D F

s A:B=A+C+E+...:B+D+F+...
This inference is sometimes referred to as addendo.

ProrosiTIoN 13,

(@) If four magnitudes are proportionals, the sum of the first and
second is to the second as the sum of the third and fourth is to the fourtk.

Let A:B=C:D,
then shall A+B:B=C+D:D.
. A C

For since B=D
A (o]
<.—§+1——5+1,
. A+B C+D
th&tlﬂ, —“B'—-T,
or A+B;:B=C+D:D.

This inference is referred fo as componendo.

(i) If four magnitudes are proportionals, the difference of the first
and second is to the second as the difference of the third and fourth is to
the fourth.

That is, if A:B=C:D,

then A~B:B=C~D:D.
The proof is similar to that of the former case.
This inference is referred to as dividendo.
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Prorosrtion 14,

If there are two sets of magmitudes, such that the first is to the
second of the first set as the first to the second of the other set, and the
second to the thard of the first set as the second to the third of the other,
and 80 on to the last magnitude: then the first is to the last of the first
set as the first to the last of the other.

First let there be three magnitudes, A, B, C, of one set, and three,
P, @, R, of another set,

and let A:B=P:Q,
and B:C=Q:R;
then shall A:C=P:R.
. A P B Q
For gince BT o and =R
LA B_P @
‘B'C Q@'R’
. A P
th&tlﬂ, —C—zﬁ;
or A:C=P:R.
Similarly if A:B=P:Q,
B:C=Q:R,
L:M=Y:2Z;

it can be proved that A:M=P:Z.

This inference is referred to as ex squall.

Conorrary. If A:B=P:Q,
and B:C=R:P;
then shall A:C=R:Q.

. A P B_R,

For since B a’ anda-—ﬁ,

A B P R,
8'c7a' P
.A_R,
et a’

or A:C=R:Q
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ProposiTiON 15.

If A:B=C:D,
and E:B=F:D;
then shall A+E . B=C+F:D.

For since %:%,and%:%,

A+E C+F
B =D
that is, A+E:B=C+F:D.

ProrosrTioN 16,

If two ratios are equal, their duplicate 1atios are equal; and
conversely.
Let A:B=C:D;

then shall the duplicate ratio of A : B be equal to the duplicate ratio
of C:D.

Let X be a third proportional to A, B;

so that A:B=B:X;
_B_A
“X=B

B A_A A

"X'BT BB’
. A A?
that is, X =@

But A : X is the duplicate ratio of A : B;

. the duplicate ratio of A : B=A2: B2,
But since A:B=C:D;
LA_C
"BTDB’
A? C?
T BT
or A?; B2=C?: D?;

that is, the duplicate ratio of A B =the duplicate ratio of C : D.
C’onvenely, let the duplicate ratio of A : B be equal to the dupli-
cate ratio of C
then shall A:B=C:D,
for since A?: B!=C?; D2
~A:B=C:D.
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ProoFs oF THE ProprosiTioNs oF Boox V. DERIVED FRoOM

THE GEOMETRICAL DEFINITION OF PROPORTION.

Obs. The Propositions of Book V. are all theorems,

ProrosiTion 1.

Ratios which are equal to the same ratio are equal to one
* another.

Let A:B::P:@ and also C:D::P:Q; then shall
A:B::C:D.

For it is evident that two scales or arrangements of
multiples which agree in every respect with a third scale,
will agree with one another.

ProrosiTiON 2.

If two ratios are equal, the antecedent of the second is
greater than, equal to, or less than its consequent according
as the antecedent of the first is greater than, equal to, or less
than its consequent.

Let A:B:C:D,
then C> = or <D,
according as A> = or <B.

This follows at once from Def. 4, by taking m and n
“each equal to unity.
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ProrosiTioN 3.

If two ratios are equal, their rectprocal ratios are equal.
Let A:B::C:D,
then shall B:AuD:C.

For, by hypothesis, the multiples of A are distributed
among those of B in the same manner as the multiples of
C are among those of D;
therefore also, the multiples of B are distributed among
those of A in the same manner as the multiples of D are
among those of C.

That is, B:A:uD:C.
Nore. This proposition is sometimes enunciated thus

If four magnitudes are proportionals, they are also proportwnals
when taken inversely,

and the inference ig referred to ag invertendo or inversely.

PropoSITION 4.

Equal magnitudes have the same ratio to the same mag-
nitude; and the same magnitude has the same ratio to equal
magnitudes.

Let A, B, C be three magnitudes of the same kind, and
let A be equal to B;

then shall A:C::B:C
and C:A::C:B.

Since A= B, their multiples are identical and therefore
are distributed in the same way among the multiples of C.

*“A:C::B:C, Def. 4.
*. also, tnvertendo, C:A::C:B. v. 3.
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ProrosrrioN 5.

Of two unequal magnitudes, the greater has o greater
ratio to a third magnitude than the less has; and the same
magnitude has a greater ratio to the less of two magnitudes
than it has to the greater. .

First, let A be > B;
then shall A:Cbhe>B:C.

Since A > B, it will be possible to find m such that mA
exceeds mB by a magnitude greater than G;

hence if mA lies between nG and (n + 1)C, mB <nC:
and if mA =nC, then mB <nC;

SA:C>B:C. Def. 6.
Secondly, let Bbhe<A;
then shall C:Bbe>C:A

For taking m and = as before,
nC>mB, while nC is not > maA;
S.C:B>GC: A Def. 6.

ProrosiTiON 6.

Magnitudes which have the same ratio to the same mag-
nibude ars equal to one another; and those to which the same
magnitude has the same ratio are equal to one another.

First, letA:C::B:C;
then shall A=B.
Forif A>B, then A: C>B:C,
and if B>A, then B: C>A: G, v. 5.

which contradict the hypothesis;
JoA=B,
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Secondly, letG:A::C:B;
then shall A=B.
Because C : A:: C: B,
", tnvertendo, A:C::B:C, v. 3,
A=B,

by the first part of the proof.

%3

ProrosiTiON 7.

That magnitude which has a greater ratio than another
has to the same magritude is the greater of the two; and
that magnitude to which the same has a greater ratio than it
has to another magnitude is the less of the two.

First, letA:Che>B:C;
then shall A be >B.
Forif A=B, then A:C::B:C, v. 4.

which is contrary to the hypothesis.

Andif A<B, then A:C<B:C; v. b,
which is contrary to the hypothesis;
. A>B.
Secondly, let C: Abe>C:B;
then shall A be <B.
Forif A=B,then C:A::C:B, v. 4.

which is contrary to the hypothesis.
And if A>B,then C:A<C:B; v. b,
which is contrary to the hypothesis;
' S A<B.
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ProposiTiON 8.

Magnitudes have the same ratio to one another which
their equimultiples hawve.

Let A, B be two magnitudes;
then shall A:B::mA : mB.

If p, ¢ be any two whole numbers,
then m.pA>=or <m.g¢B
according as pA>=or <g¢B.

But m.pA=p.mA, and m.gB=q.mB;
Sop.mA>=or <¢g.mB
according as pA>=or <g¢B;
J.A:B::mA :mB. Def. 4.
Cor. Let A:B::C:D.
Then since A : B :: mA : mB,
and C: D :: nC : nD;
.o mA :mB i nC: nD. v. L.

ProrosiTioN 9.

If two ratios are equal, and any equimultiples of the
antecedents and also of the consequents are taken, the multiple
of the first antecedent has to that of its consequent the same
ratio as the multiple of the other antecedent has to that of its
consequent.

Let A:B::C:D;
then shall mA : nB :: mC : nD.
Let p, ¢ be any two whole numbers,
then because A : B :: C: D,
pm.C>=o0r <qn.D
according as pm.A>=or <gn.B, Def, 4.
that is, p. mC>=or <gq.nD,
according as p.mA>=or <q.nB;
s mA : B :: mC : nD. Def. 4.



302 EUCLID'S ELEMENTS,

ProrosiTion 10.

If four magnitudes of the same kind are proportionals,
the first {8 greater than, equal to, or less than the third,
according as the second is greater than, equal to, or less than
the fourth.

Let A, B, C, D be four magnitudes of the same kind such
that
A:B::C:Dj;
then A>=or <C
according as B>=or <D.

If B>D, then A:B<A:D; v. b,
but A:B::C:D;
S.C:D<A:D;
SLA:D=>=C:D;

. A>C. v. 7.

Similarly it may be shewn that
if B<D, then A<C,
and if B=D, then A=C.

Proposition 11.

If four magnitudes of the same kind are proportionals,
they are also proportionals when taken alternately.
Let A, B, G, D be four magnitudes of the same kind such
that
A:B::C:D;
then shall A:C::B:D.
Because A : B :: mA : mB, v. 8.
and C: D ::mC: nD;
. mA 1 mB :: 2C : nD. v. L
Lo mA >=0r <nC i
according as mB > =or <nD: v. 10.
and m and n are any whole numbers;
SLA:CuiB:iD. Def. 4.
Norz, This inference is usually referred to as alternando or
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ProposiTiON 12,

If any number of magnitudes of the same kind are pro-
portionals, as one of the aniecedents is to ils consequent, so
18 the sum of the antecedents o the sum of the consegquents.

Let A, B, C, D, E, F,... be magnitudes of the same kind
such that

A:B::C:D:uE:F::......
then shall A:B:: A+ C+E+... :B+D+F+....
Because A:B::C:D::E:F::...,
. according as mA > = or <nB,

80 is mC>=or <nD,
and mE>=or <nF,

.....................

. 80ismMA+mC+mE+ ... >=0r <nB+aubD+nF +...
orm(A+C+E+...)>=or<n(B+D+F+..);

and m and n are any whole numbers;
SLA:BUA+C+E+...:B+D+F+... Def 4

Nore. This inference is usually referred to as addendo.

ProrosiTion 13.

If four magnitudes are proportionals, the sum or differ-
ence of the first and second 18 to the second as the sum or
difference of the third and fourth is to the fourth.

Let A: B::C:D;
then shall A+B:B::C+D:D,
and A~B:B::C~D:D.

If m be any whole number, it is possible to find another
number n such that mA=nB, or lies between x8 and
(n+1)B,

s mA +mB =mB + nB, or lies between mB + 2B and

B 1 Bl
mB+(n+1) 209
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But mA + mB=m(A + B), and mB +nB = (m +n)B;
.~ m(A + B) = (m + n)B, or lies between (m +n)B
and (m+n+1)B.
Also because A: B :: C : D,
.. mC =nD, or lies between =D and (n+ 1)D; Def. 4.
.. m(C+ D) =(m +n)D or lies between (m +n)D and
(m+n+1)D;
that is, the multiples of C+ D are distributed among those
of D in the same way as the multiples of A+ B among
those of B;
S.A+B:B::C+D:D.
In the same way it may be proved that
A-B:B::C-D:D,
or B—A:B:D-C:D,
according as A is > or < B.

Note. These inferences are referred to as componendo and divi-
dendo respectively.

Prorosirion 14.

If there are two sets of magnitudes, such that the first is
to the second of the first set as the first to the second of the
other set, and the second to the third of the first set as the
second to the third of the other, and so on to the last magni-
tude : then the first i3 to the last of the first set as the first to
the last of the other.

First, let there be three magnitudes A, B, C, of one set
and three, P, Q, R, of another set,
andlet A:B::P:@Q
and B:C:: Q@ :R;
then shall A:C::P:R.
Because A:B::P:Q,

ComA mB ;: mP : mQ; v. 8, Cor.
and because B:C :: Q: R,
S.omB i nC i mQ : nR, v. 9.

<.y tweriendo, nC : mB :: 7R : mQ. v. 3.
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Now, if mA > nG,
then mA : mB> nC : mB; v. 5.
. mP :mQ>nR : mQ,
and .. mP>nR. v. 7.

Similarly it may be shewn that mP =or <R,
according as mA =or <nG,

SLAICL PR Def. 4.
Secondly, let there be any number of magnitudes, A, B,

G,...L, M, of one set, and the same number P, @, R,...Y, Z,
of another set, such that

A:B::P:q
B:C::@:R,
L:M:iY:2Z;
then shall A: M :: P: 2.
For A:C::P:R, Proved.
and C:D::R:S; Hyp.
‘. by the first case A: D :: P: S,

and so on, until finally
A:M=P:2Z
Nore. This inference is referred to as ex mquall,
CoROLLARY. IftA:B::P:q
and B:C::R:P;
then A:C::R: Q.

ProrosiTION 15.
IfA:B::C:D,
and E:B::F:D;

then shall A+E:B:: C+F:D.

Forsince E: B :: F: D, Hyp.

., tnvertendo, B:E:uD:F. v. 3.
Also A:B::C:D,

Sy e eequali, A:E::G:F, v. 14,
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.". , componendo, A+E:E::C+F :F. v. 13.
Again, E: B::F: D, Hyp.
Sy ex equalz, A+E:B::C+F:D. v. 14,

ProrosiTion 16.

If two ratios are equal, their duplicate ratios are equal ;
and conversely, if the duplicate ratios of two ratios are equal,
the ratios themselves are equal,

LetA:B::C:D;
then shall the duplicate ratio of A to B be equal to that of
C to D.
Let X be a third proportional to A and B, and Y a third
proportional to C and D,
sothat A:B::B: X, and C:D::D:YV;

then because A:B:: C: D,

L B:X:iiD:Y;

ey ex cequali, A:X::C:Y.
But A : X and G : Y are respectively the duplicate ratios of
A:B and C:D, Def. 13.

*. the duplicate ratio of A : B=that of C : D.

Conversely, let the duplicate ratio of A: B=that of C: D;
then shall A:B:: C: D.

Tet Pbesuch that A: B::C : P,
.., tnvertendo, B:A:P:C.
Also, by hypothesis, A: X :: C: Y,
S. 5 ex equali, B:X::P:Y;
but A:B::B: X,
SCAIBuPY; v. L.
LGP PY; v. 1.
that is, P is the mean proportional between C and Y.
o P=D,

SCABO; D,
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DEFINITIONS.

1. Two rectilineal figures are said to be equiangular
when the angles of the first, taken in order, are equal
respectively to those of the second, taken in order. Each
angle of the first figure is said to correspond to the angle
to which it is equal in the second figure, and sides opposite
to corresponding angles are called corresponding sides.

2. Rectilineal figures are said to be similar when they
are equiangular and have the sides about the equal angles
proportionals, the corresponding sides being homologous,

[See Def. 5, page 288.)

Thus the two quadrilaterals ABCD, EFGH are similar if the
angles at A, B, C, D are respec-

tively equal to those at E, F, G, H, B

and if the following proportions

hold F
AB : BC:: EF : FG, A
BC:CD:: FG : GH, E
CD:DA:: GH: HE, 5 T 9 G

DA : AB :: HE : EF.

3. Two figures are said to have their sides about two
of their angles reciprocally proportional when a side of the
first is to a side of the second as the remaining side of the
second is to the remaining side of the first.

4. A straight line is said to be divided in extreme
and mean ratio when the whole is to the greater segment
as the greater segment is to the less,

5. Two similar rectilineal figures are said to be similarly
situated with respect to two of their sides when these
sides are homologous.
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Prorosrrion 1. THEOREM.

The areas of triangles of the same altitude are fo omn
wnother as their bases,

H G B C D K L ™

Let ABC, ACD be two triangles of the same altitude,
namely the perpendicular from A to BD:
then shall the A ABC : the A ACD :: BC : CD.
Produce BD both ways,
and from CB produced cut off any number of parts BG, GH,
each equal to BC;
and from CD produced cut off any number of parts DK,
KL, LM each equal to CD.
Join AH, AG, AK, AL, AM,
Then the A® ABC, ABG, AGH are equal in area, for they
are of the same altitude and stand on the equal bases
CB, BG, GH, L. 38.
.. the A AHC is the same multiple of the A ABC that HC
is of BC;
Similarly the A ACM is the same multiple of ACD that CM
is of CD.
And if HC =CM,
the A AHC=the AACM; L 38,
and if HC is greater than CM,
the A AHC is greater than the AACM; 1. 38, Cor.
and if HC is less than CM,
the A AHC is less than the AACM. 1. 38, Cor.

Now since there are four magnitudes, namely, the
L8 ABC, ACD, and the bases BC, CD; and of the antecedents,
any equimultiples have been taken, namely, the A AHC
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and the base HC; and of the consequents, any equi-
multiples have been taken, namely the A ACM and the
base CM; and since it has been shewn that the A AHC is
greater than, equal to, or less than the A ACM, according
as HC is greater than, equal to, or less than CM;

.'. the four original magnitudes are proportionals, v. Def. 4.
that is,
the A ABC : the AACD :: the base BC : the base CD. qQ.E.D.

CoroLLARY. The arcas of parallelograms of the same
altitude are to one another as their bases.

E A F

B [¢] D

Let EC, CF be par™ of the same altitude;
then shall the par™ EGC : the par™ CF :: BC : CD.
Join BA, AD.
Then the A ABC : the AACD :: BC : CD; Proved.
but the par™ EC is double of the AABC,
and the par™ CF is double of the AACD;
.. the par™ EC : the par™ CF :: BC : CD. v. 8.

Nore. Two straight lines are cut proportionally when the seg-
ments of one line are in the same ratio as the corresponding segments
of the other, [See definition, page 181.]

Fig.1 Fig.2
A X B A B X

c Yy D c D__Y

Thus AB and CD are cut proportionally at X and Y, if
AX : XB::CY:YD.
And the pame definition applies equally whether X and Y divide AB,
CD internally as in Fig, 1 or externally as in Fig. 2.
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Prorosirion 2. THEOREM,

If a straight line be drawn parallel to one side of a
triangle, ¢t shall cut the other sides, or $hose sides produced,
proportionally:

Conversely, if the sides or the sides produced be cut pro-

tionally, the straight line which joins the points of section,
shall be parallel to the remaining side of the iriangle.

A A Y X
X Y & Ei \
X Y
B [+ B [o

Let XY be drawn par' to BC, one of the sides of the
4H ABC:

then shall BX : XA :: CY : YA,

Join BY, CX.
Then the A BXY=the A CXY, being on the same base XY
and between the same parallels XY, BC; L 37.

and AXY is another triangle;
.. the ABXY :the AAXY :: the ACXY : the AAXY. v. 4.

But the A BXY : the AAXY :: BX : XA, vi 1.
and the A CXY : the AAXY :: CY : YA,
. BX : XA i CY : YA, v. L.

Conversely, let BX : XA :: CY : YA, and let XY be joined:
then shall XY be par' to BC.
As before, join BY, CX.
By hypothesis BX : XA :: CY : YA;
but BX : XA :: the ABXY : the AAXY, vL. 1.
and CY : YA :: the ACXY : the AAXY;
.. the ABXY : the A AXY :: the A CXY : the A AXY. v.1.
., the ABXY=the ACXY; v. 6.
and they aretriangles on the same base and on the same
side of 1t,
.. XY is par'to BC. 1. 39.
Q.ED.
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EXERCIBES.

1. Shew that every quadrilateral is divided by its diagonals into
four triangles proportional fo each other.

2. If any two straight lines are cut by three parallel straight lines,
they ave cut proportionally.

8. From & point E in the common base of two triangles ACB,
ADB, straight lines are drawn parallel to AC, AD, meeting BC, BD aé
F, G: shew that FG is parallel to CD.

4. In a triangle ABC the siraight line DEF meets the sides
BC, CA, AB at the points D, E, F respectively, and it makes
equal angles with AB and AC: prove that

BD:CD :: BF : CE.

5. If the bisector of the angle B of a triangle ABC meets AD at
right angles, shew that a line through D parallel to BC will bigect

6. From B and G, the exiremities of the base of a triangle ABC,
lines BE, CF are drawn to the opposite sides so as to intersect on
the median from A: shew that EF 1s parallel to BC.

7. From P, a given point in the side AB of a triangle ABC,
draw a straight line to AC produced, so that it will be bisected
by BC.

8. Find a point within a triangle such that, if straight lines be
drawn from it to the three angular points, the friangle will be divided
into three equal triangles,
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ProposiTioN 3. THEOREM,

If the vertical angle of a triangle be bisected by a strasght
line which cuts the base, the segments of the base shall have
to one another the same ratio as the remaining sides of the

Conversely, if the base be divided so that ifs segments
have to one another the same ratio as the remaining sides of
the triangle have, the straight line drawn jfrom the vertex to
the point of section shall bisect the vertical angle.

E

B X

In the A ABC let the  BAC be bisected by AX, which
meets the base at X;
then shall BX : XC :: BA : AC.

Through C draw CE par'to XA, to meet BA produced
at E. 1. 31

Then because XA and CE are par,
.. the . BAX = the int. opp. 4 AEC, 1 29.

and the L XAC=the alt. . ACE. 1 29.
But the L BAX=the . XAC; Hyp.
.. the L AEC=the . ACE;
AC =AE. 1. 6,
Again, because XA is par' to CE, a side of the ABCE,
.. BX : XC :: BA : AE; i 2.

that is, BX : XC :: BA : AC,
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Conversely, let BX : XC :: BA : AG; and let AX be joined:
then shall the £ BAX = . XAC.
For, with the same construction as before,
because XA is par' to CE, a side of the ABCE,

.. BX : XC :: BA: AE. vi. 2.
But by hypothesis BX : XC :: BA : AC;
. BA: AE :: BA : AC; v. L.
.. AE=AC;
.. the ~ ACE=the L AEC. 1. 5.
But because XA is par' to CE,
.. the £ XAG =the alt. . ACE. 1. 29.

and the ext. . BAX =the int. opp. L AEC; 1. 29,
~. the L BAX=the . XAGC.
Q.E.D.

EXERCISES.

1. The side BC of a triangle ABC is bisected at D, and the angles
ADB, ADC are bisected by the straight lines DE, DF, meeting AB,
AC at E, F respectively: shew that EF is parallel to BC,

2. Apply Proposition 3 to trisect a given finite straight line.

8. If the line bisecting the vertical angle of a triangle be divided
into parts which are to one another as the base to the sum of the
sides, the point of division is the cenfre of the inscribed circle.

4. ABCD is a quadrilateral: shew that if the bisectors of the
angles A and C meet in the diagonal BD, the bisectors of the angles
B and D will meet on AC.

5. Construct a triangle having given the base, the vertical angle,
and the ratio of the remaining sides.

6. Employ this proposition to ghew that the bisectors of the
angles of a triangle are concurrent.

7. AB is a diameter of a circle, CD is a chord at right angles to
it, and E any point in CD: AE and BE are drawn and produced to
cut the circle in F and G: shew that the quadrilateral CFDG has any
two of its adjacent sides in the same ratio as the remaining two,
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ProrosiTion A. THEOREM,

If one side of a triangle be produced, and the exterior
angle so formed be bisected by a straight line which cuts the
base produced, the segments between the bisector and the
extremities of the base shall have to one another the same
ratio as the remaining sides of the triangle have:

Conversely, if the segments of the base produced have to
one another the same ratio as the remaining sides of the tri-
angle have, the straight line drawn from the vertex to the
pownt of section shall bisect the exterior vertical angle.

F

2] C X

In the A ABC let BA be produced to F, and let the
exterior . CAF be bisected by AX which meets the base
produced at X:
then shall BX : XC:: BA: AC.

Through € draw CE par’ to XA, L 31
and let CE meet BA at E.

Then because AX and CE are par,
.. the ext. 2 FAX =the int. opp. £ AEC,

and the £ XAC =the alt. . ACE. 1. 29.
But the ~ FAX=the . XAC; Hyp.
.. the L AEC=the . ACE;
.. AC=AE. L 6.
Again, because XA is par' to CE, a side of the ABCE,
) Constr.
.S BX 1 XC :: BA : AE; VL 2.

that is, BX ; XC :: BA ; AC.
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Conversely, let BX : XC::BA:AC, and let AX be joined:
then shall the L FAX =the . XAGC,
For, with the same construction as before,
because AX is par' to CE, a side of the ABCE,

S. BX 1 XC it BA: AE. Vi 2.
But by hypothesis BX : XC :: BA : AG;
.. BA: AE :: BA : AC; v. 1.
.. AE=AGC,
.". the L ACE =the 4 AEGC, 1. 5.

But because AX is par' to CE,
.. the 4 XAC=the alt. 4 ACE,

and the ext. 4 FAX =the int. opp. 2 AEC; 1 29.
.. the 4 FAX =the 4 XAG. Q.E.D.

Propositions 3 and A may be both included in one enunciation
as follows :

If the interior or exterior vertical angle of a triangle be bisected
by a straight line which also cuts the base, the base shall be divided
internally or externally into segments which have the same ratio as
the sides of the triangle :

Conversely, 1f the base be divided internally or externally into seg-
ments which have the same ratio as the sides of the triangle, the straig
line drawn from the point of division to the vertex will bisect the
interior or exterior vertical angle.

EXERCISES.

1. In the circumference of a cirele of which AB is g diameter, a
point P ig taken; straight lines PC, PD are drawn equally inclined
to AP and on opposite sides of it, meeting AB in G and D;
shew that AGC:CB::AD:DB.

2. From s point A straight lines are drawn making the angles
BAGC, CAD, DAE, each equal to half a right angle, and they are cut
by a straight line BCDE, which makes BAE an isosceles triangle:
ahew that BC or DE is a mean proportional between BE and CD.

8. By means of Propositions 8 and A, prove that the straight
lines biseoting one angle of & triangle internally, and the other two
externally, are concurrent,.
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ProrosiTioN 4. THEOREM,

If two triangles be equiangular to one another, the sides
about the equal angles shall be proportionals, those sides
which are opposite to equal angles being homologous.

F

B C E
Let the AABC be equiangular to the A DCE, having the
L ABC equal to the . DCE, the . BCA equal to the « CED,
and consequently the 4 CAB equal to the . EDC: 1. 32
then shall the sides about these equal angles be propor-
tionals, namely

AB : BC :: DC : CE,

BC : CA :: CE: ED,

and AB : AC :: DC : DE.

Let the ADCE be placed so that its side CE may be

contiguous to BC, and in the same straight line with it.
Then because the L% ABC, ACB are together less than
two rt. angles, L 17.
and the . ACB=the . DEG; Hyp.
. the 2 ® ABC, DEC are together less than two rt. angles;
. BA and ED will meet if produced. 4. 12.

Let them be produced and meet at F.

Then because the . ABC=the . DCE, Hyp.
.. BF is par' to CD; 1. 28.

and because the - ACB=the . DEC, Hyp.
.. AC is par* to FE, L 28,

.. FACD is a par™;
. AF=CD, and AC=FD. 1 34,
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Again, because CD is par' to BF, a side of the A EBF,

. BC:CE: FD:DE; vI. 2.
but FD = AC;
.. BC:CE:: AC: DE;
and, alternately, BC : CA :: CE : ED. v. 1L
Again, because AC is par' to FE, a side of the AFBE,
. BA:AF ::BC:CE; VL. 2.
but AF =CD;
. BA:CD:: BC:CE;
and, alternately, AB : BC :: DC : CE. v. 11
Also BC : CA :: CE: ED; Proved.
., ex equali, AB : AC :: DG : DE, v. 14,
Q. E. D,

[For Alternative Proof see Page 820.]

EXERCISES.

1. If one of the parallel sides of a trapezium is double the
other, shew that the diagonals intersect one another at a point of
trisection.

2. In the side AC of a triangle ABC any point D is taken: shew
that if AD, DC, AB, BC are bisected in E, F, G, H respectively,
then EG is equal to HF.

3. ABand CD are two parallel straight lines; E is the middle
point of CD; AC and BE meet at F, and AE and BD meet at G;
shew that FG 1s parallel to AB.

4. ABCDEisa regula.r pentagon, and AD and BE intersect in F:
shew that AF : AE :: AE : AD.

5. In the figure of 1. 43 shew that EH and GF are parallel, and
that FH and GE will meet on CA produced.

6. Chords AB and CD of a circle are produced towards B and
D respectively to meet in the point E, and through E, the line EF is
drawn parallel to AD to meet CB produced in F, Prove that EF isa
mean proportional between FB and FC,

H. E. 21
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ProrosiTioN 5. THEOREM.

If the sides of two triangles, taken in order about each of
their angles, be proportionals, the triamgles shall be equi-
angular to one another, having those angles equal whick are
opposite to the homologous sides.

A D
E F
B [o] G
TLet the A® ABC, DEF have their sides proportionals,
80 that AB : BC :: DE : EF,

BC:CA . EF : FD,
and consequently, ex equali,
AB : CA :: DE: FD.
Then shall the triangles be equiangular.
At Ein FE make the . FEG equal to the . ABC;
and at F in EF make the L EFG equal to the - BCA; 1. 23.
then the remaining . EGF = the remaining - BAC. 1. 32.
.. the A GEF is equiangular to the A ABC;

.. GE: EF:: AB: BC, vL 4.

But AB : BC :: DE : EF; Hyp.

.. GE : EF :: DE : EF; v. 1.
.. GE=DE.

Similarly GF = DF.
Then in the triangles GEF, DEF
GE = DE,
Because { GF = DF,
and EF is common;
.. the L GEF=the . DEF, 1 8.
and the . GFE =the . DFE,
and the . EGF =the . EDF.

But the . GEF =the . ABC; Conastr,
.. the L DEF=the . ABC,
Similarly, the « EFD=the 4 BO0A,
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. the remaining . FDE=the remaining < CAB; L 32,
that is, the A DEF is equiangular to the AABC,

Q.E.D.

Prorosrrion 6. THEOREM.

If two triangles have one angle of the one equal to one
angle of the other, and the sides about the equal angles pro-
portionals, the triangles shall be similar.

A
D
G
B C E F
In the A® ABC, DEF let the . BAC =the . EDF,
and let BA : AC :: ED : DF.

Then shall the A% ABC, DEF be similar.

At Din FD make the 2 FDG equal to one of the . ® EDF, BAC:
at F in DF make the . DFG equal to the . ACB; 1 23.
.. the remaining . FGD = the remaining . ABC. 1. 32,

Then the AABGC is equiangular to the A DGF;

~. BA:AC :: GD: DF. vI. 4,
But BA : AC :: ED : DF; Hyp.
.. GD : DF :: ED : DF,
.. GD=ED.
Then in the A* GDF, EDF,
GD = ED,
Because and DF is common;
and the . GDF =the . EDF; Constr.

. the A® GDF, EDF are equal in all respects, 1. 4.
so that the AEDF is equiangular to the AGDF;
but the A GDF is equiangular to the A BAC; Constr.
.. the AEDF is equiangular to the ABAGC;
.". their sides about the equal angles are proportionals, v1. 4.
that is, the A% ABC, DEF are similar,

Q.E.D,
21-2
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Nore 1, From Definition 2 it i¢ seen that two conditions are
necessary for similarity of rectilineal figures, namely (1) the figures
must be equiangular, and (2) the sides about the equal angles must
be proportionals. In the case of triangles we learn from Props. 4
and 5 that each of these conditions follows from the other: this how-
ever is not necessarily the case with rectilineal figures of more than
three sides.

Nore 2. 'We have given Euclid’s demonstrations of Propositions
4, 5, 6; but these propositions also admit of easy proof by the method
of superposition,

As an illustration, we will apply this method to Proposition 4.

ProrosiTioN 4. [ALTERNATIVE Proor.]

If two triangles be eguiangular to one another, the sides about the
equal angles shall be proportionals, those sides which are opposite to
equal angles being homologous.

D
A

VAN

B C E H F

Let the A ABC be equiangular to the A DEF, having the £ ABC
equal to the 2 DEF, the £ BCA equal to the £ EFD, and conse-
quently the 2 CAB equal to the £ FDE: 1. 32,

then shall the sides about these equal angles be proportionals.

Apply the A ABC to the A DEF, so that B falls on E and BA
along ED:
then BGC will fall along EF, since the £ ABC=the 2 DEF. Hyp.
Let G and H be the points in ED and EF, on which A and C fall.
Join GH.

Then because the £ EGH=the 2 EDF, Hyp.
.~ GH is par! to DF:
- DG : GE:: FH: HE;
& componendo, DE : GE :: FE ; HE, v. 13.
., alternately, DE : FE :: GE: HE, v. 11,
that is, DE : EF :: AB: BC.
Similarly by applying the A ABG to the A DEF, so that the point
C may fall on F, it may be proved that .
EF :FD:: BC: CA.
-, ex equali, DE : DF :: AB : AC.

Q. E. D.
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ProrosiTioN 7. THEOREM.

If two triangles have one angle of the one equal to one
angle of the other and the sides about one other angle in each
proportional, so that the sides opposite to the equal angles are
homologous, then the third angles are either equal or sup-
plementary ; and in the former case the triangles are similar.

A
; ; D D
8 6! 44FZ ii F

Let ABC, DEF be two triangles having the ~ ABC equal to
the . DEF, and the sides about the angles at A and D pro-
portional, so that

BA : AC :: ED : DF;
then shall the .® ACB, DFE be either equal or supple-
mentary, and in the former case the triangles shall be
similar,
If the . BAC =the L EDF,

then the . BCA =the L EFD; 1. 32.
and the A® are equiangular and therefore similar. vi 4.
But if the . BAC is not equal to the 2 EDF, one of them
must be the greater.
Let the £ EDF be greater than the . BAC.
At D in ED make the . EDF’ equal to the .~ BAC. 1. 23.
Then the A* BAC, EDF’ are equiangular, Constr.

. BA:AC :: ED : DF/; vI. 4.

but BA : AC :: ED : DF; Hyp.

. ED : DF :: ED : DF/, v. L.
’. DF =DF),

.. the . DFF'=the . DFF. L 5.

But the ¢ DF'F, DF'E are supplementary, 1 13
.. the .® DFF’, DF'E are supplementary:
that is, the .*® DFE, ACB are supplementary.
Q.E.D.
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CoroLLARIES T0 ProPoOSITION 7.

A

B F F F

Three cases of this theorem deserve special attention.

It has been proved that if the angles ACB, DFE are not supple-
mentary, they are equal :

and we know that of angles which are supplementary and unequal,
one must be acute and the other obtuse.

Henece, in addition to the hypothesis of this theorem,

(i) If the angles ACB, DFE, opposite to the two homologous
gides AB, DE are both acute, both obtuse, or if one of
them is a right angle,
it follows that these angles are equal;

and therefore the triangles are similar.

(ii) If the two given angles are right angles or obtuse angles,
it follows that the angles ACB, DFE must be both acute,
and therefore equal, by (i):

so that the friangles are similar.

(iii) If in each triangle the side opposite the given angle is not
less than the other given side; that is,if AC and DF are
not less than AB and DE respectively, then
the angles ACB, DFE cannot be greater than the angles
ABGC, DEF, respectively s

therefore the angles ACB, DFE, are both acute;
hence, as above, they are equal;

apd the triangles ABC, DEF gimilar.
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REXERCISES.
ox ProrosiTions 1 To 7.

1. Shew that the diagonals of a trapezium cut one another in
the same ratio.

2. If three straight lines drawn from a point cut two parallel
straight lines in A, B, © and P, @, R respectively, prove that

AB:BC :: PQ: @QR.

3. From a point O, a tangent OP ig drawn to a given circls, and
OQR is drawn cutting it in Q and R; shew that

0Q : OP:: OP:OR,

4. If two triangles are on equal bases and between the same parallels,
any straight line parallel to their bases will cut off equal areas from the
two triangles.

5. If two straight lines PQ, XY intersect in a point O, so that
PO : OX :: YO : OQ, prove that P, X, Q, Y are concyclic.

6. On the same base and on the same side of it two equal
triangles ACB, ADB are described; AC and BD intersect in O, and
through O lines parallel to DA and CB are drawn meeting the base
in E and F. Shew that AE=BF.

7. BD, CD are perpendicular to the sides AB, AC of a triangle
ABC, and CE is drawn perpendicular to AD, meeting AB in E: shew
that the triangles ABC, ACE are similar.

8. AC and BD are drawn perpendicular to a given straight line
CD from two given points A and B; AD and BC intersect in E, and
EF is perpendicular to CD: shew that AF and BF make equal angles
with CD.

9. ABCD is a parallelogram; P and @ are points in a straight
line parallel to AB; PA and QB meet at R, and PD and QC meet af
S: shew that RS is parallel to AD.

. 10. In the sides AB, AC of a triangle ABC two points D, E are
taken such that BD is equal to CE; if DE, BC produced meet at F,
shew that AB : AC :: EF : DF.

11. Find a point the perpendiculars from which on the sides of a
given triargle ghall be in a given ratio,
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Proposition 8. THEOREM.

In a right-angled triangle if o perpendicular be drawn
From the right angle to the hypotenuse, the triangles on each
side of <t are similar to the whole triangle and to one another.

A
B D C
Let ABC be a triangle right-angled at A, and let AD be

perp. to BC:
then shall the A® DBA, DAC be similar to the AABC and
to one another.
In the A® DBA, ABC,
the . BPA =the . BAGC, being rt. angles,
and the + ABG is common to both;
.. the remaining .~ BAD = the remaining £ BCA, I. 32.
that is, the A® DBA, ABC are equiangular;
.. they are similar. vL 4.
In the same way it may be proved that the A® DAG,
ABC are similar.
Hence the A® DBA, DAC, being equiangular to the same
AABC, are equiangular to one another;
.. they are similar. vL 4.
Q.E.D.

CoroLLARY. Because the A% BDA, ADC are similar,
.. BD : DA :: DA : DC;
and because the A® CBA, ABD are similar,
.. CB: BA : BA:BD;
and because the A® BCA, ACD are similar,
. BC:CA::CA:CD.

EXERCISES.

1. Prove that the hypotenuse is to one side as the second side is
to the perpendicular.

2. Bhew that the radius of a circle is a mean proportional between
the segmenis of any tangent between its point of contact and a pair
of parallel tangents,
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DEerFiNITION. A less magnitude is said to be a sub-
multiple of a greater, when the less is contained an ewact
number of times in the greater. [Bock v. Def. 2.]

ProrositioNn 9. ProBLEM,

From « given stratght line to cut off any required sub-
multiple.

G

D
A F B
Let AB be the given straight line,
Tt is required to cut off a certain submultiple from AB.

From A draw a straight line AG of indefinite length making
any angle with AB.

In AG take any point D; and, by cutting off successive
parts each equal to AD, make AE to contain AD as many
times as AB contains the required submultiple.

Join EB,
Through D draw DF par' to EB, meeting AB in F.
Then shall AF be the required submultiple.

Because DF is par' to EB, a side of the AAEB,
. BF: FA:: ED : DA; vi 2.
.., componendo, BA : AF :: EA : AD, v. 13.
But AE contains AD the required number of times; Constr.
.. AB containg AF the required number of times;
that is, AF is the required submultiple. Q.E.F.

EXERCISES,

1. Divide a straight line into five equal parts.

2. Give a geometrical construction for cuiting off two-sevenths of
& given straight line,
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ProrosiTioN 10. ProBLEM.

To divide a straight line stmilarly fo & given divided
straight line.

Let AB be the given straight line to be divided, and AG
the given straight line divided at the points D and E.
It is required to divide AB similarly to AC.

Let AB, AC be placed so as to form any angle.
Join CB.
Through D draw DF par' to CB, 1 31
and through E draw EG par' to CB,
and through D draw DHK par to AB.
Then AB shall be divided at F and G similarly to AC.

For by construction each of the figs. FH, HB is a par™;

.. DH=FG, and HK=GB. 1. 34.
Now since HE is par' to KC, a side of the A DKC,
.. KH : HD :: CE: ED. vI. 2.
But KH =BG, and HD = GF;
. BG : GF :: CE : ED. v. 1.
Again, because FD is par' to GE, a side of the A AGE,
.. GF : FA :: ED : DA, vL 2.

and it has been shewn that
BG : GF :: CE : ED,

..y ex cequali, BG : FA :: CE : DA: v. 14.
.. AB is divided similarly to AC. Q.E.F,
EXERCISE.

Divide a straight line internally and externally in o given ratio. It
this always possible §
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Proposrrion 11. PrOBLEM,
To find a third proportional fo two given straight lines.

K

BA D G E L

Let A, B be two given straight lines,
It is required to find a third proportional to A and B.

Take two st. lines DL, DK of indefinite length, containing
any angle:
from DL cut off DG equal to A, and GE equal to B;
and from DK cut off DH equal to B, L 3.
Join GH.
Through E draw EF par' to GH, meeting DK in F. 1. 31.
Then shall HF be a third proportional to A and B.

Because GH is par' to EF, a side of the A DEF;
. DG : GE :: DH : HF. vL. 2.
But DG =A; and GE, DH each= B; Constr.
S.A:B B HF;
that is, HF is a third proportional to A and B.
Q.E.F.

EXERCISES.

1. ABis a diameter of a cirele, and through A any straight line
is drawn to cnt the circumference in C and the tangent at Bin D ;
shew that AC is a third proportional to AD and AB,

2. ABG is an isosceles triangle having each of the angles at the
base double of the vertical angle BAC ; the bisector of the angle BCA
meets AB at D, Shew that AB, BC, BD are three proportionals,

8. Two circles intersect at A and B; and at A tangents are
drawn, one to each circle, to6 meet the cireumferences at C and D:
aéhiwtimt if CB, BD are joined, BD is s third proportionsl to CB,
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ProrosiTioN 12. PROBLEM.
To find a fourth proportional to three given straight lines,
K

E
H

AB D G E L

Let A, B, C be the three given straight lines.
It is required to find a fourth proportional to A, B, C.

Take two straight lines DL, DK containing any angle:
from DL cut off DG equal to A, GE equal to B;

and from DK cut off DH equal to C. 1. 3.
Join GH.
Through E draw EF par' to GH. L 3L

Then shall HF be a fourth proportional to A, B, C.

Because GH is par' to EF, a side of the ADEF;
.. DG : GE :: DH : HF, VL. 2.
But DG = A, GE =B, and DH=C; Constr.
Jo A:B::C: HF;
that is, HF is a fourth proportional to A, B, C.
Q.E.F.

EXERCISES.

1. If from D, one of the angular points of a parallelogram
ABCD, a straight line is drawn meeting AB at E and CB at F; shew
that CF is a fourth proportional to EA, AD, and AB,

2. In a triangle ABC the bisector of the vertical angle BAC
meets the base at D and the circumference of the circumscribed circle
at E: shew that BA, AD, EA, AC are four proportionals.

8. From a point P tangents PQ, PR are drawn to a circle whose
centre iz C, and QT ig drawn perpendmular to RC produced : shew
that QT is a fourth proportional to PR, RC, and RT.
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ProrosiTiox 13. PRoBLEM,

To find & mean proportional between two given straight
lines.

D

A B C

Let AB, BC be the two given straight lines,
It is required to find a mean proportional between them.

Place AB, BC in a straight line, and on AGC describe the
semicircle ADC.
From B draw BD at rt. angles to AC. L 1L
Then shall BD be a mean proportional between AB and BC.
Join AD, DC.

Now the L ADC being in a semicircle is a rt. angle; . 31.
and because in the right-angled AADC, DB is drawn from
the rt. angle perp. to the hypotenuse,
.. the A® ABD, DBC are similar; vL 8.
.. AB :BD :: BD : BC;
that is, BD is a mean proportional between AB and BC.
Q.E.F.

EXERCIBES.

1. If from one angle A of a parallelogram a straight line be
drawn cutting the diagonal in E and the sides in P, Q, shew that AE
is a mean proportional between PE and EQ.

2. A, B, C are three points in order in a straight line: find a
point P in the straight line so that PB may be a mean proportional
between PA and PC.

3. The diameter AB of a semicircle is divided at any point C,
and CD is drawn at right angles to AB meeting the circumference in
D; DO is drawn to the centre, and CE is perpendicular to OD : shew
that DE is a third proportional to AO and DC.



330 EUCLID'S ELEMENTS.

4. AC is the diameter of a semicircle on which a point B is taken
so that BC is equal to the radius: shew that AB is a mean propor-
tional between BC and the sum of BC, CA.

5. A is any point in a semicircle on BC as diameter; from D any
point in BC a perpendicular is drawn meeting AB, AC, and the eir-
cumference in E, G, F respectively; shew that DG is a third propor-
tional to DE and DF.

6. Two circles touch externally, and a common tangent touches
them at A and B: prove that AB is a mean proportional between the
diameters of the circles. [See Ex. 21, p. 219.]

7. If a straight line be divided in two given points, determine
a third point such that its distances from the extremities may be
proportional fo its distances from the given points,

8. AB is g straight line divided at C and D so that AB, AC, AD
are in continued proportion; from A a line AE is drawn in any direc-
tion and equal to AC ; shew that BC and CD subtend equal angles at E.

9. In a given triangle draw a straight line parallel to one of the
sides, so that it may be a mean proportional between the segments of
the base.

10. On the radius OA of a quadrant OAB, a semicircle ODA is
deseribed, and at A & tangent AE is drawn ; from O any line ODFE is
drawn meeting the circumferences in D and F and the tangent in E:
if DG is drawn perpendicnlar to OA, shew that OE, OF, OD, and OG
are in continued proportion.

11. From any point A, in the circumference of the circle ABE, as
cenire; and with any radius, a circle BDC is described cutting the
former circle in B and C; from A any line AFE is drawn meeting the
chord BC in F, and the circumferences BDC, ABE in D, E respec-
tively: shew that AD is a mean proportional between AF and AE.

"DermiTioN.  Two figures are said to have their sides
about two of their angles reciprocally proportional, when
& side of the first is to a side of the second as the remaining
side of the second is to the remaining side of the first.

[Book vi. Def, 3.]
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ProrosiTion 14. THEOREM.

Parallelograms which are equal in area, and which have
one angle of the one equal to one angle of the other, have
their sides about the equal angles reciprocally proportional:

Conversely, paralielograms which have one angle of the
one equal to one angle of the other, and the sides about these
amgles reciprocally proportional, are equal in area.

A F
L [ ]
D B{ lE
G C

Let the par™ AB, BC be of equal area, and have the
L DBF equal to the . GBE:
then shall the sides about these equal angles be reciprocally
proportional,

that is, DB : BE :: GB : BF.

Place the par™ so that DB, BE may be in the same straight
line;

.. FB, BG are also in one straight line. 1 14.
Complete the par™ FE.

Then because the par™ AB =the par™ BC, Hyp.
and FE is another par®,

.'. the par™ AB : the par™ FE :: the par™ BC : the par™ FE;

but the par™ AB : the par™ FE :: DB : BE, vi. 1.
and the par™ BC : the par™ FE :: GB : BF,
.. DB: BE::GB: BF. v. L

Conversely, let the . DBF be equal to the . GBE,
and let DB : BE :: GB : BF.
Then shall the par™ AB be equal in area to the par™BC.
For, with the same construction as before,
by hypothesis DB : BE :: GB : BF;
but DB : BE :: the par™ AB : the par™ FE, vi. 1,
and GB : BF :: the par™ BC : the par® FE,

.". the par™ AB : the par™ FE :: the par™ BC : the par™ FE; v.1.
.. the par™ AB =the par™ BC.

QED,
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ProrosiTioNn 15. THEOREM.

Triangles which are equal in area, and which have one
angle of the one equal to one angle of the other, have their
sides about the equal angles reciprocally proportional:

Conversely, triangles which have one amgle of the one
equal to one angle of the other, and the sides about these
angles reciprocally proportional, are equal in area.

D
E

B A

(o]

Let the A® ABC, ADE be of equal area, and have the
L CAB equal to the ~ EAD:
then shall the sides of the triangles about these angles be
reciprocally proportional,
that is, CA : AD :: EA : AB.
Place the A% so that CA and AD may be in the same st. line;
‘. BA, AE are also in one st. line. 1. 14.
Join BD.

Then because the A CAB=the AEAD, Hyp.
and ABD is another triangle;
.. the ACAB : the AABD :: the AEAD : the AABD;

but the ACAB : the AABD :: CA : AD, v 1.
and the AEAD : the AABD :: EA : AB,
.. CA:AD:: EA: AB. v. 1.

Conversely, let the . CAB be equal to the . EAD,
and let CA : AD :: EA : AB.
Then shall the A CAB = AEAD.

For, with the same construction as before,
by hypothesis CA : AD :: EA : AB;
but CA : AD :: the ACAB : the AABD, vL 1.
and EA : AB :: the AEAD : the AABD,
.. the ACAB :the AABD :; the AEAD : the AABD; v. 1.
.. the ACAB=the AEAD. Q.E.D.
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EXERCISES.

oN Prorosrrions 14 axp 15.

1. Parallelograms which are equal in area and which have their
sides reciprocally proportional, have thewr angles respectively equal.

2. Triangles which are equal in area, and which have the sides
about a pair of angles reciprocally proportional, have those angles equal
or supplementary.

3. AC, BD are the diagonals of a trapezium which intersect in
O ; if the side AB is parallel to CD, use Prop. 15 to prove that the
triangle AOD is equal o the triangle BOC.

4. From the extremities A, B of the hypotenuse of a righi-
angled triangle ABC lines AE, BD are drawn perpendicular to AB,
and meeting BC and AC produced in E and D respectively: employ
Prop. 15 to shew that the triangles ABC, ECD are equal in area.

5. On AB, AC, two sides of any triangle, 8quares are described
externally to the triangle. If the squares are ABDE, ACFG, shew
that the triangles DAG, FAE are equal in area.

6. ABCD is a parallelogram; from A and C any two parallel
straight lines are drawn meeting DC and AB in E and F respectively;
EG, which is parallel to the diagonal AC, meets AD in G : shew that
the triangles DAF, GAB are equal in area.

7. Describe an isosceles triangle equal in area to a given triangle
and having its vertical angle equal to one of the angles of the given
triangle.

8. Prove that the equilateral triangle deseribed on the hypotenuse
of a right-angled triangle is equal to the sum of the equilateral
triangles described on the sdes containing the right angle.

[Let ABC be the triangle right-angled at C; and let BXC, CYA,
AZB be the equilateral triangles. Draw CD perpendicular to AB ;
and join DZ, Then shew by Prop. 15 that the AAYC=the ADAZ;
and sumilarly that the A BXC=the A BDZ.]

22
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ProrosiTioNn 16. THEOREM.

If four straight lines are proportional, the rectangle
condained by the extremes is equal to the rectamgle confained
by the means:

Conversely, if the rectangle contained by the extremes is
equal to the rectangle contained by the means, the four
straight lines are proportional.

o F

K H

A B C D EG

Let the st. lines AB, CD, EF, GH be proportional, so that
AB : CD :: EF : GH.
Then shall the rect. AB, GH = the rect. CD, EF.
From A draw AK perp. to AB, and equal to GH. 1. 11, 3.
From C draw CL perp. to CD, and equal to EF.
Complete the par™ KB, LD.
Then because AB : CD :: EF : GH; Hyp.
and EF = CL, and GH = AK; Constr.
LS. AB 1 CD i CL: AK;
that is, the sides about equal angles of par™ KB, LD are
reciprocally proportional;
. KB=LD. vi, 14.
But KB is the rect. AB, GH, for AK=GH, Consir.
and LD is the rect. CD, EF, for CL =EF;
.. the rect. AB, GH =the rect. CD, EF.

Conwversely, let the rect. AB, GH = the rect. CD, EF:
then shall AB : CD :: EF : GH.
For, with the same construction as before,
because the rect. AB, GH = the rect. CD, EF; Hyp.
and the rect. AB, GH =KB, for GH=AK, Consir.
and the rect. CD, EF = LD, for EF =CL;
.. KB=LD;
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that is, the par™ KB, LD, which have the angle at A equal
to the angle at C, are equal in area;
.'. the sides about the equal angles are reciprocally
proportional:
that is, AB : CD :: CL : AK;
. AB : CD :: EF : GH.
Q.E.D.

Proposirion 17. THEOREM.

If three straight lines are proportional the rectangle con-
tained by the extremes is equal to the square on the mean.:

Conversely, if the rectangle contained by the extremes is
equal to the square on the mean, the three straight lines are

proporiional,

—_8
I l D
B O
A A B

Let the three st. lines A, B, C be proportional, so that
A:B::B:C.
Then shall the rect. A, G be equal to the sq. on B.
Take D equal to B.
Then because A : B :: B: G, and D=B;
SLCA:B:i:D:IGCy
.". the rect. A, C = the rect. B, D; v 16,
but the rect. B, D= the sq. on B, for D=B,;
.. the rect. A, C=the sq. on B.
Conversely, let the rect. A, C=the sq. on B:
thenshallA: B::B: C.
For, with the same construction as before,
because the rect. A, C=the sq. on B, Hyp.
and the sq. on B = the rect. B, D, for D =B;
.". the rect. A, C=the rect. B, D,
S.A:B::D:C vL 16,
thatis, A:B::B:C.
Q E.D.

122
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EXERCIBES.
oN ProrosiTions 16 aAxp 17,

1, Apply Proposition 16 to prove that if two chords of a eircla
intersect, the rectangle contained by the segments of the one is equal
to the rectangle contained by the segments of the other.

2. Prove that the rectangle contained by the sides of a right.
angled triangle is equal to the reotangle contained by the hypotenuse
and the perpendicular on it from the right angle.

3. On a given straight line construct a rectangle equal to a given
rectangle,

4. ABCD is a parallelogram ; from B any straight line is drawn
cutting the diagonal AC at F, the side DC at G, and the side AD pro-
duced at E: shew that the rectangle EF, FG is equal to the square
on BF.

5. On a given straight line as base describe an isosceles triangle
equal to a given triangle.

6. AB is a diameter of a circle, and any line ACD cuts the circle
in © and the tangent at B in D ; shew by Prop. 17 that the rectangle
AC, AD is constant.

7. The exterior angle A of & triangle ABC is bisected by = straight
line which meets the base in D and the circumscribed cirele in E:
shew that the rectangle BA, AC is equal to the rectangle EA, AD.

8. If two chords AB, AC drawn from any point A in the cir-
cumference of the circle ABC be produced to meet the tangent at the
other extremity of the diameter through A in D and E, shew that the
triangle AED is similar to the triangle ABC.

9. At the extremities of a diameter of a circle tangents are drawn;
these meet the tangent at a point P in Q and R: shew that the rect-
angle QP, PR is constant for all positions of P.

10 A is the vertex of an isosceles triangle ABC inscribed in a
circle, and ADE is a straight line which cuis the bage in D and the
circle in E; shew that the rectangle EA, AD is equal to the square on
AB.

11. Two circles touch one another externallyin A; a straight lina
touches the circles at B and C, and is produced to meet the straight
line joining their centres at S: shew that the rectangle $B, SC ig
equal to the square on SA.

12, Divide a friangle into two equal paris by a straight line at
right angles to one of the sides. )
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DEE_‘INITION. Two similar rectilineal figures are said to

be similarly situated with respect to two of their sides
when these sides are homologous. [Book vi. Def, 5.]

ProposiTion 18, PROBLEM.

On a given straight line to describe a rectilineal figure
similar and similarly situated to @ given rectilineal figure.

H
G

F,
A B (o} D

Let AB be the given st. line, and CDEF the given rectil.
figure: first suppose CDEF to be a quadrilateral.

It is required to describe on the st. line AB, a rectil.
figure similar and similarly situated to CDEF.

Join DF.
At A in BA make the . BAG equal to the ~ DCF, 1.23.
and at B in AB make the . ABG equal to the . CDF;
.". the remaining . AGB =the remaining . CFD; 1. 32.
and the AAGB is equiangular to the ACFD.

Again at B in GB make the . GBH equal to the . FDE,
and at G in BG make the ~ BGH equal to the . DFE; 1. 45.
.'. the remaining ~ BHG =the remaining - DEF; 1. 32.
and the A BHG is equiangular to the A DEF.
Then shall ABHG be the required figure.

(i) To prove that the quadrilaterals are equiangular.
Because the . AGB =the . CFD,
and the . BGH =the . DFE; Constr.
.. the whole . AGH =the whole L CFE. dz. 2,
Similarly the . ABH =the . CDE;
and the angles at A and H are respectively equal to the
angles at C and E ; Constr,
.. the fig. ABHG is equiangular to the fig. CDEF.
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H
A
G
F,
=) QA
(ii) To prove that the quadrilaterals have the sides about
their equal angles proportional.

Because the A® BAG, DCF are equiangular;
.. AG : GB :: CF : FD. vL 4.
And because the A*® BGH, DFE are equiangular;
. BG : GH :: DF : FE,
.., ex cequali, AG : GH :: CF : FE. v. 14,
Similarly it may be shewn that
AB : BH :: CD : DE.
Also BA : AG :: DC : CF, vi 4.
and GH : HB :: FE : ED;
.. the figs. ABHG, CDEF have their sides about the equal
angles proportional ;
.". ABHG is similar to CDEF. Def. 2.
In like manner the process of construction may be
extended to a figure of five or more sides,
Q.ET.

DeriniTioN. When three magnitudes are proportionals
the first 18 said to have to the third the duplicate ratio of
that which it has to the second. [Book v. Def. 13.]
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ProrosrrioNn 19. THEOREM.

Similar triamgles are to one another in the duplicate ratio
of their homologous sides.

A
D

A

B G c E

Let ABC, DEF be similar triangles, having the L ABC
equal to the . DEF, and let BC and EF be homologous sides:

then shall the AABC be to the ADEF in the duplicate
ratio of BC to EF.

To BC and EF take a third proportional BG,
so that BC : EF :: EF : BG. vi 11
Join AG.

Then because the A® ABC, DEF are similar, Hyp.
‘. AB:BC :: DE: EF;

.., alternately, AB : DE :: BC : EF; v. 11.
but BC : EF :: EF : BG; Constr.
. AB : DE :: EF : BG; v. 1.

that is, the sides of the A ABG DEF about the equal
angles at B and E are reclprocally proportional;

. the AABG =the ADEF. v 15.

Aga.m, beca,use BC : EF :: EF : BG, Constr.

.. BC : BG in the duphcate ratio of BC to EF. Def.

But the AABC : the AABG :: BC : BG, vi. 1.
.. the AABC : the AABG in the duphcate ratio

of BC to EF: v. L.

and the AABG =the ADEF; Proved.

‘. the AABG : the A DEF in the duplicate ratio
of BC : EF. Q.E.D.
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ProrosiTion 20. THEOREM.

Simalar polygons may be divided into the same nwmber
of similar triangles, having the same ratio each to each that
the polygons have; and the polygons are to one another in
the duplicate ratio of their homologous sides.

A

B
D cC K H

Let ABCDE, FGHKL be similar polygons, and let AB be
the side homologous to FG;
then (i) the polygons may be divided into the same number
of similar triangles;
(ii) these triangles shall have each to each the same
ratio that the polygons have;
(iii) the polygon ABCDE shall be to the polygon FGHKL
in the duplicate ratio of AB to FG.
Join EB, EC, LG, LH.
(i) Then because the polygon ABCDE is similar to the

polygon FGHKL, Hyp.
.. the £ EAB=the L LFG,

and EA : AB :: LF : FG; vi. Def. 2.

.. the AEAB is similar to the ALFG; VL. 6.
.. the L ABE=the . FGL.

But, because the polygons are similar, Hyp.

.. the 2 ABC=the . FGH, v1. Def. 2.
.". the remaining . EBC=the remaining . LGH.

And because the A*® ABE, FGL are similar, Proved.
. EB: BA :: LG : GF;
and because the polygons are similar, Hyp.
.. AB: BC=FG : GH; vi. Def. 2.
.., ex equali, EB : BC:: LG : GH, v. 14.
that is, the sides about the equal . ® EBC, LGH are
proportionals;
.. the AEBC is similar to the ALGH. vL 6,
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In the same way it may be proved that the AECD is
similar to the A LHK.
.. the polygons have been divided into the same number
of similar triangles.

(ii) Again, because the A ABE is similar to the AFGL,
.. the AABE is to the AFGL in the duplicate ratio
of EB : LG; vi. 19.
and, in like manner,
the AEBC is to the ALGH in the duplicate ratio
of EB to LG;
.. the AABE : the AFGL :: the AEBC : the ALGH. v. L.
In like manner it can be shewn that
the AEBC : the ALGH :: the AEDC : the ALKH,
*. the AABE : the AFGL :: the AEBC : the ALGH
:: the AEDC : the ALKH,
But when any number of ratios are equal, as each ante-
cedent is to its consequent so is the sum of all the ante-
cedents to the sum of all the consequents; v. 12.
.. the AABE : the ALFG :: thefig. ABCDE : the fig. FGHKL.

(ili) Now the AEAB : the ALFG in the duplicate ratio

of AB : FG,
and the A EAB : the ALFG :: the fig. ABCDE : the fig. FGHKL;
.. the fig. ABCDE : the fig. FGHKL in the duplicate ratio
of AB : FG. Q.E.D.

CoroLLarRY 1. Let a third proportional X be taken
to AB and FG,

then AB is to X in the duplicate ratio of AB : FG;

but the fig. ABCDE : the fig, FGHKL in the duplicate

ratio of AB : FG.

Hence, if three straight lines are proportionals, as the first
i8 2o the third, so s any rectilineal figure described on the
Jirst to @ similar and similarly described rectilineal figure
on the second.

CoroLrARY 2. It follows that similar rectilineal figures
are to one another as the squares on their homologous sides.
For squares are similar figures and therefore are to one
another in the duplicate ratio of their sides.
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. Nore. The following theorem, taken from Euclid’s Twelfth Book,
is an important application of the preceding proposition.

Boork XII. Parorosition 1.

The areas of simil.ar polygons inscribed in circles are to one another
as the squares on their diameters.

A

m

Let ABCDE and FGHKL be two similar polygons, inscribed in
the circles ACE, FHL, of which AM, FN are diameters: then shall

the fig, ABCDE : the fig. FGHKL :: the 8q. on AM : the &q. on FN.
Join BM, AC and GN, FH.

Then since the polygon ABCDE is similar to the polygon FGHKL,
. the 2 ABC=the £ FGH,

and AB:BC:: FG:GH;
.. the A ABC ig gimilar to the A FGH3 v1. 6.
.. the 2£ACB=the £ FHG.
But the - ACB=the L AMB; . 21,

and the L FHG=the LFNG;

.*. the £ AMB=the £ FNG.
Also in the A% ABM, FGN, the .8% ABM, FGN are equal, being
. 31,

rt. angles; faed
hence the remaining 25 BAM, GFN are equal; 1. 832,
and the A8 ABM, FGN are similar: vi. 4,

. AB:FG :: AM : FN.
Bat the fig. ABCDE : the fig. FGHKL in ihe duplicate ratio of
AB : FG, v1. 20.
that is, in the duplicate ratio of AM : FN. v, 16.

Hence

the fig, ABCDE : the fig. FGHKL :: the sq. on AM : the sq. on FN.
vy, 20, Cor, 2,
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The following theorem, which forms the 3rd proposition of Euelid’s
Twe];th Book, may be derived as a corollary from the preceding
proof.

CoroLrarY. The areas of circles are to one another as the squares
on their diameters.

1t has been shewn that
the fig. ABCDE : the fig. FGHKL :: the sq. on AM : the 8q. on FN:
and this is true however many sides the two polygons may have,

Buppose the polygons are regular; then by sufficiently increasing
the number of their sides, we may make their areas differ from the
areag of their circumscribed circles by quantities smaller than any
that ean be named; hence ultimately the area of the ® ACE : the
area of the @ FHL :: the sq. on AM : the sq. on FN.

EXERCISES ON PROPOSITIONS 19, 20.

1. If ABC is a friangle right-angled at A, and AD is drawn per-
pendicular to BC, ghew that

(i) ©B:BD in the duplicate ratio of CB to BA;
(ii) The square on CB : the square on BA :: CB : BD;

(iiiy The AABD :the ACAD in the duplicate ratio of BA
to AC.

2. In any triangle ABC, the gides AB, AC are cut by a line XY
drawn parallel to BC. If AX is one-third of AB, what part is the
triangle AXY of the triangle ABC?

8, A trapezium ABCD has its sides AB, CD parallel, and its
diagonalg intersect at O. If AB is double of CD, find the ratio of
the triangle AOB to the triangle COD.

4, ABC and XYZ are two similar triangles whose areas are
respectively 245 and 5 square inches. If AB is 21 inches in length,
find XY.

5. Shew how to draw a straight line XY parallel {o the bage BC
of a triangle ABC, so that the area of the triangle AXY may be four-
ninths of the triangle ABC.

8. Two circles intersect at A and B, and at A tangents are drawn,
one to each eirele, meeting the ciroumferences at C and D. If AB,
CB and BD are joined, shew that

the ACBA ; the AABD :; CB: BD.
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Prorosition 21. THEOREM,

Rectilineal figures which are similar to the same recti-
lineal figure, are also similar to each other.

[\ = =)

Let each of the rectilineal figures A and B be similar to C:
then shall A be similar to B.

For because A is similar to C, Hyp.

‘. Ais equiangular to C, and the sides about their equal
angles are proportlonals vi. Def. 2,
Again, because B is similar to C, Hyp.

‘. B is equiangular to C, and the gides about their equal
angles are proportionals, vi. Def. 2.

. A and B are each of them equiangular to C, and have
the sides about the equal angles proportional to the cor-
responding sides of C;

.. A ig equiangular to B, and the sides about their equal

angles are proportionals; v. L
‘. A1is similar to B,
QE.D.
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ProrosiTiox 22. THEOREM.

If four straight lines be proportional and & pair of
similar rectilineal figures be stmilarly described on the first
and second, and also a pair on the third and fourth, these
Jigures shall be proportional :

Corwersely, if a rectilineal figure on the first of jfour
stratght lines be to the similar and similarly described figure
on the sccond as @ rectilineal figure on the third is to the
similar and similorly described figure on the fourth, the four
straight lines shall be proportional,

K
A /L\
A B C D X
N S
E F G H [8) P R

Let AB, CD, EF, GH be proportionals,
so that AB : CD :: EF ;: GH;

and let similar figures KAB, LCD be similarly described on
AB, CD, and also let similar figs. MF, NH be similarly
described on EF, GH:
then shall

the fig. KAB : the fig. LCD :: the fig. MF : the fig. NH.

To AB and CD take a third proportional X, v 11,
and to EF and GH take a third proportional 0;

then AB : CD :: CD : X, Constr.
and EF : GH :: GH : O.

But AB : CD :: EF : GH; Hyp.

JS.CD:X::GH: O, v. 1.

>, ex awqualt, AB : X :: EF : Q. -v. 14

But AB : X :: the fig. KAB : the fig. LGD, V1. 20, Cor.
and EF : O :: the fig. MF : the fig. NH;

.. the fig. KAB : the fig. LCD ::the fig. MF : the fig. NH.
v. L.
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Conversely,

let the fig. KAB : the fig. LOD :: the fig. MF : the fig. NH;

then shall AB : CD :: EF : GH.

To AB, CD, and EF take a fourth proportional PR: vi.12.
and on PR describe the fig. SR similar and similarly situated
to either of the figs. MF, NH. vi. 18

Then because AB : CD :: EF : PR, Constr.
."., by the former part of the proposition,
the fig. KAB : the fig. LCD :: the fig. MF : the fig. SR.
But
the fig. KAB : the fig. LCD :: the fig. MF : the fig. NH. Hyp.
.". the fig. MF : the fig. SR :: the fig. MF : the fig. NH, v. 1.

.. the fig. SR = the fig. NH.
And since the figs. SR and NH are similar and similarly
situated,

.. PR=GH¥*.
Now AB : CD :: EF : PR; Constr.
.. AB : CD :: EF : GH.
Q.E.D.

¥ Fuclid here assumes that if two similar and similarly situated
Sfigures are equal, their homologous sides are equal, The proof is
easy and may be left &s an exercise for the student.

DEriNITION. When there are any number of magnitudes
of the same kind, the first is said to have to the last the
ratio compounded of the ratios of the first to the second, of
the second to the third, and so on up to the ratio of the
last but one to the last magnitude, [Book v. Def. 12.]
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Proprosrrion 23. THEOREM.

Parallelograms which are equiangular to one amother
have to one another the ratio which is compounded of the
ratios of their sides,

A

\ 1
1 °\j
KLWM
Let the par™ AC be equiangular to the pa,rm CF, ha.ving the
£ BCD equal to the . ECG:

then shall the par™ AC have to the par™ CF the ratio com-
pounded of the ratios BC : CG and DC : CE.

Let the par™ be placed so that BG and CG are in a st. line;
then DC and CE are also in a st. line, 1 14,
Complete the par™ DG.

Take any st. line K,
and to BC, CG, and K find a fourth proportional L; vi. 12.
and to DG, CE, and L take a fourth proportional M;
then BC: CG :: K : L,
and DC: CE :: L : M.
But K : M is the ratio compounded of the ratios
K:Land L:M, v. Def. 12.
that is, K : M is the ratio compounded of the ratios
BC : CG and DC : CE.
Now the par™ AC : the par® CH :: BC: GG  vi. L
DKL Constr.
and the par™ CH : the par® CF :: DC: CE  vL 1.
b M, Consir
.., ex wquali, the par™ AC : the par™ CF :: K : M. v. 14,
But K : M is the ratio compounded of the ratios of the sides;
.. the par™ AC has to the par™ CF the ratio compounded
of the ratios of the sides. * QE.D.

EXERCISE.

The areas of two triangles or parallelograms are to one another
in the ratio compounded of the ratios of their bases and of their
altitudes,
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ProrosiTioN 24. THEOREM.

Parallelograms about a diagonal of any parallelogram
are simular to the whole parallelogram and to one another.

A E B

G H

D K C

Let ABCD be a par™ of which AC is a diagonal;
and let EG, HK be par™ about AC:
then shall the par™ EG, HK be similar to the par™ ABCD,
and to one another.

For, because DG is par' to GF,

.. the L ADC=the . AGF; 1. 29,
and because BC is par' to EF,
.. the L ABC=the . AEF; 1. 29,
and each of the ¢ BCD, EFG is equal to the opp. L BAD,
.. the ~ BCD =the . EFG; [1. 34.

.. the par™ ABCD is equiangular to the par™ AEFG.
Again in the A® BAC, EAF,
because the . ABC =the L AEF, 1. 29.
and the . BAC is common;
. A® BAC, EAF are equiangular to one another; 1. 32.
.. AB: BC :: AE : EF. VI 4.
But BC = AD, and EF = AG; 1. 34.
. AB : AD :: AE : AG;
and DC : CB :: GF : FE,
and CD : DA :: FG : GA,
.". the sides of the par™ ABCD, AEFG about their equal
angles are proportional;
.. the par™ ABCD is similar to the par™ AEFG. vI. Def. 2.
In the same way it may be proved that the par™ ABCD
is similar to the par™ FHCK,
.. each of the par™ EG, HK is similar to the whole par™;
.. the par™ EG is similar to the par™ HK. v 21.
Q.E.D,
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Prorosirion 25, PROBLEM.

To describe o rectilineal figure which shall be equal to
one and stmilar to another rectilinenl figure.

/) B
A\D B\C AGF /P\l](

H
Let E and S be two rectilineal figures:

it is required to describe a figure equal to the fig. E and
similar to the fig. S.

On AB a side of the fig. S describe a par™ ABCD equal to S,
and on BC describe a par™ CBGF equal to the fig. E, and
having the . CBG equal to the . DAB: 1. 45,

then AB and BG are in one st, line, and also DC and CF in
one st. line,

Between AB and BG find a mean proportional HK; vi, 13.
and on HK describe the fig. P, similar and similarly situated
to the fig. : vi 18,

then P shall be the figure required.

Because AB : HK :: HK : BG, Constr.
.. AB : BG :: the fig. S : the fig. P. vi1. 20, Cor.
But AB : BG :: the par™ AC : the par™ BF;
. the fig. S : the fig. P :: the par™ AG : the par™ BF; V. L

and the fig. S =the par™ AC; Constr.
.". the fig. P =the par™ BF
= the fig. E. Constr.

And since, by construction, the fig. P is similar to thr fig. s,
.. P is the rectil. figure required.
Q.E.F.

H. F, 23
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ProrositioN 26. THEOREM.

If two similar parallelograms have a common angle, and
be sumilarly situated, they are about the same diagonal.

A _G

Let the par™ ABCD, AEFG be similar and similarly situated,
and have the common angle BAD:
then shall these par™ be about the same diagonal.

Join AC,
Then if AC does not pass through F, let it cut FG, or FG
produced, at H.

Through H draw HK par' to AD or BC. 1. 31.

Then the par™ BD and KG are similar, since they are about
the same diagonal AHC; vL 24.
. DA AB i GA : AK.

But because the par™ BD and EG are similar; Hyp.
. DA : AB :: GA : AE; vi. Def. 2.
. GA D AK :: GA : AE;
.". AK = AE, which is impossible;
.. AC must pass through F;
that is, the par™ BD, EG are about the same diagonal.
Q.ED.



BOOK VI. PROP. 30. 349
Obs. Propositions 27, 28, 29 being cambrous in form and of little
value as geometrical results are now very generally omitted.

DreriniTioNn. A straight line is said to be divided in
extreme and mean ratio, when the whole is to the greater

segment as the greater segment is to the less.
[Book v1. Def. 4.]

ProrosrrioNn 30. ProBLEM,

To divide a given straight line in extreme and mean ratio.

A &8

Let AB be the given st. line:
it is required to divide it in extreme and mean ratio.

Divide AB in C so that the rect. AB, BC may be equal to

the sgq. on AC, m 11.
Then because the rect. AB, BC = the sq. on AG,
.. AB: AC :: AC : BC. vi 17,
QE.F.
EXERCISES.

1. ABCDE is a regular pentagon; if the lines BE and AD inter-
sect in O, shew that each of them is divided in exireme and mean
ratio.

9. I the radius of a circle is cut in extreme and mean rat:io, the
greater segment is equal to the aide of a regular decagon inscribed in
the eircle.

23-2
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Prorosition 31. THEOREM.

In a right-angled triangle, any rectilineal figure described
on the hypotenuse is equal to the sum of the two similar and
semilarly described figures on the sides containing the right
angle.

Let ABC be a right-angled triangle of which BC is the
hypotenuse; and let P, Q, R be similar and similarly described
figures on BC, CA, AB respectively:
then shall the fig. P be equal to the sum of the figs. @ and R.

Draw AD perp. to BC.

Then the A® CBA, ABD are similar; vi. 8.
.. CB: BA :: BA : BD;

.. CB: BD :: the fig. P : the fig. R,v1.20,Cor.
."., inversely, BD : BC :: the fig. R : the fig. P. v. 2.

In like manner DC : BC :: the fig. Q : the fig. P;
.. the sum of BD, DC : BC :: the sum of figs. R, @ : fig. P;
v. 15.

but BC =the sum of BD, DC;
.. the fig. P=the sum of the figs. R and Q.

QED

Nore. This proposition is 8 generalization of the 47th Prop. of

Book 1. It will be a useful exercise for the student to deduce the
eral theorem from the particular case with the aid of Prop. 20,
r. 2.
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EXERCISES.

1, In a right-angled triangle if a perpendicular be drawnu from the
right angle to the opposite side, the segments of the hypotenuse are in
the duplicate ratio of the sides containing the right angle.

2. 1If, in Proposition 31, the figure on the hypotenuse is equal
to the given triangle, the figures on the other two sides are each equal
to one of the parts into which the triangle is divided by the perpen-
dicular from the right angle to the hypotenuse.

3. AX and BY are medians of the triangle ABC which mect in
G: if XY be joined, compare the areas of the triangles AGB, XGY.

4. Shew that similar triangles are to one another in the duplicate
ratio of (i) corresponding medians, (ii) the radii of their inscribed
circles, (iii) the radii of their circumascribed circles,

5. DEF is the pedal triangle of the triangle ABC; prove that the
triangle ABC is to the triangle DBF in the duplicate ratio of AB to
BD. Hence shew that

the fig, AFDC : the A BFD :: AD*: BD®.

6. The base BC of a triangle ABC is produced to a point D such
that BD : DC in the duplicate ratio of BA : AC, BShew that ADis a
mean proportional between BD and DC.

7. Bisect a triangle by a line drawn parallel to one of its sides.

8. Shew how to draw a line parallel to the base of a triangle so
as to form with the other two sides produced a triangle double of the
given triangle.

9. If through any point within & triangle lines be drawn from
the angles to cut the opposite sides, the segments of any one side will
have to each other the ratio compounded of the ratios of the segments
of the other sides.

10. Draw a straight line parallel to the base of an isosceles tri-
angle 8o as to cut off a triangle which has to the whole triangle the
ratio of the base to a side.

11. Through a given point, between two straight lines containing
& given angle, draw a line which shall cut off a triangle equal to a
given rectilineal figure.

Obs. The 32nd Proposition as given by Euclid is de
fective, and as it is never applied, we have omitted it,
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ProrosiTioN 33. THEOREM.

In equal circles, angles, whether at the centres or the cir-
cumferences, have the same ratio as the arcs on which they
stand: 8o also have the sectors.

D
L
R
N
B~—¢ ¥

Let ABC and DEF be equal circles, and let BGC, EHF be
angles at the centres, and BAC and EDF angles at the G*;
then shall

(i) the « BGC : the . EHF :: the arc BC : the arc EF,

(ii) the « BAC : the . EDF :: the arc BC : the arc EF,

(iii) the sector BGC : the sector EHF :: the arc BC : the

arc EF,

Along the O of the GABC take any number of ares
CK, KL each equal to BC; and along the 0% of the ® DEF
take any number of arcs FM, MN, NR each equal to EF.

Join GK, GL, HM, HN, HR.

(i) Then the .°® BGC, CGK, KGL are all equal,
for they stand on the equal arcs BC, CK, KL: 111 27,
.. the . BGL is the same multiple of the L BGC that the
arc BL is of the arc BC.
Similarly the 4 EHR is the same multiple of the . EHF
that the arc ER is of the arc EF.
And if the arc BL = the arc ER,
the . BGL =the . EHR; nuL 27.
and if the arc BL is greater than the arc ER,
the . BGL is greater than the L EHR;
and if the arc BL is less than the arc ER,
“the . BGL is less than the L EHR,
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Now since there are four magnitudes, namely the

L® BGC, EHF and the arcs BC, EF; and of the antecedents

any equimultiples have been taken, namely the . BGL

and the arc BL; and of the consequents any equimultiples
have been taken, namely the ~ EHR and the arc ER:

and it has been proved that the . BGL is greater than,

equal to, or less than the . EHR according as BL is greater

than, equal to, or less than ER;
.". the four magnitudes are proportionals; v. Def. 4.
that is, the . BGC : the 2 EHF :: the arc BC : the arc EF,

(i) And since the . BGC = twice the . BAGC, 1 20,
and the . EHF = twice the . EDF;
.. the £ BAC : the L EDF :: the arc BC ; the arc EF. V. 8,

L ©

K R

o g
Bxc F M

(iii) Join BC, CK; and in the arcs BC, CK take any
points X, O.
Join BX, XC, CO, OK.
Then in the A® BGC, CGK,

BG = CG,
Because GC = GK,
and the 2 BGC =the + CGK; L 27,
.. BC =CK; 1 4,
and the A BGC=the ACGK.
And because the arc BC =the arc CK, Constr,
.. the remaining arc BAC = the remaining are CAK:
.. the L BXC =the . COK; mr 27,

.". the segment BXC is similar to the segment COK; 111, Def
and they stand on equal chords BC, CK;
.". the segment BXC = the segment COK, 111, 24,
And the A BGC =the ACGK;
.". the sector BGC = the sector CGK.
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Similarly it may be shewn that the sectors BGC, CGK,
KGL are all equal;
and likewise the sectors EHF, FHM, MHN, NHR are all equal,
.". the sector BGL ig the same multiple of the sector BGC

that the arc BL is of the arc BC;
and the sector EHR is the same multiple of the sector EHF

that the arc ER is of the arc EF:
And if the arc BL = the arc ER,
the sector BGL = the sector EHR: Proved.
and if the arc BL is greater than the arc ER,
the sector BGL is greater than the sector EHR:
and if the arc BL is less than the arc ER,
the sector BGL is less than the sector EHR.

Now since there are four magnitudes, namely, the sec-
tors BGC, EHF and the arcs BC, EF; and of the antecedents
any equimultiples have been taken, namely the sector BGL
and the arc BL; and of the consequents any equimultiples
have been taken, namely the sector EHR and the arc ER:
and it has been shewn that the sector BGL is greater than,
equal to, or less than the sector EHR according as the
arc BL is greater than, equal to, or less than the arc ER;

.. the four magnitudes are proportionals; v. Def. 4.
that is,
the sector BGC : the sector EHF :: the arc BC : the arc EF.
Q.ED,
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ProrosiTiox B. THEOREM.

If the vertical angle of a triangle be bisected by a straight
line which cuts the base, the rectangle contained by the sides
of the triangle shall be equal to the rectangle contained by
the segmenis of the base, together with the square on the
straight line which bisects the angle.

A

§

Let ABC be a triangle having the » BAC bisected by AD.
then shall
the rect. BA, AC = the rect. BD, DC, with the sq. on AD,
Describe a circle about the AABGC, v. b
and produce AD to meet the O in E.
Join EC.

Then in the A% BAD, EAC,
because the . BAD = the . EAC, Hyp.
and the L ABD =the £ AEC in the same segment; 111 21.
.. the A BAD is equiangular to the AEAC. L 32.-

.. BA: AD :: EA : AC; Vi 4.

.. the rect, BA, AC = the rect. EA, AD, vi 16.
= the rect. ED, DA, with the sq. on AD.

. 3.

But the rect. ED, DA = the rect. BD, DG; ur. 35.
.. the rect. BA, AC = the rect. BD, DC, with the sq. on AD.
QED

EXERCISE,

If the vertical angle BAC be externally bisected by a straight line
which meets the bage in D, shew that the rectangle eontained by BA,
AC together with the square on AD is equal fo the rectangle contai
by the segments of the base.
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ProrosiTioN C. THEOREM.

If from the vertical angle of a triangle a straight line be
drawn perpendicular to the base, the rectangle contained by
the sides of the triangle shall be equal to the rectangle con-
tained by the perpendicular and the diameter of the circle
described about the triangle.

A
B ‘ k c
E
Let ABC be a triangle, and let AD be the perp. from A
to BC:
then the rect. BA, AC shall be equal to the rect. contained

by AD and the diameter of the circle circumscribed about
the AABC.

Describe a circle about the A ABC; . 5.
draw the diameter AE, and join EC,

Then in the A® BAD, EAC,
the rt. angle BDA = the rt. angle ACE, in the semicircle ACE,
and the L ABD = the £ AEC, in the same segment; 1. 21.
.. the ABAD is equiangular to the AEAC;  1.32.
.. BA:AD :: EA: AC; vi. 4.
.". the rect, BA, AC = the rect. EA, AD. v1. 16,
Q.E.D,
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ProposrTion D. THEOREM.

The rectangle contained by the diagonals of a quadri-
lateral inscribed in a circle is equal to the sum of the two
rectangles contained by its opposite sides.

A
B

D

Let ABCD be a quadrilateral inscribed in a circle, and let
AC, BD be its diagonals:

then the rect. AC, BD shall be equal to the sum of the rect-
angles AB, CD and BC, AD.

Make the . DAE equal to the . BAC; L 23.
to each add the « EAC,
then the L DAC =the . BAE.

Then in the A® EAB, DAC,
the . EAB =the . DAC,
and the 2 ABE=the £ ACD in the same segment; mt. Z1.
". the triangles are equiangular to one another; 1. 32,
. AB:BE::AC:CD; vi. 4.
*. the rect. AB, CD = the rect. AC, EB. v 16.
Again in the A® DAE, CAB,
the . DAE=the . CAB, Constr.
and the . ADE =the £ ACB, in the same segment, r 21,
*. the triangles are equiangular to one another; 1 32.
». AD : DE :: AC : CB; vL 4.
.. the rect. BC, AD = the rect. AC, DE. vi. 16,
But the rect. AB, CD = the rect. AC, EB.  Proved.
*, the sum of the rects. BC, AD and AB, CD =the sum of
the rects. AC, DE and AC, EB;
that is, the sum of the rects. BC, AD and AB cD -
=the rect. AC, BD. 1 1.
Q.E. D,
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Nore. Propositions B, 0, and D do nof occur in Euclid, but were
added by Robert Simson,

Prop. D is usually known as Ptolemy’s theorem, and it is the par-
ticular case of the following more general theorem:

The rectangle contained by the diagonals of a quadrilateral is less
than the sum of the rectangles contained by its opposite sides, unless a
circle can be circumscribed about the quadrilateral, in which case it is
equal to that sum.

EXERCIBES.

1. ABC is an isosceles triangle, and on the base, or base pro-
duced, any point X is taken: shew that the circumscribed circles of
the triangles ABX, ACX are equal.

2. From the extremities B, C of the base of an isosceles triangle
ABC, siraight lineg are drawn perpendicular to AB, AC respectively,
and intersecting at D : shew that the rectangle BC, AD is double of
the rectangle AB, DB.

8. If the diagonals of a quadrilateral inscribed in a circle are at
right angles, the sum of the rectangles of the opposite sides is double_
the area of the figure.

4. ABCD is a quadrilateral inseribed in a cirele, and the diagonal
BD bisects AC: shew that the rectangle AD, AB is equal to the rect-
angle DG, CB.

5. If the vertex A of a triangle ABC be joined to any point in
the base, it will divide the triangle into two triangles such that their
circumseribed circles have radii in the ratio of AB to AC.

6. Construct a triangle, having given the base, the vertical angle,
and the rectangle contained by the sides.

7. Two triangles of equal area are ingcribed in the same circle :
shew that the rectangle contained by any two sides of the one is to
the rectangle contained by any two sides of the other as the base of
the seoond is to the base of the first,

8. Aeircle is deseribed round an equilateral triangle, and from any
point in the circumference straight lines are drawn to the angular
points of the triangle: shew that one of these straight lines is equal to
the sum of the other two.

9. ABCD is a quadrilateral inscribed in a cirele, and BD bisects
the angle ABC ; if the points A and C are fixed on the circumference
of the circle and B is variable in position, ghew that the sum of AB
and BC has 5 constant ratio to BD.
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I. ON HARMONIC SECTION.

1. To divide a given straight line internally and externally so that
its segments may be in a given ratio.

H,
;

~.,
\ .
/7

P\‘ ,,"B
b

Let AB be the given st. line, and L, M two other st. lines which

determine the given ratio; it is required to divide AB internally and

externally in the ratio L : M.

Through A and B draw any two par! st. lines AH, BK.
From AH cut off Aa equal to L,

and from BK cut off Bb and Bb’ each equal to M, Bl being taken in
the same direction as Aa, and Bb in the opposite direction.

Join ab, cutting AB in P;
join a?’, and produce it to cut AB externally at Q.
Then AB is divided internally at P and externally at Q,

so that AP:PB=L: M,

and AQ:@B=L: M.

The proof follows at once from Euclid v1. 4.
Obs. 'The solution is singular; that is, only one internal and one

external point can be found that will divide the given straight line
into segments which have the given ratio.



360 EUCLID'S ELEMENTS.

DEFINITION.

A finite straight line is said to be cut harmonically when it
is divided internally and externally into segments which have
the same ratio.

A P B Q

Thus AB is divided harmomcally at P and Q, if
AP : PB=AQ : GB.
P and @ are said to be harmonic eonjug&m of A and B.

If P and Q divide AB internally and externslly in the same ratio,
it is essy to shew that A and B divide PQ internally and externally
in df;he same ratio: hence A and B are harmonic conjugates of P
and Q

Ezample. The base of a triangle is divided harmonically by the
internal and external bisectors of the vertical angle :
for in each case the segments of the base are in the ratio of the other
sides of the triangle. [Euclid v, 3 and A.]

Obs. We shall use the terms Arithmetic, Geometric, and Harmonic
Means in their ordinary Algebraical sense.

1. If AB is divided internally at P and externally at Q in the
same ratio, then AB is the harmonic mean between AQ and AP.

For by hypothesis AQ : QB=AP: PB;

., alternately, AQ: AP=QB: PB,
th&t 18, AQ : AP=AQ-AB: AB-AP,
which proves the proposition.

2. If AB is divided harmonically at P and Q, and O is the middle

point of AB;
then shall OP . 0Q=0A2

A OFP B Q

For since AB i is divided harmonically at P and Q,
AP : PB=AQ: QB;
. AP-PB : AP+PB=AQ@-QB : AQ+QB,

or, 20P : 20A=20A: 20Q;
- OP.0Q=0A%
onwersely, if OP. 0Q=0A?%,
it my be shewn that
: PB=AQ : QB;

thatia,thatABudindedhamonieaﬂyathﬂQ.
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3. The Arithmetic, Geometric and Harmonic means of two straight
lines may be thus represented graphically.

In the adjoining figure, two tan- H
gents AH, AK are drawn from any
external point A to the circle PHQK;
HK hl: the chord of contact, and the
st. line joining A to the centre O cuts
the 0 at P and Q. A P B8O Q
Then (i) AO is the Arithmetic
mean between AP and AQ.: for clearly K
AO=} (AP+AQ).
(ii) AH is the Geometric mean betwoen AP and AQ:

for AHI=AP.AQ, 1. 36,
(iii) AB is the Harmonic mean between AP and AQ:
for OA.OB=0P% Ex. 1, p. 238.

~. AB is cut harmonically at P and Q. Ex. 1, p. 360.
That is, AB is the Harmonic mean between AP and AQ.
And from the similar triangles OAH, HAB,
OA: AH=AH: AB,
.. AO.AB=AH? vi, 17.
.. the Geometric mean between two straight lines is the mean propor-
tional between their Arithmetic and Harmonic means.

4. Given the base of a triangle and the ratio of the other sides, to
find the locus of the vertex.

Let BC be the given base, and let A
BAC be any triangle standing upon
it, such that BA : AC=the given
ratio:
it is required to find the locus of A. g PC ol

Biseet the £ BAC internally and
externally by AP, AQ.

Then BC is divided internally at P, and externally at Q,
so that BP : PC=BQ : QC=the given ratio;
.. P and Q are fixed points.
And since AP, AQ are the internal and external bigectors of the

£ BAGC,
- . the £ PAQ is a rt. angle;
.. the locus of A is a circle described on PQ as diameter,

Exgroige. @iven three points B, P, C in a straight line: find the
Yocus of points at which BP and PC subtend equal angles,
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DEFINITIONS.

1. A series of points in a straight line is called a range.
If the range consists of four points, of which one pair are har-
monic conjugates with respect to the other pair, it is said to be
& harmonic range.

2. A series of straight lines drawn through a point is called a
pencil.

The point of concurrence is called the vertex of the pencil,
and each of the straight lines is called a ray.

A pencil of four rays drawn from any point to a harmonic
Tange is said to be a harmonic pencil.

3. A straight line drawn to cut a system of lines is called a
transversal.

4. A system of four straight lines, no three of which are
concwrrent, is called a complete quadrilateral.

These straight lines will intersect two and two in six points,
called the vertices of the quadrilateral; the three straight lines
which join opposite vertices are diagonals.

Trrorems oN Hamrmonie SrcTion.

1. If a transversal is drawn parallel to one ray of a harmonic
pencil, the other three rays intercept equal parts upon it: and con-
versely.

2. Any transversal is cut harmonically by the rays of a harmonic
pencil.

3. In a harmonic pencil, if one ray bisect the angle between the
other pair of rays, it is perpendicular to its conjugate ray. Conversely
if one pair of rays form a right angle, then they bisect internally and
externally the angle between the other pair.

4, IfA, P, B, Q and a, p, b, q are karmonic ranges, one on
each of two given straight lines, and if Aa, Pp, Bb, the straight lines
which join three pairs of corresponding points, meet at S ; then will Qq
also pass through S.

5. If two straight lines intersect af A, and 7f A, P, B, Q and
A, p, b, q are two harmonic ranges one on each straight line (the points
corresponding as indicated by the letters), then Pp, Bb, Qq will be con~
-ewrrent ; also Pg, Bb, Qp will be concurrent. .
6. Use Theorem 5 to prove that in a complete quadrilateral in
which thg three diagonals are drawn, the straight line joining any pair
of opposite vertices is cut harmonically by the other two diagonals,
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1. ON CENTRES OF SIMILARITY AND SIMILITUDE.

1. If any two unequal similar figures are placed so that their
homologous sides are parallel, the lines joining corresponding points in
the two figures meet in a point, whose distances from any two corre-
sponding points are in the ratio of any pair of homologous sides.

Let ABCD, A’B'C’D’ be two similar figures, and let them be placed
8o that their homologous sides are parallel; namely, AB, BC, CD,
DA parallel to A’B’, B'C’, C'D’, D'A’ respectively:
then shall AA’, BB’, CC’, DD’ meet in a point, whose distances from
any two corresponding points shall be in the ratio of any pair of
homologous sides.
Let AA’ meet BB/, produced if necessary, in S.
Then because AB is par! to A'B’; Hyp.
. the A® SAB, SA'B’ are equiangular;
.. SA:SA'=AB : A'B; v, 4.
. AA’ divides BB, externally or internally, in the ratio of AB to A'B’.
Similarly it may be shewn that CC’divides BB’ in the ratio of
BC to B'C.
But since the figures are similar,
BC : B'C'=AB : A'B’;
.~ AA’ and CC’ divide BB’ in the same ratio;
that is, AA’, BB/, CC’ meet in the same point 8.
In like manner it may be proved that DD’ meets CC’' in the
int S.
re .. AA’, BB/, GC', DD’ are eoncurrent, and each of these lines ig
divided at S in the ratio of a pair of homologous sides of the two
figures. Q.E.D.

Cor. If any line is drawn through S meeting any pair of homolo-
gous sides in K and K', the ratio SK : SK' is constant, and equal to the
ratio of any pair of homologous sides.

Nore. It will be seen that the lines joining corresponding points
are divided externally or internally at § according as the correspond-
ing gides are drawn in the same or in opposite directions., In either
case the point of concurrence S is called a centre of similarity of the
two figures. 24

H. E,
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2. A4 common tangent STT' to two circles whose centres are C, C/,
meets the line of centres in 8. If through S any straight line is
drawn meeting these two circles in P, Q, and P/, @, respectively,
then the radii CP, CQ shall be respectively paraliel to C'P/, C'Q'.
Also the rectangles SQ . SP', SP. SQ shall each be equal to the
rectangle 8T . 8T,

Join CT, CP, CQ and C'T’, C'P, C'Q/.
Then since each of the £® CTS, C'T’S is a right angle, 1z 18,
». CT is part to C'T’;
. the A* SCT, SC'T' are equiangular;
- 8C:8C'=CT:C'T/
=CP : C'P';
. the A® 8CP, SC'P’ are similar; vL 7.
.. the £ SCP=the £ SC'P’;
.. CPig parl to C'P.
Similarly CQ is par! to C'Q".

Again, it easily follows that TP, TQ are par! to T'P, T'Q’

respeotively; .
.~ the A® STP, ST'P are similar.
Now the rect. SP . SQ=the gq. on ST ur. 36.
- SP:8T=8T:8Q, vi. 16,

and SP: 8T=8P:ST’;
. 8T :8Q=8P':8T;
- the rect. ST .8T'=SQ . SP"
In the same way it may be proved that
the rect. SP. SQ’=the rect. ST .8T".

Cor. 1. 1t has been proved that
8C : SC'=CP : C'P';
thus the external common tangents to the two circles meet at a point
&€ which divides the line of centres externally in the ratio of the redii.
Bimilarly it may be shewn that the transverse common tangents
meet at a point 8’ whioh divides the line of cenires internally in the
ratio of the radii,

Con. 2. CC’is divided harmonically ai 8 and §'.

Dermrrion. The points S and 8’ which divide externally and
internaily the line of eentres of two circles in the ratio of their radii
mwegwemanm tnternal contres of similitude respectively.

Q. E. D.
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EXAMPLES.

1. Inscribe a square in a given triangle.

2. In a given triangle inscribe a friangle similar and similarly
situated fo & given triangle. i

8. Inscribe a square in a given sector of circle, so that two
angular points shall be on the arc of the sector and the other two
on the bounding radii.

4. In the figure on page 278, if DI meeis the inscribed cirele in
X, shew that A, X, D, are collinear. Also if Al; meets the base in
Y shew that 1|, is divided harmonically at Y and A.

5. With the notation on page 282 shew that O and G are respec-
tively the external and internal cenires of similitude of the circum-
scribed and nine-points circle. *

6. If a variable circle touches two fizred circles, the line joining

their points of contact passes through a centre of similitude. Distinguish
between the different cases.

7. Describe a circle which shall touch two given circles and pass
through a given point.

8. Describe a circle which shall touch three given circles.

9. C,, G, C, are the centres of three gwen circles ; Sy, Sy, are the
indernal and external cenires of simalitude of the pair of circles whose
centres are Cy, Cyy and S'y, Sy, 8y, Sy, have similar meanings with
regard to the other two pairs of circles : shew that

(i) $,C,, §,Cs S',Cy are concurvent ;

(i) fthe siz points Sy, S, S, Sy, Sy, Sy, Uie three and three on
Four straight lines. [See Ex. 1and 2, pp. 375, 876.]

III. ON POLE AND POLAR.

DEFINITIONS.

(® If in sny straight line drawn from the centre of a circle
two points are taken such that the rectangle contained by their
distances from the centre is equal to the square on the radius,
each point is said to be the inverse of the other:

Thus in the given below, if O is the centre of the circle, and
if OP. OQ=(radius)?, then each of the points P and Q is the inverse
of the other. i

1t is clear that if one of these points is within the circle the other
must be without it. - .

242
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(ii) The polar of a given point with respect to a given circle
is the straight line drawn through the inverse of the given point
at right angles to the line which joins the given point to the
gentre: and with reference to the polar the given point is called
the pole.

Thus in the adjoining figure, if OP . OQ = (radius)?, and if through

L P M

A N

o}

P and Q, LM and HK are drawn perp. to OP; then HK is the polar
of the point P, and P is the pole of the st. line HK: also LM is the
polar of the point Q, and @ the pole of LM.

It is clear that the polar of an external point must intersect the
circle, and that the polar of an internal point must fall without it:
also that the polar of a point on the circumference iz the tangent at
that point.

1. Now it has been proved [see Ex. 1,
page 233] that if from an external point P
two tangents PH, PK are drawn to s circle,
of which O is the centre, then OP cuis the
ehord of contact HK at right angles at Q,
so that

OP ., 0Q = (radins)?,
-~ HK is the polar of P with respect to the
circle. Def. 2.

Hence we conclude that

The Polar of an external point with
reference to a circle is the chord of contact of
tangents drawn from the given point to the circle.

The following Theorem iz known ag the procal Pro
Pole and Polar, Roct perty o:%‘
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2. If A and P are any two points, and if the polar of A with
respect to any cirele passes through P, then the polar of P must pass
through A.

Let BC be the polar of the point A
with respect to a circle whose centre is o)
O, and let BC pass through P: P
then shall the polar of P pass through A.

Join OP; and from A draw AQ perp.
to OP. We shall shew that AQ is the
polar of P.

Now since BOC is the polar of A,

.~ the £ ABP is a rf. angle;

Def. 2, page 360.
and the £ AQP is a rt. angle:  Constr.
.+, the four poinis A, B, P, Qare coneyclic;

s 0Q.0P=0A.0OB 1m. 36.
=(radius)? for CB is the polar of A:
. P and Q are inverse points with respect to the given cirele.
And since AQ is perp. to OP,
- AQ is the polar of P.
That is, the polar of P passes through A.

Q. E. D,
A similar proof applies to the case when the given point A is
without the circle, and the polar BC cuts 1t.

8. To prove that the locus of the intersection of tangents drawn to
a circle at the extremitres of all chords which pass through a given point
within the circle is the polar of that point.

Let A ba the given point within the
circle. Let HK be any chord passing
through A; and let the tangents at H
and K intersect at P:
it is required to prove that the locus of
P is the polar of the point A,

1. To shew that P lies on the polar
of A,

Since HK is the chord of contact of
tangents drawn from P,
. HK is the polar of P. Ex. 1, p. 866.

But HK, the polar of P, passes
through A;

-
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. the polar of A passes through P: Ex. 2, p. 867.
thahs,thepomt P lies on the polar of A.
II. To shew that any point on the polar of A saligfies the glven
conditions.
Let BC be the polar of A, and let P be any point on it.
Draw tangents PH, PK, and let HK be the chord of contact.
Now from Ex. 1, p. 366, we know that the.chord of contact HK
ig the polar of P,
and we also know that the polar of P roust pass through Aj for Pis
on BC, the polar of A; Ex. 2, p. 367.
that is, HK passes through A.
P ig the point of intersection of tangents drawn at the ex-
tremmes of a chord passing through A
. {rom I. and II. we conclude that the required locus is the polar
or A,

Nore. If A is without the circle, the theorem demonstrated in
Part I. of the above proof still holds good ; but the converse theorem
in Part IL is not true for all points in BC. For if A is without the
circle, the polar BC will intersect it; and no point on that part of
&g pol: which ig within the circle can be the point of intersection of

gen

‘We now see that

{i} The Polar of an external point with respect to a circle is the
chord of contact of tangents drawn from it,

(ii) The Polar of an internal point is the locus of the intersections
of tangents drawn at the extremities of all chords which pass through
it.

{iii) The Polar of a point on the circumference is the tangent at
that point.
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The following theorem is known as the Harmonie Property of
Pole and Polar.

4. Any straight line drawn through a point is cut harmonically
by the point, its polar, and the circumference of the circle.

Let AHB be a circle, P the given
point and HK its polar; let Pagb be any
straight line drawn through P meeting
the polar at ¢ and the 0% of the circle af
asand b:
then ghall P, &, ¢, b be a harmonic
range.

In the case here considered, P is an
external point.

Join P to the centre O, and let PO
cut the O at A and B: let the polar of
P cut the 0 at H and K, and PO at Q.

Then PH is a tangent to the @ AHB. Ex. 1, p. 366,

From the gimilar friangles OPH, HPQ,

OP: PH=PH : PQ,
-~ PQ.PO=PH?
=Pa . Pb.
*. the points O, Q, a, b are concyelic:
. the £aQA=the £adO
=the £Oab 1. 5.
=the £OQb,in the same segment.
And since QH is perp. to AB,
- the £a@H=the £bQH.
. Qg and QP are the internal and external bisectors of the £aQb:
. P, a, ¢, b is a harmonic range. Ex. 1, p. 360.

The student should investigate for himself the case when P is an
internal poinf.

Conversely, it may be shewn that if through a fized point P any
secant s drawn cutting the circumference of a given circle at a and b,
and if q is the harmonic conjugate at P with respect to a, b; then the
locus of q is the polar of P with respect fo the given circle.

[For Examples on Pole and Polar, see p. 370.]

DEFINITION.

A triangle so related to a circle that each side is the polar
oftheopplositeverbex is said to be self-conjugate with respect
to the circle.
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EXAMPLES ON POLE AND POLAR.

1. The straight line which joins any two points is the polar with
respect to a given circle of the point of intersection of their polars.

2. The point of intersection of any two straight lines is the pole of
the straight line which joins their poles.

8. Find the locus of the poles of all straight lines which pass
through a given point.

4. Find the locus of the poles, with respect to a given circle, of tan-
gents drawn to a concentric circle.

5. If two circles cut one another orthogonally and PQ be any
diameter of one of them; shew that the polar of P with regard to the
other circle passes through Q.

6. If two circles cut one another orthogonally, the centre of each
circle is the pole of their common chord with respect to the other circle.

7. Any two points subtend at the centre of a circle an angle equal
to one of the angles formed by the polars of the given points.

8. O is the centre of a given circle, and AB a fized straight line.
P iz any point in AB; find the locus of the point inverse to P with
respect to the circle.

9. Given a circle, and a fized point O on its circumference: P is
any point on the circle: find the locus of the point inverse to P with
respect to any circle whose centre is O.

10. Given two points A and B, and a circle whose centre is O;
shew that the rectangle contained by OA and the perpendicular from B
on the polar of A is equal to the rectangle contained by OB and the
perpendicular from A on the polar of B.

11. Four poinis A, B, C, D are taken in order on the circumference
of a circle; DA, CB intersect at P, AC, BD at Q and BA, CD in R:
shew that the triangle PQR s self-conjugate with respect to the circle.

12, Give a linear comstruction for finding the polar of a given
point with respect to a given circle. Hence Jind a lincar construction
Jor drawing a tangent to a circle from an external point.

18, If a triangle is self-conjugate with respect 2o a circle, the
cendre of the circle is at the orthocentre of the triangle.

14, The polars, with respect to a given circle, of the four potnis of
a harmonic range form a harmonic pencil : and conversely.
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IV. ON THE RADICAL AXIS.

1. To find the locus of points from which the tangents drawn ¢o
two given circles are equal.

Fig. 1. Fig. 2.

Let A and B be the centres of the given circles, whose radii are a
and b; and let P be any point such that the tangent PQ drawn to the
circle (A) is equal to the tangent PR drawn to the circle (B):

it ig required to find the locus of P.
Join PA, PB, AQ, BR, AB; and from P draw PS perp. to AB.
Then because PQ=PR, .. PQ2=PR2
But PQ?=PA?- AQ?; and PR*=PB?- BR?: 1, 47.
.. PA2-AQ?=PB?- BR?;
that is, PS2.4AS?% - a?=P824 SB2-p?; 1. 47,
or, ASZ—a2=8B%- 12,
Hence AB is divided at S, so that A82—- SB2=a%-b%:
.~ 818 a fized point.

Hence all points from which equal tangents can be drawn to the
two circles lie on the straight line which cuts AB at rt. angles, so
that the difference of the squares on the segments of AB is equal to the
difference of the squares on the radii.

Again, by simply retracing these steps, it may be shewn thal in
Fig. 1 every point in SP, and in Fig, 2 every point in SP exterior to
the circles, is suoh that tangents drawn from it to the two circles are
equal.

Hence we conclude that in Fig. 1 the whole line SP is the required
loous, and in Fig. 2 that part of SP which is without the circles.

In either case SP is said to be the Radical Axis of the two circles,
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CoroLrarY, If the circles cut one another as in Fig, 2, it is clear
that the Radical Axis is identical with the straight line which passes
through the points of intersection of the circles; for it follows readily
from 11, 36 that tangents drawn to two intersecting circles from any
point in the sommon chord produced are squal,

2. The Radical Axes of three circles taken in pairs are concurrent.

Let there be three circles whose centres are A, B,
Let OZ be the radical axis of the @* (A) and (B);
and OY the Radical Axis of the @* (A) and (C), O being the point of
their intersection:
then shall the radical axis of the @* (B) and (C) pass through O.
It will be found that the point O is either without or within all
the circles.

1. When O is without the circles.
From O draw OP, OQ, OR tangents to the g* (A), (B), (C)- )
Then because O is a point on gxe aadical axis of (A) and (B); Hyp.
- OP=04Q.
And because O is a point on 5‘: radical axis of (A) and (C), Hyp.
A =0R,

- 0Q=0R;
-~ O is a point on the radical axis of (B) and (C),
i.e. the radieal axis of (B) and (C) passes through O.

II.aqu the circles interseet in such a way that O is within
the radical axes are then the common chords of the three circles
taken two and two; and it is required to prove that these common
chords are soncarrent. This may be shewn indirectly by . 85,

Darrxerion. The point of intersection of the radical axes of three
oireles taken in pairs is called the radical centre.
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8. To draw the radical azis of two given circles.

Let A and B be the centres of the given circles:
it is required to draw their radical axis.
If the given circles intersect, then the st. line drawn through their
points of intersection will be the radieal axis.  [Ex, 1, Cor. p. 372.]
Bat if the given circles do not infersect,
describe any circle g0 as to cut them in E, F and G, H:
Join EF and HG, and produce them to meet in P,
Join AB; and from P draw PS perp. to AB.
Then PS shall be the radical axis of the & (A}, (B).

DerinrrioN.  If each pair of circles in a given system have
the same radical axis, the circles are said to be co-axal.

EXAMPLES.

1. Shew that the radical azis of two circles bisects any one of thetr
common tangenis.

2. If tangents are drawn to two circles from any point on their
radical axis; shew that a circle described with this point as centre and
any one of the tangentis as radius, cuts both the given circles ortho-

gonally,

8. O is the radical centre of three circles, and from O a
OT is drawn to any one of them: shew that a circle whose centre is O
and radius OT cuts all the given circles orthogonally.

4. If three eircles touch one another, taken two and two, shew that
their common tangents at the points of contact are concurrent.
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&, Ir circles are described on the three sides of a triangle as
diameter, their radical centre is the orthocentre of the triangle.

6. AU circles which pass through a fized point and cut a given
cirele orthogonally, pass through a second fized point,

7. Find the locus of the centres of all circles which pass through a
given point and cut a given circle orthogonally.

8. Describe a circle to pass through two given points and cut a
given circle orthogonally.

9. Find the locus of the centres of all circles which cut two given
circles orthogonally.

10. Deseribe a circle to pass through a given point and cut two
given circles orthogonally.

11. The difference of the squares on the tangents drawn from any
point to two circles i equal to twice the rectangle contained by the
straight line joining their cenires and the perpendicular from the given
point on their radical axis.

12. In a system of co-azxal circles which do not intersect, any point
8 taken om the radical axis; shew that a circle described from this
point as centre with radius equal to the tangent drawn from it to any
one of the circles, will meet the line of centres i two fixed points.

[These fized points are called the Limiting Points of the system.]
13. In a system of co-azal circles the two limiting points and the

points in which any one circle of the system cuts the line of cenires
Jorm a harmonic range.

14. In a system of co-axal circles a limiting point has the same
polar with regard to all the circles of the system.

15. 1If two circles are orthogonal any diameter of ome is cut
harmondcally by the other,

Obs. In the two following theorems we are to suppose that
the segments of straight lines are expressed numerically in
terms of some common unit; and the ratio of one such segment
to another will be denoted by the fraction of which the first is
the numerator and the second the denominator.



THEOREMS AND EXAMPLES ON BOOK VI 378

V. ON TRANSVERSALS,

DEFINITION. A straight line drawn to cut a given system ot
lines is called a transversal.

1. If three concurrent straight lines are drawn Sfrom the angular
points of a triangle to meet the opposite sides, then the product of three
alternate segments taken in order is equal to the product of the other
three segments.

I3
A A
e/ AE (o)
(o)
B D cC B ¢ D

Let AD, BE, OF be drawn from the vertices of the A ABC fo
intersect % O, and cut the opposite sides at D, E, F:
then sghall BD.CE.AF=DC.EA.FB,
By similar triangles it may be shewn that
BD : DC=the alt. of AAOB : the alt. of A AOC;

. BD__AAOB
" DCT AAOG’
- CE_ ABOC
similarly, EA= ABOA’
a AF _ ACOA
an FB~ AGOB"
Multiplying these ratios, we have
BD CE E—l-
DC "EA'FB ™’
or, BD.CE.AF=DC.EA.FB. Q. E.D.

The converse of this theorem, which may be proved indirectly, is
very important: it may be enunciated thus:

If three straight lines drawn from the vertices of a triangle cut the
opposite sides so that the product of three alternate segments taken in
order is equal to the product of the other three, then the three straight
lines are concurrent.

That is, if BD . CE.AF=DC . EA.FB,
then AD, BE, CF are concurrent.
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2. If a transversal is drawn to cul the sides, or the sides produced,
of a triangle, the product of three alternate segments taken in order is
equal to the product of the other three segments.

E
A
<> A
E

\H
) C DN B C D\

Let ABC be a triangle, and let a transversal meet the sides BC,
CA, AB, or these gides produced, at D, E, F:
then shall BD.CE.AF=DC.EA.FB.

Draw AH par! to BC, meeting the transversal at H,
Then from the similar A® DBF, HAF,
BD _HA,
FB ~AF°
and from the similar A* DCE, HAE,
CE_EA
DC ™ HA®
BD CE_EA
FB "DC ™ AF’
BD.CE.AF
DC.EA.FB
or, BD.CE.AF=DC.EA.FB

.., by multiplieation,

that is, =1,

Q.E. D,

Nore, In this theorem the iransversal must either meet two
sides and the third side produced, as in Fig. 1; or all three sides pro-
duced, as in Fig. 2.

The converse of this Theorem may be proved indirectly:

If three points are iaken in two sides of a triangle and the third
side produced, or in all three sides produced, so that the product of
three aliernate segments taken in order is equal to the product of the
other three segments, the three points are collinear.

The propositions given on pages 103—106 relating to the concur-
rence of straight lines in a iriangle, may be proved by the method of
transversals, and in addition fo these the following important thearems

. may be established,
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DEFINITIONS.

(i) If two triangles are such that three straight lines joining
corresponding vertices are concurrent, they are said to be c¢o-

(ii) If two triangles are such that the points of intersection
of corresponding sides are collinear, they are said to be co-axial,

THEOREMS TO BE PROVED BY TRANSVERSALS.

1. The straight lines which join the vertices of a triangle to the
points of contact of the inscribed circle (or any of the three escribed
circles) are concurrent.

2. The middle points of the diagonals of a complete guadrilateral
are collinear.

8. Co-polar triangles are also co-azial; amd comversely co-azxial
triangles are also co-polar.

4. The siz centres of similitude of three Circles lie three by thres
on four straight lings.

MISCELLANEOUS EXAMPLES ON BOOK VI,

1. Through D, any point in the base of a triangle ABC,
straight lines DE, DF are drawn parallel to the sides AB, AC, and
meeting the sides at E, F: shew that the triangle AEF is & mean
proportional between the triangles FBD, EDC.

2. If two triangles have one angle of the one equal to one
angle of the other, and a second angle of the one supplementary to a
second angle of the other, then the sides about the third angles are
propertional,

8, AE bisects the vertical angle of the triangle ABC and meets
the base in E; shew that if circles are described about the iriangles
ABE, ACE, the diameters of these circles are to each other in the
same ratio as the segments of the base.

4, Through a fixed point O draw a siraight line so that the
paris 'mtew%d between O and the perpendiculars drawn fo_the
straight line from two other fixed points may have s given ratio,
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5. The angle A of a triangle ABC 13 bisected by AD meeting
BC in D, and AX is the median bisecting BC: shew that XD has
the same ratio to XB as the difference of the sides has to their sum.

6. AD and AE bisect the vertical angle of a triangle internally
and externally, meeting the base in D and E; shew that if O is the
migdleE point of BC, then OB is a mean proportional between OD
and OE.

7. P and Q are fixed points; AB and CD are fixed parallel
straight lines; any straight line is drawn from P to meet AB at M,
and & straight line is drawn from Q parallel to PM meeting CD at
N: shew that the ratio of PM to QN is constant, and thence shew
that the straight line through M and N passes through a fixed point.

8. C iy the middle point of an arc of a circle whose chord is
AB; D ig any point in the conjugate arc: shew that

AD+DB:DC::AB: AC.

9. In the triangle ABC the side AC is double of BC. If CD,
CE bisect the angle ACB internally and externally meeting AB in D
and E, shew that the areas of the triangles CBD, ACD, ABC, CDE
areasl, 2 3, 4,

10. AB, AC are two chords of a circle; a line parallel to the
tangent at A cuts AB, AC in D and E respectively: shew that the
rectangle AB, AD is equal to the rectangle AC, AE.

11. If from any point on the hypotenuse of a right-angled
triangle perpendiculars are drawn to the two sides, the rectangle
contained by the segments of the hypotenuse will be equal to the
sum of the rectangles contained by the segments of the sides.

12, D is a point in the side AC of the triangle ABC,and E isa
point in AB. If BD, CE divide each other into parts in the ratio
4 : 1, then D, E divide CA, BA in the ratio 3 : 1.

13. If the perpendiculars from two fixed points on a straight
line passing between them be in a given ratio, the straight line must
pass through a third fixed point,

14. PA, PB are two tangents to a circle; PCD any chord through
P: shew that the rectangle contained by one pair of opposite sides of
the guadrilateral ACBD is equal to the rectangle contained by the
other pair,

15. A, B, C are any three points on s cirele, and the tangent at

A meets BC produced m D: shew that the diameters of the circles
airoumseribed about ABD, ACD are as AD te CD,
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16. AB, CD are two diameters of the circle ADBC at right angles
{o each other, and EF is any chord; CE, CF are drawn meeting AB
produced in G and H : prove that the rect. CE, HG =the rect. EF, CH.

17. From the vertex A of any triangle ABC draw a line meeting
BC produced in D so that AD may be & mean proportional between
the segments of the base,

18. Two circles touch internally at O; AB a chord of the larger
eircle touches the smaller in C which is cut by the lines OA, OB in
the points P, Q: shew that OP : 0Q :: AC : CB.

19. AB is any chord of a circle; AC, BC are drawn fo any
point C in the circumference and meet the diameter perpendicular ta
AB at D, E: if O be the centre, shew that the rect. OD, OE is equal
to the square on the radius.

20. YD is a tangent to a circle drawn from a point Y in the
diameter AB produced; from D a perpendicular DX is drawn to the
diameter: shew that the points X, Y divide AB internally and ex-
ternally in the same ratio.

21, Determine a point in the circumference of a circle, from
which lines drawn to two other given points shall have a given ratio.

92. O is the centre and OA a radius of a given circle, and V
is a fixed point in OA; P and Q are two points on the circum.
ference on opposite sides of A and equidistant from it; QV is pro-
duced to meet the circle in L shew that, whatever be the length of
the arc P@Q, the chord LP will always meet OA produced in a fixed
point.

23. EA, EA’ are diameters of two circles touching each other
externally at E; a chord AB of the former circle, when produced,
touches the latter at C’, while a chord A’B’ of the latier touches the
former at C: prove that the rectangle, contained by AB and A'B’, is
four times as great as that contained by BC’ and B‘C.

24. 1If a circle be described touching externally two given circles,
the straight line passing through the points of contact will intersect
the line of centres of the given circles at a fixed point.

25. Two circles touch externally in C ; if any point D be taken
without them so that the radii AC, BC subtend eqnal angles at D,
end DE, DF be tangents to the circles, shew that DC is s mean
()royortioml between DE and DF, . - -

H.E, 25
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26, If through the middle point of the base of a iriangle any
line be drawn intersecting one side of the triangle, the other produced,
and the line drawn parallel to the base from the vertex, it will be
divided harmonically.

27, It from either base angle of a triangle a line be drawn
intersecting the median from the vertex, the opposite side, and the
line drawn paralle]l to the base from the verfex, it will be divided
harmoniecally.

28. Any straight line drawn to ent the arms of an angle and its
internal and externsal biseetors is cut harmonieally.

29. P, Q are harmonic conjugates of A and B, and C is an
external point : if the angle PCQ is a right angle, shew that CP, CQ
are the internal and external bisectors of the angle ACB.

30. From C, one of the base angles of a triangle, draw a straight
line meeting AB in G, and a straight line through A parallel to the
base in E, so that CE may be to EG in a given ratio.

31. P isa given point outside the angle formed by two given lines
AB, AG: shew how to draw a gtraight line from P such that the
parts of it intercepted between P and the lines AB, AC may have a
given ratio,

32. Through & given point within a given circle, draw a straight
line such that the parts of it intercepted between that point and the
oircumference may have a given ratio. How many solutions does
the problem admit of ?

83, If a common {angent be drawn fo any number of circles
which touch each other internally, and from any point of this
tangent as 8 cenire a circle be described, cutting the other eircles;
and if from this centre lines be drawn through the intersections of
the eircles, the segmenta of the lines within each circle shall be squal.

34. APB is a quadrant of a eircle, SPT a line touching it at P;
C is the centre, and PM is perpendicular to CA: prove that

the A SCT : the A ACB :: the A ACB :the A CMP.

85. ABGC is a iriangle inseribed in a circle, AD, AE are lines
drawn to tho base BC parallel {o the tangents at B, C respectively;
shew that AD=AE, and BD : CE :: AB%: AC3,

36, AB is the diameter of a circle, E the middle poin{ of the
radius OB ; on AE, EB as diameters circles are described ; PQlL isa
commeon t touching the circles at P and @, and AB used
at L.: shew that BL is equal te the radins of the smaller circle.
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87. The vertical angle G of a triangle is bisected by a straight
line which meets the base at D, and is produced to a point E, such
that the rectangle contained by CD and CE is equal to the rectangle
coniained by AC and CB: shew that if the base and vertical angle
be given, the position of E is invariable.

88, ABC is an isosceles triangle having the base angles at B
and C each double of fhe vertical angle: if BE and CD biseot the
base angles and meet the opposite sides in E and D, shew that DE
dvadés the triangle into figures whose ratio is equal to that of AB
to .

89. If AB, the diameter of a semicirele, be bisected in C and on
AC and CB circles be described, and in the space between the three
circumferences a circle be inscribed, shew that its diameter will be
to that of the equal cireles in the ratio of two to three.

40. O is the centre of a cirele inscribed in a quadrilateral ABCD;
a line EOF is drawn and making equal angles with AD and BC, and
meeting them in E and F respectively : shew that the triangles AEO,
BOF are gimilar, and that
AE : ED=CF : FB.

41. From the last exercise deduce the following: The inseribed
circle of a triangle ABC touches AB in F; XOY is drawn through
the centre making equal angles with AB and AC, and meeting them
in X and Y respectively: shew that BX : XF=AY : YC.

42. Inscribe a square in a given semicircle,

43. Inseribe a square in a given segment of a circle.

44. Describe an equilateral triangle equal to a given isosceles
triangle.

45. Describe a square having given the difference between a
diagonal and a side.

46. Given the vertical angle, the ratio of the sides containing it,
and the diameter of the circumseribing cirele, construct the iriangle,

47. Given the vertical angle, the line bisecting the base, and the
angle the bisector makes with the base, construet the iriangle.

48. In a given circle inscribe a triangle so that two sides may
pass through two given points and the third side be parallel io a
given straight line.

49, In a given circle inseribe s triangle go that the sides may
_pass throngh three given points, 952
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50. A, B, X, Y are four points in a siraight line, and O is such
s point in it that the reetangle OA, OY is equal to the rectangle OB,
OX: if a circle be described with centre O apd radius equal to a
mean proportional between OA and OY, shew that at every point on
thie circle AB and XY will subtend equal angles.

51, O is a fixed point, and OP iz any line drawn to meet a fixed
straight line in P; if on OP a point Q is taken so that OQ to OP is
& constant ratio, find the locus of Q.

52. O is a fixed point, and OP ig any line drawn to meet the
circumference of a fixed circle in P; if on OP a point Q is taken so
that OQ to OP is a constant ratio, find the locus of Q.

53. If from a given point two straight lines are drawn including
a given angle, and having a fixed ratio, find the locus of the extremity
of one of them when the extremity of ihe other lies on a fixed siraight

54, On g straight line PAB, two poinis A and B are marked and
the line PAB is made to revolve round the fixed extremity P. C is a
fixed point in the plane in which PAB revolves; prove that if CA
and CB be joined and the parallelogram CADB be completed, the
locus of D will be a circle.

65. Find the loous of a point whose distances from two fixed
points are in & given ratio.

56. Find the loous of & point from which two given circles sub-
tend the same angle.

57. Find the locus of a point such that its distances from two
intersecting straight lines are in a given ratio.

58. In the figure on page 364, shew that QT, P'T’ meet on the
radieal axig of the two circles.

59. ABC is any triangle, and on its sides equilateral tri;;.ngles are
described externally : if X, ¥, Z are the centres of their inscribed
circles, shew that the triangle XYZ is equilateral.

60. If S, I are the centres, and R, r the radii of the circumscribed
and inscribed circles of a triangle, and if N is the centre of its nine-
points circle,

prove that (i) SI=R3—2Rr,
(i) N1=4R-—r.
Establish corresponding properties for the escribed circles, and hence
prove that the nine-points circle fouches the inscribed and escribed
cirales of a triangle. - - - -



SOLID GEOMETRY.

EUCLID. BOOK XL

DEriniTIONS.

From the Definitions of Book I. it will be remembered
that

(i) A line is that which has length, without breadth
or thickness.

(ii) A surface is that which has length and breadth,
without thickness.

To these definitions we have now to add :

(iii) Space is that which has length, breadth, and
thickness.

Thus a line is s2id o be of one dimension ;
a surface is said to be of two dimensions;
and space is said to be of three dimensions.

The Propositions of Euclid’s Eleventh Book here given
establish the first principles of the geometry of space, or
solid geometry. They deal with the properties of straight
lines which are not all in the same plane, the relations
which straight lines bear to planes which do not contain
those lines, and the relations which two or more planes
bear to one another. Unless the contrary is stated the
straight lines are supposed to be of indefinite length, and
the planes of infinite extent.

Solid geometry then proceeds to discuss tho properties
of solid figures, of surfaces which are not planes, and of
lines which can not be drawn on a plane surface,



384 EUCLID'S ELEMENTS,

Lings AND PrLANEs.

. 1. A straight line is perpendicular to a plane when
1t i3 perpendicular to every straight line which meets it
in that plane.

Norz. It will be proved in Proposition 4 that if a straight line
is perpendicular to two straight lines which meet it in a plane, it is
also perpendicular to every straight line which meets it in that plane.

A straight line drawn perpendicular to & plane is said to bea
normal to thai plane.

2. The foot of the perpendicular let fall from a given
point on a plane is called the projection of that point on
the plane,

3. The projection of a line on a plane is the locus of
the feet of perpendiculars drawn from all points in the
given line to the plane,

P
Thus in the above figure the line ab is the projection of the line
AB on the plane PQ.
1 will be proved hereafter (see page 420) that the projection of a
straight line on a plane is algo a straight line. pre
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4. The inclination of a straight line to a plane is the
acute angle contained by that line and another drawn from
the point at which the first line meets the plane to the
point at which a perpendicular to the plane let fall from
any point of the first line meets the plane.

Thus in the above figure, if from any point X in the given
straight line AB, which intersects the plane PQ at A, a perpen-
dicular Xz is let fall on the plane, and the straight line Azb is drawn
from A through z, then the mclination of the straight line AB to the
plane PQ is measured by the acute angle BAb. In other words :—

The inclination of & straight line to a plane is the acute angle
contained by the given straight lme and its projection on the plane.

Axtom. If two surfaces intersect one another, they
meet in a line or lines.

5. The common section of two intersecting surfaces
is the line (or lines) in which they meet.

Norr. It is proved in Proposition 3 that the common section of
two planes is a straight line,

Thus AB, the common section of the two planes PQ, XY is proved
1o be a siraight line.
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6. One plane is perpendicular to another plane when
any straight line drawn in one of the planes perpendicular
to the common section is also perpendicular to the other
plane.

p

Em

Thus in the adjoining figure, the plane EB is perpendienlar to the
plane CD, if any straight line PQ, drawn in the plane EB at right
angles fo the common seetion AB, is also at right angles to the
plane CD.

7. The inclination of a plane to a plane is the acute
angle contained by two straight lines drawn from any point
in the common section at right angles to it, one in one
plane and one in the other.

Thus in the adjoining figure,
the straight line AB is the com:
mon section of the two inter.
secting planes BC, AD; and
from Q, any point in AB, two
straight lines QP, QR are drawn
perpendicular to AB, one in each
plane: then the inclination of

e two’ planes is measured by
the acute angle PQR.

Nors. This definition assumes that the angle PQR is of constant
magunitude whatever point Q is taken in AB : the trath of which
asgumption is proved in Proposition 10.

The augle formed by the interseotion of two planes is eslled a
dihedral angle.

Tt may be proved that two Planes are perpendicular to one another
when the dihedral angle formed by them is a right angle,
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8. Parallel planes are such as do not meet when pro-
duced.

9. A straight line is parallel to a plane if it does not
meet; the plane when produced.

10. The angle between two straight lines which do not
meet is the angle contained by two infersecting straight
lines respectively parallel to the two non-intersecting lines.

A

Thus if AB and CD are two
straight lines which do not meet,
and ab, be are two intersecting lines
parallel respectively to AB and CD;
then the angle between AB and CD
is measured by the angle abe.

11. A solid angle is that which is made by three or
more plane angles which have a common vertex, but are
not in the same plane.

A solid angle made by three
plane angles is said te be trihedral;
if made by more than three, it is
said to be polyhedral.

A solid angle is gometimes called
a corner.

12. A solid figure is any portion of space bounded by
one or more surfaces, plane or curved.

These surfaces are called the faces of the solid, and the inter-
sections of adjacent faces are called edges.
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PoLYHEDRA.

13. A polyhedron is a solid figure bounded by plane

Obs. A plane rectilineal figure must at least have three sides;
or four, if two of the sides are parallel. A polyhedron must at least
have four faces ; or, if two faces are parallel, it must at least have
Jive faces,

14. A prism is a solid figure bounded by plane faces,
of which two that are opposite are similar and equal
polygons in parallel planes, and the other faces are paralle-

lograms.
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The polygons are called the ends of the prism. A prism is
8aid to be right if the edges formed by each pair of adjacent parallel-
ograms are perpendicular to the two ends; if otherwise the prism is
oblque,

15, A parallelepiped is a solid figure bounded by
three pairs of parallel plane faces,
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16. A pyramid iz a solid figure bounded by plane
faoe_s, of which one is a polygon, and the rest are triangles
baving as bases the sides of the polygon, and as a com-
mon vertex some point not in the plane of the polygon.

The polygon is called the base of the pyramid.

A pyramid having for its base a regular polygon is said to be
right when the vertex lies in the straight line drawn perpendicular
to the base from its central point (the centre of its inseribed or cir-
cumscribed eircle).

17. A tetrahedron is a pyramid
on a triangular base: it is thus con-
tained by four triangular faces.

18. Polyhedra are classified according to the number
of their faces ;
thus a hexahedron has six faces;

an octahedron has eight faces;

a dodecahedron has twelve faces.

19. Similar polyhedra are such as have all their solid

angles equal, each to each, and are bounded by the same
pumber of similar faces.

90. A Polyhedron is regular when its faces are similar
and equal regular polygons.
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21. Tt will be proved (see page 425) that there can
only be five regular polyhedra.

They are defined as follows.

(i) A regular tetrahedron is a
solid figure bounded by fowr plane
faces, which are equal and equi-
lateral iriangles.

@iy A cube is a solid figure
bounded by six plane faces, which
are equal squares.

(iii) A regular octahedron is s
solid figure bounded by eight plane
faces, which are equal and equilateral

triamgles.

(iv) A regular dodecahedron is
a solid figure bounded by twelve plane §
faces, which are equal and regula
pentagons.
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(v) A regular icosahedron is
a solid figure bounded by fwenty
plane faces, which are equal and
equilateral ¢riangles.

Sorips 0F REVOLUTION.

23. A sphere is a solid figure described by the revo-
lution of a semicircle about its diameter, which remaing

fixed.

The axis of the sphere is the fixed straight line about which the
semicirele revolves,

The centre of the sphere is the same as the centre of the semi-
circle.

A diameter of a sphere is any straight line which passes through
the centre, and ig terminated both ways by the surface of the
sphere.

23. A right cylinder is a solid
figure described by the revolution of
a rectangle about one of its sides
which remains fixed.

The axis of the cylinder is the fixed straight line about which the
rectangle revolves.

The bases, or ends of the cylinder are the circular faces described
"1y the two revolving opposite sides of the rectangle.
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24. A right cone is a solid figure
described by the revolution of a right-
angled triangle about one of the sides
containing the right angle which re-
mains fixed,

The axis of the cone is the fized straight line about which the
triangle revolvea,

The base of the cone is the circular face desaribed by that side
which revolves.

The hypotenuse of the right-angled iriangle in any one of its
positions 18 called a generating line of the cone.

25. Similar cones and cylinders are those which have
their axes and the diameters of their bases proportionals.
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ProposirioNn 1. THEOREM.

One part of a straight line cannot be in a plane and an-
other part outside it.

P

Q

If possible, let AB, part of the st. line ABC, be in the
plane PQ, and the part BC without it.

Then since the st. line AB is in the plane PQ,
*. it can be produced in that plane. 1. Post. 2.

Produce AB to D;
and let any other plane which passes through AD be turned
about AD until it passes also through C.

Then because the points B and C are in this plane,
.. the st. line BC is in it: 1. Def. B.
. ABC and ABD are in the same plane and are both
st. lines ; which is impossible. 1. Def. 8,
. the st. line ABC has not one part AB in the plane PQ,
and another part BC outside it. Q. E. D.

Norg. This proposition scarcely needs proof, for the truth of it
follows almost immediately from the definitions of a straight line
and a plane,

It shonld be observed that the method of proof nsed in this and
the next proposition rests upon the following axiom,

If a plane of unlimited extent turns about a fized straight line s
an axis, it can be mads to pass through any point in space.
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ProrosiTioN 2. ToEOREM,

Any two straight lines which cut one another are in one
plane: and any three straight lines, of which each pair tnier-
sect one another, are in one plane.

Cc B

Let the two st. lines AB and CD intersect at E;
and let the st. line BC be drawn cutting AB and CD at B
and C:
then (i) AB and CD shall lie in one plane.
(ii) AB, BC, CD shall lie in one plane.
@ Let any plane pass through AB;
and let this plane be turned about AB wuntil it passes
through c.

Then, since C and E are points in this plane,
.. the whole st. line CED ig in it. 1. De¢f. 5 and x1, 1,
That is, AB and CD lie in one plane,

(ii) And since B and C are points in the plane which
contains AB and CD,
*. also the st. line BC lies in this plane.  q.E.D.

CopoLLARY. One, and only one, plane can be made to
pass through two given intersecting straight lines.

Henoe the posifion of a plane is fixed,
{i) if it passes through a given straight line and & given point

ountside it; Az, p. 393,
(ii) if i{ passes through two inferseciing straight lines; xr. 2.
{iii) if it passes through three points not collinear; . 2.

fiv) if it passes through two parallel straight lines.  r. Def. 25,
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Prorosition 3. THEOREM.

If two planes cut one another their common section i3 @
straight line.

Let the two planes XA, CY cut one another, and let BD be
their common section :
then shall BD be a st. line,
For if not, from B to D in the plane XA draw the st. line
BED;
and in the plane CY draw the st. line BFD.
Then the st. lines BED, BFD have the same extremities;
.". they include a space;
but this is impossible.
.. the common section BD cannot be otherwise than a st,
line. Q.E.D,

Or, more briefly thus—
Let the planes XA, CY cut one another, and let B and D be
two points in their common section.
Then because B and D are two points in the plane XA,
.". the st. line joining B, D lies in that plane. 1. Def. b.
And because 8 and D are two points in the plane CY,
.". the st. line joining B, D lies in that plane.
Hence the st. line BD lies in both planes,
and is therefore their common section.
*hat is, the common section of the two planes is a straight
line. QED.

H, B, . 26
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ProrosiTioN 4. TamoreM. [Alternative Proof.]

If a straight line is perpendicular to each of two straight
lines at their point of intersection, it shall also be perpen-
dicular to the plane in which they lie.

Let the straight line AD be perp. to each of the st.
lines AB, AC at A their point of intersection:
then shall AD be perp. to the plane in which AB and
AC lie.

Produce DA to F, making AF equal to DA.

Draw any st. line BC in the plane of AB, AC, to cut
AB, AC at B and C;
and in the same plane draw through A any st. line AE to cut
BC at E.

Tt is required to prove that AD is perp. to AE.

Join DB, DE, DC; and FB, FE, FC.

Then in the A% BAD, BAF,

because DA = FA, Constr.
and the common side AB is perp. to DA, FA:
. BD = BF, 1. 4.

Similarly CD=CF.
Now if the ABFC be turned about its base BC until
the vertex F comes into the plane of the A BDC,
then F will coincide with D,
since the conterminous sides of the triangles are equal. 1. 7.
.. EF will coincide with ED,
that is, EF = ED,
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Hence in the A% DAE, FAE,
since DA, AE, ED =FA, AE, EF respectively,
.. the  DAE=the . FAE. 1. 8.
That is, DA is perp. to AE.
Similarly it may be shewn that DA is perp, to every
st. line which meets it in the plane of AB, AC;
. DA is perp. to this plane Q.E.D.

Prorosrrion 4. Teeorem. [Euclid’s Proof.]

If a straight line is perpendicular to each of two straight
lines at their point of intersection, it shall also be perpen-
dicwlar to the plane in which they lie.

Let the st. line EF be perp. to each of the st. lines
AB, DC at E their point of intersection :
then shall EF be also perp. to the plane XY, in which
AB and DC Le.

Make EA, EC, EB, ED all equal, and join AD, BC.

Through E in the plane XY draw any st. line cutting
AD and BC in G and H.

Take any pt. F in EF, and join FA, FG, FD, FB, FH, FC.

Then in the a® AED, BEC,

because AE, ED=BE, EC respectively, Conastr,
and the 4 AED=the . BEC; 1 15,
s« AD = BC, and the £ DAE=the . CBE. 1 4

"~ 26-2
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F

Y
In the a®AEG, BEH,
because the . GAE = the . HBE, Proved.
and the £ AEG = the . BEH, 1. 15.
and EA = EB; Constr.
.. EG=EH, and AG = BH. 1. 26,

Again in the a® FEA, FEB,
because EA = EB,
and the common side FE is perp. to EA, EB; Hyp.
.. FA=FB. 1 4.
Similarly FC=FD.

Again in the A® DAF, CBF,
because DA, AF, FD =CB, BF, FC, respectively,
.. the L DAF =the . CBF. L8

And in the a°® FAG, FBH,
because FA, AG, = FB, BH, respectively,
and the . FAG =the L FBH, Proved.
.. FG=FH. 1 4.

Lastly in the a® FEG, FEH,
because FE, EG, GF =FE, EH, HF, respectively,
.. the L FEG=the . FEH; L 8.
that is, FE is perp. to GH.

Similarly it may be shewn that FE is perp. to every

st line which meets it in the plane XY,
<. FE is perp. to this plane, x1. Def.
Q.E.D.
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Proposition 5. THEOREM.

If a straight line is perpendicular to each of three con.
current straight lines ai their point of intersection, these
three straight lines shall be in one plame.

e e =y

X

Let the straight line AB be perpendicular to each of
the straight lines BC, BD, BE, at B their point of inter-
section:

then shall BC, BD, BE be in one plane.

Let XY be the plane which passes through BE, BD; x1.2,
and, if possible, suppose that BC is not in this plane.
Let AF be the plane which passes through AB, BC;
and let the common section of the two planes XY, AF be the
st. line BF. XL 3.

Then since AB is perp. to BE and BD,
and since BF is in the same plane as BE, BD,
.. AB is also perp. to BF. X1 4.
But AB is perp. to BC; Hyp.
‘. the L* ABF, ABC, which are in the same plane, are
both rt. angles ; which is impossible.
.". BC is not outside the plane of BD, BE:
that is, BC, BD, BE are in one plane.

QED,
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ProposiTION 6. THEOREM.

If two straight lines are perpendicular to the same plane,
they shall be parallel to one another.

C

N

E

A

X

Tet the st. lines AB, CD be perp. to the plane XY:
i ' then shall AB and CD be par' *
Let AB and, ¢, meet the plane XY at B and D,
’ Join BD;
and in the plane XY draw DE perp. to BD, making DE
equal to AB,
Join BE, AE, AD.
Then sinee AB is perp. to the plane XY, Hyp.
.. AB is also perp. to BD and BE, which meet it in that

plane ; xL Def. 1.

that is, the .5 ABD, ABE are rt. angles.

Similarly the »*® CDB, CDE are rt. angles.
Now in the a® ABD, EDB,
because AB, BD = ED, DB, respectively, Constr.
and the L ABD = the 2 EDB, being rt. angles;
.. AD=EB. L 4.
Again in the A* ABE, EDA,
because AB, BE = ED, DA, respectively,
and AE is common ;

;. the 2 ABE=the . EDA. 1 8.

* Nore. In order to shew that AB and CD are parallel, it is
necessary fo prove that (i) they are in the same plane, (ii) the angles
_ABD, CDB, are supplementary.
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But the . ABE is a rt. angle; Proved.
. the . EDA is a rt. angle.
But the ~ EDB is a rt. angle by construction,
and the . EDC is a rt. angle, since CD is perp. to the

plane XY. Hyp.
Hence ED is perp. to the three lines DA, DB, and DC;
.". DA, DB, DC are in one plane. x1. 5.

But AB is in the plane which contains DA, DB; xr. 2.
.. AB, BD, DC are in one plane.

And each of the ~° ABD, CDB is a rt. angle; Hyp.

.. AB and CD are par’. 1 28.

QED.

ProrosiTioN 7. THEOREM,

I two straight lines are parallel, the straight line which
Joins any point in ome to any point in the other is in the
same plame as the parallels.

A E B

C F D

Let AB and CD be two par’ st. lines,

and let E, F be any two points, one in each st. line:
then shall the st. line which joins E, F be in the same
plane as AB, CD. :

For since AB and CD are par,
.". they are in one plane. 1. Def. 25,
And since the points E and F are in this plane,

.". the st. line which joins them lies wholly in this plane.

1. Def. B.
That is, EF is in the plane of the par* AB, CD.

QED
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ProrosiTion 9. THEOREM.
Two straight lines which are parallel to a third straight
line are parallel to one another.

A H 8

v
w

% D

Let the st. lines AB, CD be each par' to the st. line PQ:
then shall AB be par' to CD.

I. If AB, CD and PQ are in one plane, the proposition has
already been proved. 1. 30.

II. But if AB, CD and P@ are not in one plane,
in PQ take any point G ;
and from G, in the plane of the par® AB, PQ, draw GH

perp. to PQ; L1l
also from G, in the plane of the par® CD, PQ, draw
GK perp. to PQ. L 11.

Then because PQ is perp. to GH and GK,  Constr.
.. PQ is perp. to the plane HGK, which contains them.
x1. 4.
But AB is par' to PQ; Hyp.
.. AB is also perp. to the plane HGK. x1 8.
Similarly, CD is perp. to the plane HGK.

Hence AB and CD, being perp. to the same plane, are par'
to one another, ) X1 6,
Q-E.p,
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PropasirioN 10. THEOREM.

If two intersecting strasght lines are respectively parallel
to two other intersecting straight lines not in the same plane

with them, then the first puir and the second pair shall con-
tain equal angles.

D,

Let the st. lines AB, BC be respectively par' to the at.
lines DE, EF, which are not in the same plane with them :
then shall the . ABC=the . DEF.

In BA and ED, make BA equal to ED;
and in BC and EF, make BC equal to EF.
Join AD, BE, CF, AC, DF.
Then because BA is equal and par' to ED, :
Hyp. and Constr.

.. AD is equal and par' to BE. L 33.
And because BC is equal and par' to EF,

.". CF is equal and par' to BE. L 33

.. AD is equal and par' to CF ; x1. 9.

hence it follows that AC is equal and par' to DF. L 33.
Then in the A® ABC, DEF,
because AB, BC, AC = DE, EF, DF, respectively,
.+ the 2 ABC ==the . DEF. L 8.
QED,
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Prorosirion 11. PROBLEM.

To draw a straight line perpendicular to a given plane
Jrom a given point outside it,

A
/] Y
B E
D
c H
X
Let A be the given point outside the plane XY.
Tt is required to draw from A a st. line perp. to the
plane XY.
Draw any st. line BC in the plane XY ;
and from A draw AD perp. to BC. 1 12.

Then if AD is also perp. to the plane XY, what was

required is done.
But if not, from D draw DE in the plane XY perp.

to BC; 1. 11,
and from A draw AF perp. to DE. L 12,

Then AF shall be perp. to the plane XY.
Through F draw FH par' to BC. 1. 3L

Now because CD is perp. to DA and DE, Consir.

.. CD is perp. to the plane containing DA, DE. x1, 4.
And HF is par' to CD;

. HF is also perp. to the plane containing DA, DE. XI 8.

And since FA meets HF in this plane,

.. the £ HFA is a rt. angle; x1. Def- 1.
that is, AF is perp. to FH.
And AF is also perp. to DE; Constr,

.« AF is perp. to the plane containing FH, DE;
that is, AF is perp. to the plane XY, Q.EF,
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Prorosition 12. ProsBrEM.

Lo draw o siraight line perpendicular to & given plane
Jrom a given point in the plane.

D B

Let A be the given point in the plane XY.

It is required to draw from A a st. line perp. to the
plane XY.

From any point B outside the plane XY draw BC perp.
to the plane. x1L 11.
Then if BC passes through A, what was required is
done.

But if not, from A draw AD par' to BC. . 31

Then AD shall be the perpendicular required.

For zince BC is perp. to the plane XY, Constr.

and since AD is par’ to BC, Constr.
.. AD is also perp. to the plane XY. xrL. 8,
Q.E.F.

EXERCISES.

1. Equal straight lines drawn fo meet a plane from a point
without it are equally inclined to the plane.

2. TFind the locus of the foof of the perpendicular drawn from s
given point upon any plane which passes through a given straight
line,

8. From s given point A a perpendicular AF is drawn fo a plane
XY; and from F, FD is drawn perpendicular to BC, any line in
that plane: shew that AD is also perpendicular to BC.
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ProposiTioN 13. THEOREM.

Only one perpendicular can be drawn to a given plame
Jrom a given point either in the plame or outsids it.

i
V;

(4
A

F

X

Case I. Let the given point A be in the given plane XY;
and, if possible, let two perps. AB, AC be drawn from A to
the plane XY.

Let DF be the plane which contains AB and AC; and
let the st. line DE be the common section of the planes DF
and XY. 11 3.

Then the st. lines AB, AC, AE are in one plane.
And because BA is perp. to the plane XY, Hyp.
.. BA is also perp. to AE, which meets it in this plane;
x1. Def 1.
that is, the . BAE is a rt. angle.
Similarly, the 4 CAE is a rt. angle,
.. the L ®BAE, CAE, which are in the same plane, are equal
to one another.
‘Which is impossible.
.. two perpendiculars cannot be drawn to the plane
XY from the point A in that plane.

Casg II.  Let the given point A be cutside the plane XY.

Then two perp® cannot be drawn from A to the plane;
for if there could be two, they would be par, x1 6.
which is absurd, QED,
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Prorosition 14. THEOREM,

Planes to which the same straight line i8 perpendicular
are parallel to one another.

Let the st. line AB be perp. to each of the planes CD, EF :
then shall these planes be par'.

For if not, they will meet when produced.

If possible, let the two planes meet, and let the st.
Yine GH be their common section. XL 3.
In GH take any point K ;
and join AK, BK.

Then because AB is perp. to the plane EF,

.. AB s also perp. to BK, which meets it in this plane;

x1. Def. 1.
that is, the ~ ABK is a rt. angle.
Similarly, the . BAK is a rt. angle.
.. in the AKAB, the two . ® ABK, BAK are together equal to
two rt. angles;

which is impossible, L 17.

.'. the planes CD, EF, though produced, do not meet ;
that is, they are par’, Q.E.D,
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ProrosrrioNn 15. THEOREM.

If two intersecting straight lines are parallel respectively
to two other intersecting straight lines which are not in
the same plane with them, then the plane containing the
Jirst pair shall be parallel to the plane containing the second
pair.

Let the st. lines AB, BC be respectively par' to the
st. lines DE, EF, which are not in the same plane as
AB, BC:

then shall the plane containing AB, BC be par’ to the
plane containing DE, EF.

From B draw BG perp. to the plane of DE, EF; xr. 11.

and let 1t meet that plane at G.
Through G draw GH, GK par' respectively to DE, EF. 1. 31.

Then because BG is perp. to the plane of DE, EF,
~. BG is also perp. to GH and GK, which meet it in that

plane: xt. Def. 1.
that is, each of the .® BGH, BGK is a rt. angle.

Now because BA is par' to ED, Hyp.

and because GH is also par’ to ED, Constr,

.. BA is par' to GH. x1. 9.

And since the 2 BGH is a rt. angle; Proved.

.. the £ ABG is a rt. angle. L 29,

Similarly the « CBG is a rt. angle.
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Then since BG is perp. to each of the st. lines 8A, BC,
.. BG is perp. to the plane containing them.  xr. 4.
But BG is also perp. to the plane of ED, EF : Constr.
that is, BG is perp. to the two planes AG, DF:
.. these planes are par', x1 14.
Q.E.D.

Prorosiriox 16, THEOREM.

If two parallel plance are cut by a third plane their
comamon sections with it shall be parallel,

Let the par' planes AB, CD be cut by the pl.‘ane EFHG,
and let the st. lines EF, GH be their common sections
with it:

then shall EF, GH be par'
For if not, EF and GH will meet if produced.
If possible, let them meet at K.
Then since the whole st. line EFK is in the plane AB, xu. 1.
and K is a point in that line,
.". the point K is in the plane AB.
Similarly the point K is in the plane ¢D.
Hence the planes AB, CD when produced meet at K ;
which is impossible, since they are par’. Hyp. -
.". the st. lines EF and GH do not meet ;
and they are in the same plane EFHG ;
.". they are par'. 1, Degf’ 25,
: QED.
T H.E 27
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ProrosiTion 17. THEOREM.

Straight lines which are cut by parallel planes are cut
proportionally.

Let the st. lines AB, CD be cut by the three par' planes
GH, KL, MN at the points A, E, B, and C, F, D :
then shall AE : EB :: CF : FD.
Join AC, BD, AD;
and let AD meet the plane KL at the point X :
join EX, XF.
Then because the two par' planes KL, MN are cut by
the plane ABD,
.". the common sections EX, BD are par'. x1 16.

and because the two par' planes GH, KL are cut by the
plane DAC,

.". the common sections XF, AC are par’. x1, 16,
And because EX is par’ to BD, a side of the AABD,
. AE : EB :: AX : XD. vi 2.
Again because XF is par' to AC, a side of the ADAG,
. AX : XD :: CF : FD, v 2.
Hence AE : EB :: CF : FD. v. 1.
Q.E.D.

DzriximioN. One plane is perpendicular to another
plane, when any straight line drawn in one of the planes
dicular to their comwon section is also perpendicular

ta Ee other plane, [Book x1. Def. 6.]



BOOK XI. PROP. 18, 413

ProrosiTioN 18. THEOREM.

If a straight line is perpendicular to a plane, then every
plane which passes through the straight line is also perpen-

.

dicular to the given plane.

D G A

T
s

Let the st. line AB be perp. to the plane XY;
and let DE be any plane passing through AB:
then shall the plane DE be perp. to the plane XY,

Let the st. line CE be the common section of the planes

XY, DE. x1. 3.
From F, any point in CE, draw FG in the plane DE
perp. to CE. . 11,

Then because AB is perp. to the plane XY, Hyp.
.". AB is also perp. to CE, which meets it in that plane,

x1, Def. 1.

that is, the .~ ABF is a rt. angle.
But the . GFB is also a rt. angle; Constr,
.. GF is par' to AB. 1 28,
And AB is perp. to the plane XY, Hyp.
.. GF is also perp. to the plane XY, X1 B.

Hence it has been shewn that any st. line GF drawn in

the plane DE perp. to the common section CE is also perg.
to the plane XY.

.". the plane DE is perp. to the plane XY. x1. Def 6.
Q.E.D,

EXERCISE.

Shew that two planes are perpendicular to one another when the
dihedral angle formed by them is a right angle. 27-2
L 80
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ProrosiTioN 19. THEOREM.

If two intersecting planes are each perpendicular to a
third plane, their common section shall also be perpendicular
to that plane,

A [¥]

Let each of the planes AB, BC be perp. to the plane

ADC, and let BD be their common section :
then shall BD be perp. to the plane ADC.

For if not, from D draw in the plane AB the st. line DE

perp. to AD, the common section of the planes ADB, ADGC:
L 11

and from D draw in the plane BC the st. line DF perp.

to DC, the common section of the planes BDC, ADC.

Then because the plane BA is perp. to the plane ADG,

Hyp.
and DE is drawn in the plane BA perp. to AD the common
section of these planes, Constr.

.. DE is perp. to the plane ADC. x1. Def. 6.

Similarly DF is perp. to the plane ADC.
.. from the point D two st. lines are drawn perp. to the
plane ADC ; which is impossible, x1. 13.
Hence DB cannot be otherwise than perp. to the plane ADC.
Q.ED,
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ProrosiTioN 20. THEOREM.

Of the three plame angles which form a trikedral angle,
any two are together greater than the third,

D

8 E C

Let the trihedral angle at A be formed by the three
plane . * BAD, DAC, BAC:
then shall any two of them, such as the .® BAD, DAC, be
together greater than the third, the . BAC.

Case 1. If the . BAC is less than, or equal to, either
of the <* BAD, DAC;
it is evident that the .* BAD, DAC are together greater
than the £ BAC.

Case II. But if the . BAC is greater than either of the
L* BAD, DAC;
then at the point A in the plane BAC make the .. BAE equal
to the L BAD;
and cut off AE equal to AD.
Through E, and in the plane BAC, draw the st. line BEC
cutting AB, AC at B and C:

join DB, DC.

Then in the ao® BAD, BAE,
since BA, AD = BA, AE, respectively, Conair.
and the . BAD =the . BAE; Conastr.
.. BD=BE. I 4.
Again in the ABDC, since BD, DC are together greater
than BC, 1. 20.
and BD = BE, Proved.

.. DC is greater than EC.
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D

B E C
And in the A% DAC, EAGC,
because DA, AC = EA, AC respectively, Constr.
but DC is greater than EC; Proved.
.. the . DAC is greater than the . EAC. 1 25.
Constr.

But the L BAD =the £ BAE;
.*. the two . * BAD, DAC are together greater than the

L BAC. Q.E.D.

ProprosiTion 21. THEOREM.

Every (convex) solid angle is formed by plane angles
which are together less than four right angles.

S

Let the solid angle at S be formed by the plane . *® ASB,

BSC, CSD, DSE, ESA:
then shall the sum of these plane angles be less than four

rt. angles.
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For let a plane XY intersect all the arms of the plane
angles on the same side of the vertex at the points A, B, C,
D, E: and let AB, BC, CD, DE, EA be the common sections
of the plane XY with the planes of the several angles.

‘Within the polygon ABCDE take any point O ;
and join O to each of the vertices of the polygon.

Then since the .® SAE, SAB, EAB form the trihedral
angle A,

.. the L*® SAE, SAB are together greater than the . EAB;
x1. 20.

that is,

the . ®SAE, SAB are together greater than the . ® OAE, OAB.

Similarly,

the L ¥ SBA, SBC are together greater than the . ® OBA, OBC:
and so on, for each of the angular points of the polygon.

Thus by addition,
the sum of the base angles of the triangles whose vertices
are at S, is greater than the sum of the base angles of
the triangles whose vertices are at O,

But these two systems of triangles are equal in number ;
.. the sum of all the angles of the one system is equal to the
sum of all the angles of the other.

It follows that the sum of the vertical angles at § is
less than the sum of the vertical angles at O.

But the sum of the angles at O is four rt. angles;
.".the sum of the angles at 8 is less than four rt. angles.
Q.E.D.

Note. This proposition was not given in this form by Euelid, who
established its truth only in the case of trikedral angles. The above
demongtration, however, applies to all cases in which the polygon
ABCDE is convez, but it must be observed that withont this eondition
the proposition is not necessarily true.

A solid angle is convex when it lies entirely on one side of each
of the infinite planes which pass through its plane angles, If this is
the case, the polygon ABCDE will have no re-entrant sngle. Ang it
is clear that it would not be possible to apply x1. 20 fo & vertex at
which a re-entrant angle existed.
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ExzerciseEs o¥ Boox XI.

. 1. Equal straight lines drawn to & plane from & point without
it have equal projections on that plane,

2. If S is the centre of the circle circumscribed abont the triangle
ABC, and if SP is drawn perpendicular to the plane of the friangle,
shew that any point in SP ig equidistant from the vertices of the
triangle.

8. Find the locus of points in space equidistant from three given
points,

4. From Example 2 deduce s practical method of drawing a
perpendicular from & given point to a plane, having given ruler,
E?mpasses, and a straight rod longer than the required perpen-

icular.

§. Give a geometrical construction for drawing a straight line
equally inclined to three straight lines which meet in & point, but are
not in the same plane.,

6. In a gauche quadrilateral (that is, & quadrilateral whose sides
are not in the same plane) if the middle points of adjacent sides are
joined, the figure thus formed is & parallelogram,

7. AB and AG are two straight lines intersecting at right angles,
and from B a perpendicular BD is drawn to the plane in which they
are: shew that AD is perpendicular to AC.

8. If two intersecting planes are cut by two parallel planes, the
lines of section of the first pair with each of the second peir contain
equal angles,

9. If a straight line is parallel o a plane, shew that any plane
ing through the given straight line will intersect the given plane
in a line of section which is paralle! to the given line.

10. Two intersecting planes pass one through each of iwo
parallel straight lines; shew that the common section of the planes
is parallel to the given lines,

11, If a straight line is parallel to each of two intersecting planes,
it is also parallel to the common section of the planes.

12. Through & given point in space draw a straight line to inter-
m each of two given straight lines which are not in the same

e,

13. If AB, BG, CD are sirsight lines not all in one plane, shew .
that & plane which passes through the middle point of each one of them
is parallel both to AC and BD,

14. From a given point A a perpendienlar AB is drawn to =

XY; and & second perpendicular AE is drawn to a straight
CD in the plane XY : shew that EB is perpendienlar to CD,
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15. From & point A two perpendiculars AP, AQ are drawn one
to each of two interseeting planes : shew that the common seciion of
these planes is perpendicular to the plane of AP, AQ.

16. From A, & point in one of two given intersecting planes,
AP is drawn perpendicular to the first plane, and AQ perpendicular
to the second : if these perpendiculars meet the second plane at P
and Q, shew that PQ is perpendicular to the common section of the
two planes,

17. A, B, C, D are four points not in one plane, shew that the
four angles of the gauche quadrilateral ABCD are together less than
four right angles.

18. OA, OB, OC are three siraight lines drawn from a given
point O not in the same plane, and OX is another straight line
within the solid angle formed by OA, OB, OC: shew that

(i) the sum of the angles AOX, BOX, COX is greater than
half the sum of the angles AOB, BOC, COA.

(ii) the sum of the angles AOX, COX is less than the sum of
the angles AOB, COB.

(iii) the sum of the angles AOX, BOX, COX is less than the
sum of the angles AOB, BOC, COA.

19. OA, OB, OC are three siraight lines forming a solid angle
at O, and OX bisects the plane angle AOB; shew that the angle
XOC is less than half the sum of the angles AOC, BOC.

20. If a point be equidistant from the angles of a right-angled
triangle and not in the plane of the triangle, the line joining it with
the middle point of the hypotenuse is perpendicular to the plane of
the triangle.

21, 'The angle which a straight line makes with its projection on
a plane is less than that which it makes with any other straight line
which meets it in that plane.

22. Find a point in a given plane such that the sum of its
distances from two given points (not in the plane but on the game
side of it) may be s minimum.

238, 1If two straight lines in one plane are equally inclined to
another plane, they will be equally inclined fo the common section
of these planes,

24, PA, PB, PC are three concurrent straight lines each of
which is st right angles to the other two: PX, PY, PZ are perpen-
diculars drawn from P to BC, CA, AB respectively. Shew thg§
XYZ isthe pedal friangle of the triangle ABC,

£ ighe angles o the oibes bmoy and from Pa perpendioglat PO 1s
is at right angles to the other two, an [ ioular
drawn fo the plane of ABC: shew that O is the orthocentre of the
{riangle ABC,
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THEOREMS AND EXAMPLES ON BOOK XI.

DEFINITIONS.

(i) Lines which are drawn on a plane, or through which &
plane may be made to pass, are said to be co-planar.

(ii) The projection of a lne or a plane is the locus of the feet
of perpendiculars drawn from all points in the given line io the
plane,

Tarorem 1. The projection of a straight line on a plane is itself
straight line.

B

X

Let AB be thegiven st. line, and XY the given plane.
From P, any point in AB, draw Pp perp. to the plane XY :
it is required to shew that the locus of p is a st. line.
From A and B draw Aa, Bb perp. to the plane XY.
Now since Aa, Pp, Bb are all perp. to the plane XY,
.. they are parl. x1. 6.
And since these par® all intersect AB, -
. . .. they are co-planar. x1. 7.
.. the point p is in the common section of the planes Ab, XY ;
that is, p is in the st. line ab.
But p is any point in the projection of AB
» the projection of AB is the gt. line ab, QED.
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TeeoreM 2. Draw a perpendicular to each of two straight lines
which are not in the same plane. Prove that this perpendicular i the

shortest distance between the two lines,
Y
F
C
A B
X

Let AB and CD be the two straight lines, not in the same plane,

(i) It is required to draw a st. line perp. to each of them.
Through E, any point in AB, draw EF par! to CD.
Let XY be the plane which passes through AB, EF.
From H, any point in CD, draw HK perp. to the plane XY. x1. 11.
And through K, draw KQ par! to EF, cutting AB at Q.
Then KQ is also par! to CD; xr 9.
and CD, HK, KQ are in one plane. x1. 7.
From @, draw QP par! to HK to meet CD at P.
Then shall PQ be perp. to both AB and CD.
For, since HK is perp. to the plane XY, and PQ is par! fo HK,
Consir.
». PQ is perp. to the plane XY; x1. 8.
~. PQ is perp. to AB, which meets it in that plane. Def. 1.
For a similar reason PQ is perp. to QK,
. PQ is also perp. to CD, which is par! to @K,

(i) It is required to shew that PQ is the least of all st. lines
drawn from AB to CD.
Take HE, any other st. line drawn from AB to CD.

Then HE, being oblique to the plane XY is greater than the
perp. HK, p. 403, Ex. 1.
.» HE is also greater than PQ. Q.B.D,

D

e
AN
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Derinrrion. A parsllelepiped is a solid figure bounded by threa
pairs of parallel faces.

TreoneM 8. (i) The faces of a parallelepiped are parallelograms,
of which those which are opposite are identically equal.

(ii) The four diagonals of a parallelepiped are concurrent and
bisect one another.

A B

; Let ABA'B’ be a par?, of which ABCD, C’'D’A’B’ are opposite
nees.

(i) Then all the faces shall be par™, and the opposite faces
shall be identically equal.

For since the planes DA’, AD’ are par', Def.
and the plane DB meetfs them,
.. the common sections AB and DC are parl. xr. 16.
Similarly AD and BC are par'.
.. the fig. ABCD is & parm,
and AB=DC; also AD=BC. 1. 34.

Similarly each of the faces of the parP* ig 8 par= ;
8o that the edges AB, C'D’, B'A’, DC are equal and par':
80 also are the edges AD, C'B’, D'A’, BC; and likewise AC’, BD',
CA’, DB,
Then in the opp. faces ABCD, C'D'A’B’,

we have AB=C'D’' and BC=D'A"; Proved.
and since AB, BC are respectively par! to C'D’, D'A’,
-, the £ ABC=the £ C'D'A’; x1. 10,

», the par™ ABCD=the psx™ C'D’A’'S’ identically. P. &4, Ex, 11.
. (i} The diagonals AA’, BB', CC', DD’ shall be concurrent and

one apother,
Join AC and A'C'.
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Then since AC’ is equal and par’ to A'C,
.. the fig. ACA’C' is & par™;
.. its diagonals AA’, CC’ bisect one another.
That is, AA’ passes through O, the middle point of CC’,
Similarly if BC' and B'C were joined, the fig. BCB'C’ would be s
parm .
’ .. the diagonals BB’, CC' bisect one another. '
That is, BB’ also passes through O the middle point of CC'.
Similarly it may be shewn that DD’ passes through, and is
bisected at, O. Q.E.D.

Turorem 4. The straight lines which join the vertices of a tetra-
hedron to the centroids of the opposite faces are concurrent,

Let ABCD be a tetrahedron, and let g,, ¢, 93, g¢ be the centroids
of the faces opposite respectively to A, B, C, D.
Then shall Ag,, Bg,, Cg,, Dy, be concurrent.
Take X the middle point of the edge CD ;
then g; and g, must lie respectively in BX and AX,
50 that BX=3.Xg,, P. 105, Ex. 4.
and AX=3. Xg,;
.~ g1, is par' to AB.
And Ag,, Bg, must intersect one another, sines they are both in
the plane of the AAXB:
let them interseet at the point G.
Then by similar a®, AG:Gg,=AB : gy,
=AX: )Zy,
=3 : 1.
. By, cuts Ag, at a point G whose distance from g, =1 . Ag,.
_Bimilarly it may be shewn that Cg, and Dg, cut Ag, at the same
i

»~, these lines are concurrent, Q-E.D.
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TaeoreM 5. (i) If a pyramid is cut by planes drawn parallel to
its base, the sections are similar to the base,

(iiY The areas of such sections are in the duplicate ratio of their
perpendicular distances from the vertex,

Let SABCD be s pyramid, and abed the section formed by a
plane drawn par! fo the base ABCD.
(i) Then the figs. ABCD, abed shall be gimilar.
Because the planes abed, ABCD are par!,
and the plane ABba meets them,
. the common sections ab, AB are par'.
Similarly be is par! {o BC; ed to CD; and da to DA.
Ang since ab, be are respectively par! to AB, BC,
. the £ abc=the £ ABC. x1. 10,
Similarly the remaining angles of the fig. abed are equal to the
corresponding angles of the fig. ABCD.
And since the A* Sab, SAB are similar,
. ab: AB=8h : SB
=be : BC, for the A* Sbe, BC¢ are similar.

Or, ab : be=AB : BC.
In like manner, bc : ¢d=BC : CD.
And so on.

. the figs. abed, ABCD are equiangular, and have their sides
sbout the equal angles proportional.
.. they are similar.
(ii) From 8 draw SzX perp. to the planes abed, ABCD and
meeting them at 2 and X,
Then shall fig. abed : fig. ABCD=Sz? : 8X2
Join az, AX.
Then it is clear that the A* Saz, SAX are similar.
Aud the fig. abed : fig. ABCD=ad* : AB? . vi. 90,
=aSt : ABY,
=8a% | 8X3, Q.X.D.
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DEFINITION.

A polyhedron is regular when iis faces are similar and equal
regular polygons.

TreoREM 6. There cannot be more than five regular polyhedra.

This is proved by examining the number of ways in which it is
possible to form a golid angle out of the plane angles of various
regular polygons; bearing in mind that three plane angles at least
are required to form a solid angle, and the sum the plane angles
forming a solid angle is less than four right angles. x1, 21,

BSuppose the faces of the regular polyhedron to be equilateral
triangles.

Then since each angle of an equilateral triangle is § of a right
angle, it follows that & solid angle may be formed (i) by three, (ii) by
four, or (iii) by five such faces; for the sums of the plane angles
would be respectively (i} two right angles, (ii) § of a right angle,
(iii) 42 of a right angle;
that is, in all three cases the sum of the plane angles would be less
than four right angles,

But it is impossible to form a solid angle of siz or more equilateral
triangles, for then the sum of the plane angles would be equal to, or
greater than four right angles.

Agajn, suppose that the faces of the polyhedron are sgquares.

(iv) Then it is clear that a solid angle could be formed of three,
but not more than three, of such faces.

Lastly, suppose the faces are regular pentagons.

(v) Then, since each angle of a regular pentagon is § of a right
angle, it follows that a solid angle may be formed of three such faces;
but the sum of more than three angles of a regular pentagon is greater
than four right angles.

Fuarther, since each angle of a regular hexagon is equal to ¢ of a
right angle, it follows that no solid angle could be formed of sach
faces; for the sum of three angles of a hexagon is equal to four right
angles.

Similarly, no solid sngle esn be formed of the angles of a polygon
of more gides than six.

Thus theye can be no more than five regular polyhedra.
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Nore oN THE REGULAR POLYHEDRA.

(i) The polyhedron of which each solid angle is formed by
three equilateral triangles is called a regular tetrahedron.

It has four faces,
JSour vertices,
siz edges,

(i) The polyhedron of which each solid angle is formed by
Jour equilateral triangles is called a regular octahedron.

Tt hag eight faces, siz vertices, twelve edges.

(iii) The polyhedron of which each solid angle is formed by
JSive equilateral triangles is called a regular icosahedron.

1t has twenty faces, twelve vertioes, thirty edges.
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(iv) The regular polyhedron of which each solid angle is formed
by three squares is called a cube.

It has siz faces,
eight vertices,
twelve edges.

(v} The polyhedron of which each solid angle is formed by
three regular pentagons is called a regular dodecahedron.

Tt has twelve faces, twenty vertices, thirty edges.
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Taeorem 7. If F denote the number of faces, E of edges, and V of
veértices in any polyhedron, then will

E+2=F+V.

Suppose the polyhedron to be formed by fitting together the faces
in suecesgion: guppose also that E, denotes the number of edges, and
V,. of vertices, when r faces have been placed in position, and that the
polyhedron has n faces when complete.

Now when one face is taken there are as many vertices as edges,
that is E,=V,.

The second face on being adjusted has fwo vertices and one edge in
common with the first; therefore by adding the second face we
increase the number of edges by one more than the number of
vertices; s Eyg-V,=1

Again, the third face on adjustment has three vertices and two
edges in common with the former two faces; therefore on adding the
third face we once more increase the number of edges by one more
than the number of vertices;

A Es - V3=2v
Similarly, when all the faces but one have been placed in position,
w1~ Vo1 =7~ 2.
But in fitting on the last face we add no new edges nor vertices;
-~ E=E, ,, V=V, and F=n.

So that E-V=F -2,
or, E4+2=F +V.
This is known as Euler’s Theorem.

MisceLLaNEoUs ExampLes oN Sorip GEOMETRY.

1. The projections of parallel straight lines on any plane are

2. If ab and ed are the projections of two parallel straight lines
AB, CD ob any plane, shew that AB : CD=ab : ¢d.

3. Draw two parallel planes one through each of two straight
lines which do not intersect and are not parallel
4. If two straight lines do not intersect and are not parallel, en
what planes will their projections be parallel?
5. Find the locus of the middle point of a straight line of constant
whose extremities lie one on each of two non-interseeting straight
lines, having directions at right angles to one another.
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6. Three points A, B, C are taken one on each of the conter-
1minons edges of a cube: prove that the angles of the triangle ABC
are all acute.

7. T a parallelepiped is cut by a plane which intersects two pairs
of opposite faces, the common sections form a parallelogram.

8. The square on the diagonal of a rectangular parallelepiped is
equal to the sum of the squares on the three edges conterminous with
the diagonal.

9. The square on the diagonal of & cube is three times the square
on one of ita edges.

10. The sum of the squares on the four disgonals of a ps.tsllefe-
piped is equal to the sum of the squares on the twelve edges,

11. If a perpendicular is drawn from a vertex of a regular tetra-
hedron on its triangular base, shew that the foot of the perpendicular
will divide each median of the base in the ratio 2 : 1.

12. Prove that the perpendicular from the vertex of a regular
tetrahedron upon the opposite face is three times that dropped from
its foot upon any of the other faces,

13. If AP is the perpendicular drawn from the vertex of a regular
tetrahedron upon the opposite face, shew that
3AP%=242,
where a i the length of an edge of the tetrahedron.

14, The straight lines which join the middle points of opposite
edges of a tetrahedron are concurrent.

15. If a tetrahedron is cut by any plane parallel to two opposite
edges, the section will be a parallelogram.

16. Prove that the shortest distance between two opposite edges
of a regular tetrahedron is one half of the diagonal of the square on
an edge.

17. In a tetrahedron if two pairs of opposite edges are af right
angles, then the third pair will also be at right angles. -

18. In a tetrahedron whose opposite edges are at right angles in
pairs, the four perpendiculars drawn from the vertices to the opposite
faces and the three shortest distances between oppogite edges are
concurrent.

19. In a tetrahedron whose opposite edges are st right angles,
the sum of the squares on each pair of opposite edges is the same,

20. The som of the sgnares on the edges of any telrahedron is
four times the sum of the sguares on the straight lines whick join the
middle points of opposite edges. -
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21, In any tetrahedron the plane which hisects a dihedral angle

" divides the opposite edge into segments which are proportional to the

areas of the faces meeting at that edge.

22. 1f the angles at one vertex of s tetrahedron are all right
angles, and the opposite face is equilateral, shew that the sum of the
perpendicalars dropped from any point in this face upon the other
three faces is constant.

23. Bhew that the polygons formed by cutting & prism by parallel
planes are equal.

24. Three straight lines in space OA, OB, OC, are mutuslly at
right angles, and their lengths are a, b, ¢: express the area of the
triangle ABC in its simplest form.

25. Find the diagonal of a regular octahedron in terms of one of
its edges. .

26. Shew how to cut a cube by a plane so that the lines of section
may form & regular hexagon.
27. Shew that every section of sphere by a plane is a gircle.

28. Find in terms of the length of an edge the radius of a sphere
inseribed in a regular tetrahedron.

29. Find the locus of points in a given plane at which a straight
line of fized length and position subtends a right angle.

30. A fixed point O is joined to any point P in s given plane
which does not contain O; on OP a point Q is taken such that the
rectangle OP, 0Q is constant: shew that Q lies on a fixed sphere,
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